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Introduction

At an analysis and control of different geophysical and socio-economical processes
it is often appears such problem: at a mathematical modelling of effects related to
friction and viscocity, quantum effects, a description of different nature waves the
existing “gap” between rather high degree of the mathematical theory of analysis
and control for non-linear processes and fields and practice of its using in applied
scientific investigations make us require rather stringent conditions for interaction
functions. These conditions related to linearity, monotony, smoothness, continuity
and can substantially have an influence on the adequacy of mathematical model.
Let us consider for example some diffusion process. Its mathematical model has the
next form: 8

<

:

yt ��y C f .y/ D g.t; x/ in ˝ � .� IT /;
y
ˇ
ˇ
@˝
D 0;

y
ˇ
ˇ
�DT D y0;

(1)

here n � 2; ˝ � R
n is a bounded domain with a rather smooth boundary, �1 <

� < T < C1; g W ˝ � .� IT / ! R; y0 W ˝ ! R are rather regular functions,
f W R! R is an interaction function, y W ˝ � .� IT /! R is an unknown function.
It is well known that if f is a rather smooth function and satisfies for example the
next condition of no more than polynomial growth:

9p > 1; 9c > 0 W jf .s/j � c.1C jsjp�1/ 8s 2 R; (2)

then problem (1) has a unique rather regular solution. Let us consider the case when
f is continuous and initial data and external forces are nonregular (for example
y0 2 L2.˝/, g 2 L2.˝ � .� IT //). Then, as a rule, we consider the generalized
setting of problem (1):

�
y0.t/CA.y.t//C B.y.t// D g.t/ for a.e. t 2 .� IT /;
y.�/ D y0; (3)

here A W V1 ! V �
1 is an energetic extension of operator “��”, B W V2 ! V �

2 is
the Nemytskii operator for F; V1 D H 1

0 .˝/ is a real Sobolev space, V2 D Lp.˝/;
V �
1 D H�1.˝/; V �

2 D Lq.˝/; q is the conjugated index, y0 is a derivative of an

xiii
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element y 2 L2.�; T IV1/ \ Lp.�; T IV2/ and it is considered in the sense of the
space D�.Œ� IT �; V �

1 C V �
2 /:

A solution of problem (3) in the classW Dfy 2 L2.�; T IV1/\Lp.�; T IV2/
ˇ
ˇy02

L2.�; T IV �
1 /C Lq.�; T IV �

2 /g refers to be the generalized solution of problem (1).
To prove the existence of solutions for problem (1) as a rule we need to add

supplementary “signed condition” for an interaction function f , for example,

9˛; ˇ > 0 W f .s/s � ˛jsjp � ˇ 8s 2 R: (4)

But we do not succeed in proving the uniqueness of the solution of such prob-
lem in the general case. Note that technical condition (4) provides a dissipation
too. We remark also that different conditions for parameters of problem (1) provide
corresponding conditions for generated mappingsA and B .

Problem (3) is usually investigated in more general case:

�
y0 CA .y/ D g;
y.�/ D y0; (5)

here A W X ! X� is the Nemytskii operator for AC B;

A .y/.t/ D A.y.t//C B.y.t// for a.e. t 2 .� IT /; y 2 X;
X D L2.�; T IV1/ \Lp.�; T IV2/; X� D L2.�; T IV �

1 /C Lq.�; T IV �
2 /:

Solutions of problem (5) are also searched in the class W D fy 2 X ˇˇy0 2 X�g:
In cases when the continuity of the interaction function f have an influence on

the adequacy of mathematical model fundamentally then problem (1) is reduced to
such problem:

8
<

:

yt ��y C F.y/ 3 g.x; t/ in Q D ˝ � .� IT /;
y
ˇ
ˇ
@˝
D 0;

y
ˇ
ˇ
�DT D y0;

(6)

here

F.s/ D Œf .s/; f .s/�; f .s/ D lim
t!s

f .t/; f .s/ D lim
t!s

f .t/; s 2 R;

Œa; b� D f˛aC .1� ˛/bˇˇ˛ 2 Œ0; 1�g;

�1 < a < b < C1:
A solution of such differential-operator inclusion

�
y0 CA .y/ 3 g;
y.�/ D y0; (7)
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is usually thought to be the generalized solution of problem (6). Here A W X � X�;

A .u/ D fp 2 X�ˇˇp.t/ 2 A.u.t//C B.u.t//; for a.e. t 2 .� IT /g; u 2 X;

A W V1 ! V �
1 is the energetic extension of “��” in H 1

0 .˝/; B W V2 ! Cv.V
�
2 / is

the Nemytskii operator for F :

B.v/ D fz 2 V �
2

ˇ
ˇz.x/ 2 F.v.x// for a.e. x 2 ˝g; v 2 V2:

Taking into account all variety of classes of mathematical models for different
nature geophysical processes and fields we propose rather general approach to inves-
tigation of them in this book. Further we will study classes of mathematical models
in terms of general properties of generated mappings like A .

This monograph is the continuation of [ZMK10]. Let us consider some denota-
tions and results, that we will use in this book. Let X be a Banach space, X� be its
topologically adjoint,

h�; �iX W X� �X ! R

be the canonical duality between X and X�; 2X�

be a family of all subsets of the
space X�, let A W X ! 2X

�

be the multivalued map,

graphA D f.�Iy/ 2 X� �X j� 2 A.y/g ;
DomA D fy 2 X jA.y/ ¤ ;g :

The multivalued map A is called strict if DomADX: Together with every multival-
ued map A we consider its upper

ŒA.y/; ��C D sup
d2A.y/

hd; �iX

and lower
ŒA.y/; ��� D inf

d2A.y/
hd; �iX

support functions, where y; � 2 X: Let also

kA.y/kC D sup
d2A.y/

kdkX� ; kA.y/k� D inf
d2A.y/

kdkX� ; k;kC D k;k� D 0:

For arbitrary sets C;D 2 2X�

we set

dist.C;D/ D sup
e2C

inf
d2D
ke � dkX� ; dH .C;D/ D max fdist.C;D/; dist.D;C /g :

Then, obviously,

kA.y/kC D dH .A.y/; 0/ D dist.A.y/; 0/; kA.y/k� D dist.0; A.y//:
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Together with the operator A W X ! 2X
�

let us consider the following maps

coA W X ! 2X
�

and
�

co A W X ! 2X
�

;

defined by relations

.coA/.y/ D co.A.y// and .
�

co A.y// D �
co .A.y//

respectively, where
�

co .A.y// is the weak star closure of the convex hull co.A.y//
for the set A.y/ in the space X�. Besides for every G � X

.coA/.G/ D
[

y2G
.coA/.y/; .

�
coA/.G/ D

[

y2G
.

�
coA/.y/:

Further we will denote the strong, weak and weak star convergence by!; w!; �! or
!, *, * respectively. As Cv.X

�/ we consider the family of all nonempty convex
closed bounded subsets from X�.

Proposition 1. [ZMK10, Proposition 1.2.1] Let A;B;C W X � X�. Then for all
y; v; v1; v2 2 X the following statements take place:

1. The functional X 3 u ! ŒA.y/; u�C is convex, positively homogeneous and
lower semicontinuous;

2. ŒA.y/; v1 C v2�C � ŒA.y/; v1�C C ŒA.y/; v2�C,
ŒA.y/; v1 C v2�� � ŒA.y/; v1�� C ŒA.y/; v2��,
ŒA.y/; v1 C v2�C � ŒA.y/; v1�C C ŒA.y/; v2��,
ŒA.y/; v1 C v2�� � ŒA.y/; v1�C C ŒA.y/; v2��;

3. ŒA.y/C B.y/; v�C D ŒA.y/; v�C C ŒB.y/; v�C,
ŒA.y/C B.y/; v�� D ŒA.y/; v�� C ŒB.y/; v��;

4. ŒA.y/; v�C � kA.y/kCkvkX ,
ŒA.y/; v�� � kA.y/k�kvkX ;

5. k �
coA .y/ kC D kA.y/kC, k �

coA .y/ k� D kA.y/k�,

ŒA .y/ ; v�C D
� �

coA .y/ ; v

�

C
; ŒA .y/ ; v�� D

� �
coA .y/ ; v

�

�
I

6. kA.y/ � B.y/kC � j kA.y/kC � kB.y/k� j,
kA.y/ � B.y/k� � kA.y/k� � kB.y/kC;

7. d 2 �
coA.y/ , 8! 2 X ŒA.y/; !�C � hd;wiX ;

8. dH .A.y/; B.y// � jkA.y/kC � kB.y/kCj,
dH .A.y/; B.y// � jkA.y/kC � kB.y/kCj,
where dH is Hausdorff metric;

9. dist.A.y/C B.y/; C.y// � dist.A.y/; C.y//C dist.B.y/; 0/;
dist.C.y/; A.y/C B.y// � dist.C.y/; A.y//C dist.0; B.y//;
dH .A.y/C B.y/; C.y// � dH .A.y/; C.y//C dH .B.y/; 0/I
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10. for any D � X� and boundedE 2 Cv.X
�/

dist.D;E/ D dist.
�

coD;E/:

Proposition 2. [ZMK10, Proposition 1.2.2] The inclusion d 2 �
co A.y/ holds true

if and only if one of the following relations takes place:

either ŒA.y/; v�C � hd; viX 8v 2 X;
or ŒA.y/; v�� � hd; viX 8v 2 X:

Proposition 3. [ZMK10, Proposition 1.2.3] LetD � X and a.� ; � / W D �X ! R.
For each y 2 D the functional X 3 w 7! a.y;w/ is positively homogeneous,
convex and lower semicontinuous if and only if there exists the multivalued map
A W X ! 2X

�

such that D.A/ D D and

a.y;w/ D ŒA.y/;w�C 8y 2 D.A/; w 2 X:

Proposition 4. [ZMK10, Proposition 1.2.4] The functional k � kC W Cv.X
�/! RC

satisfies the following properties:

1. f0g D A , kAkC D 0,
2. k˛AkC D j˛kjAkC; 8˛ 2 R; A 2 Cv.X

�/,
3. kACBkC � kAkC C kBkC 8A;B 2 Cv.X

�/.

Proposition 5. [ZMK10, Proposition 1.2.5] The functional k � k� W Cv.X
�/! RC

satisfies the following properties:

1. 0 2 A , kAk� D 0,
2. k˛Ak� D j˛jkAk�; 8˛ 2 R; A 2 Cv.X

�/,
3. kACBk� � kAk� C kBk� 8A;B 2 Cv.X

�/.

Let us consider some classes of multivalued maps that we introduced in
[ZMK10]. As before, let X be a Banach space, X� be its topologically adjoint,

h�; �iX W X� �X ! R

be the duality form (Fig. 1).
We remind that the multivalued map A W D.A/ � X ! 2X

�

is called the
monotone one if

hd1 � d2; y1 � y2iX � 0 8y1; y2 2 D.A/ 8d1 2 A.y1/;8d2 2 A.y2/:

Using the above mentioned brackets it is easy to see that the multivalued operator
A W D.A/ � X ! 2X

�

is monotone if and only if

ŒA.y1/; y1 � y2�� � ŒA.y2/; y1 � y2�C 8y1; y2 2 D.A/:
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Fig. 1 The monotone
multivalued map

Fig. 2 The “�”-coercive
multivalued map

Fig. 3 The “C”-coercive
multivalued map, but not
“�”-coercive

In addition to the common monotony of multivalued maps we are interested in the
following concepts (Figs. 2 and 3):

� N -monotony, namely

ŒA.y1/; y1 � y2�� � ŒA.y2/; y1 � y2�� 8y1; y2 2 D.A/I

� V -monotony, namely

ŒA.y1/; y1 � y2�C � ŒA.y2/; y1 � y2�C 8y1; y2 2 D.A/I

� w-monotony, namely

ŒA.y1/; y1 � y2�C � ŒA.y2/; y1 � y2�� 8y1; y2 2 D.A/:
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Definition 1. Let D.A/ be some subset. The multivalued map A W D.A/ � X !
2X

�

is called:

� Weakly +(-)-coercive, if for each f 2 X� there exists R > 0 such that

ŒA.y/; y�C.�/ � hf; yiX 8y 2 X \D.A/ W kykX D R:

� +(-)-coercive, if

ŒA.y/; y�C.�/
kykX !C1 as kykX ! C1; y 2 D.A/I

� Uniformly +(–)-coercive if for some c > 0

ŒA.y/; y�C.�/ � ckA.y/kC.�/
kykX ! C1 as kykX !C1; y 2 D.A/I

� Bounded if for any L > 0 there exists l > 0 such that kA.y/kC � l 8y 2 D.A/
kykX � L;

� Locally bounded, if for an arbitrary fixed y 2 D.A/ there exist constantsm > 0

andM > 0 such that kA.�/kC �M when ky � �kX � m, � 2 D.A/;
� Finite-dimensionally locally bounded, if for any finite-dimensional space F � X

the contraction of A on F \D.A/ is locally bounded.

Definition 2. A strict multivalued map A W X � X� is called:

� Radial lower semicontinuous (r.l.s.c.) if 8y, � 2 X

lim
t!0C

ŒA.y C t�/; ��C � ŒA.y/; ���I

� Radial upper semicontinuous (r.u.s.c.) if the real function

Œ0; 1� 3 t ! ŒA.y C t�/; ��C
is upper semicontinuous at the point t D 0 for any y, � 2 X .

� Radial semicontinuous (r.s.c.) if 8y, � 2 X

lim
t!0C

ŒA.y � t�/; ��C � ŒA.y/; ���I

� Radial continuous (r.c.) if the real function

Œ0; 1� 3 t ! ŒA.y C t�/; ���
is continuous at the point t D 0 from the right for any y, � 2 X ;
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� (upper) Hemicontinuous (u.h.c.) if the function

X 3 x 7�! ŒA.x/; y�C

is u.s.c. on X for any y 2 X ;
� �-pseudomonotone on X if for any sequence fyngn�0 � X such that yn * y0

in X as n! C1 from the inequality

lim
n!1hdn; yn � y0iX � 0; (8)

where dn 2
�

coA.yn/ 8n � 1 the existence of subsequences fynk
gk�1 from

fyngn�1 and fdnk
gk�1 from fdngn�1 follows for which the next relation holds

true:
lim
k!1
hdnk

; ynk
� wiX � ŒA.y0/; y0 � w�� 8w 2 X I (9)

� �0-pseudomonotone on X , if for any sequence fyngn�0 � X such that yn *

y0 in X , dn * d0 in X� as n ! C1 where dn 2
�
coA.yn/ 8n � 1 from

the inequality (8) the existence of subsequences fynk
gk�1 from fyngn�1 and

fdnk
gk�1 from fdngn�1 follows for which the relation (9) holds true.

The above mentioned multivalued map satisfies:
� Condition .�/C.�/ if for each bounded set D in X there exists c 2 R such that

ŒA.v/; v�C.�/ � �ckvkX 8v 2 D n fN0gI

� Condition .˘/ if for any k > 0, any bounded set B � X , any y0 2 X and for
some selector d 2 A for which

hd.y/; y � y0iX � k for all y 2 B; (10)

there exists C > 0 such that

kd.y/kX� � C for all y 2 B:

Proposition 6. [ZMK10, Proposition 1.2.6] If a multivalued operatorA W X � X�
satisfies Condition (˘ ) then it satisfies Condition .�/C as well.

During the investigation of evolution inclusions and variation inequalities, that
describe mathematical models of nonlinear geophysical processes, we will use some
properties of multimaps, represented in [ZMK10] (Fig. 4).

Corollary 1. [ZMK10, Corollary 1.2.2] Let ' W X ! R be a convex lower
semicontinuous functional such that

'.y/

kykX !C1 as kykX !1:
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The condition (k)+

The condition (P )

The boundedness
condition

Fig. 4 Some properties for strict multivalued map in Banach space

Then its subdifferential map

@'.y/ D fp 2 X� j hp;! � yiX � '.!/ � '.y/ 8! 2 Xg ¤ ;; y 2 X

is C-coercive and hence �-coercive, uniformly �-coercive and uniformly
C-coercive.

Proposition 7. [ZMK10, Proposition 1.2.30] Let a function ' W X ! R be convex,
lower semicontinuous on X . Then the multivalued map B D @' W X ! Cv.X

�/ is
�0-pseudomonotone on X and it satisfies Condition .˘/.

Now let X be a Banach space such that X D X1 \ X2 where X1, X2 is the
interpolation pair of reflexive Banach spaces [TRI78] which satisfies

X1 \ X2 is dense in X1; X2: (11)

Definition 3. A pair of multivalued maps A W X1 ! 2X
�

1 and B W X2 ! 2X
�

2 is
called s-mutually bounded if for eachM > 0 and a bounded set B � X there exists
a constantK.M/ > 0 such that from

kykX �M and hd1.y/; yiX1
C hd2.y/; yiX2

�M 8y 2 B

it follows that

either kd1.y/kX�

1
� K.M/; or kd2.y/kX�

2
� K.M/ 8y 2 B

for some selectors d1 2 A and d2 2 B .

Remark 1. [ZMK10, Remark 1.2.20] If one of the maps A W X1 ! 2X
�

1 or B W
X2 ! 2X

�

2 is bounded then the pair (AIB) is s-mutually bounded.
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Lemma 1. [ZMK10, Lemma 1.2.9] Let A W X1 � X�
1 and B W X2 � X�

2 be some
multivalued +(–)-coercive maps which satisfy Condition .�/. Then the multivalued
map C WD AC B W X � X� is C(–)-coercive too.

Lemma 2. [ZMK10, Lemma 1.2.10] Let A W X1 � X�
1 and B W X2 � X�

2

be strict multivalued maps satisfying Condition .˘/. Then the pair .AIB/ is s-
mutually bounded and the multivalued map C WD A C B W X � X� satisfies
Condition .˘/.

Now we consider subdifferential maps, that play an important role in the non-
smooth analysis and the optimization theory [PSH80, AE84, DV81], in nonlinear
boundary value problems for partial differential equations, the theory of control
of the distributed systems [ZM99, LIO69], as well as the theory of differential
games and mathematical economy [AF90, CHI97]. For basic properties of such
maps we refer the reader to [AE84, DV81, IT79]. In [ZMK10] we generalized
basic properties of subdifferentials and local subdifferentials known for Banach
spaces to the case of Frechet spaces. We present some variations of obtained results,
that we will use during the investigation of differential-operator inclusions and
evolution variation inequalities for Earth Data Processing.

Let U be a convex subset in X , F W X 7! R D R [ fC1g be a functional

domF D fx 2 X jF.x/ ¤ C1g:

The set

@F.x0IU / D fp 2 X� j hp; x � x0iX � F.x/ � F.x0/ 8x 2 U g

refers to a local subdifferential of a functional F in a point x0 2 U . Observe that
@F.x0IU1/ � @F.x0IU2/, if U1 � U2. In particular, @F.x0IX/ D @F.x0/ �
@F.x0IU /. The last set is called the subdifferential of F at the point x0 (Fig. 5).

Proposition 8. [AE84, p.191] Let X be a Banach space. Then the norm k � kX in
X is subdifferentiable functional and

@k � kX .x/ D fp 2 X� j hp; xiX D kxkX ; kpkX� D 1 g 8x 2 X:

Fig. 5 The local subdifferential map for F.x/ D j jxj � 1j as x 2 U D RC
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In the case, when ˛ > 1

@

�
1

˛
k � k˛X

�

.x/ D k � k˛�1@k � kX .x/
D fp 2 X� j hp; xiX D kxk˛X ; kpkX� D kxk˛�1

X g 8x 2 X:

Theorem 1. [ZMK10, Theorem 1.3.3] Let U be a convex body in X , F W X 7!
R [ fC1g be a convex functional on U and a lower semicontinuous functional on
intU (intU � domF). Then for every x0 2 intU and every h 2 X , the quantity

DCF.x0Ih/ D lim
t!0C

F.x0 C th/� F.x0/
t

(12)

is finite and the following statements hold true:

(i) There exists a counterbalanced (cf. [RUD73]) convex absorbing neighborhood
of zero � (x0 C� � intU ) such that for every h 2 �

F.x0/� F.x0 � h/ � DCF.x0Ih/ � F.x0 C h/� F.x0/I (13)

(ii) The functional intU �X 3 .xIh/ 7! DCF.xIh/ is upper semicontinuous.
(iii) The functional DCF.x0I �/ W X 7! R is positively homogeneous and semiad-

ditive for every x0 2 intU .
(iv) There exist a neighborhood O.h0/ and a constant c1 > 0 such that for every

x0 2 intU and every h0 2 X ,

jDCF.x0Ih/ �DCF.x0Ih0/j � c1d.h; h0/ for every h 2 O.h0/:

Definition 4. A multivalued map A W X � X� is called:

(a) *-Upper semicontinuous (*-u.s.c.), if for any set B open in the 	.X�; X/
topology the set A�1

M .B/ D fx 2 X j A.x/ � Bg is open in X .
(b) Upper hemicontinuous, if the function

X 3 x 7! ŒA.x/; y�C D sup
d2A.x/

hd; yiX

is upper semicontinuous for each y 2 X .

Let us note that (b) follows from (a).

Theorem 2. [ZMK10, Theorem 1.3.4] Let U be a convex body and intU � domF ,
where F W X ! R is a convex functional on U and a semicontinuous function on
intU . Then

(i) @F.xIU / is a nonempty convex compact set for every x 2 intU in the
	.X�IX/ topology.

(ii) @F.�IU / W U � X� is a monotone map (on U ).
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(iii) The map intU 3 x 7! @'.xIU / � X� is *-upper semicontinuous (on intU)
and

Œ@'.x0IU /; h�C D DC'.x0Ih/ for all h 2 X and x0 2 intU: (14)

Theorem 3. [ZMK10, Theorem 1.3.5] Let F W X 7! R be a convex on U lower
semicontinuous on intU functional. Then for each x0 2 intdom' the set @'.x0/ is
nonempty convex compact in 	.X�IX/-topology, the map

intdom' 3 x 7�! @'.x/ � X�

is *-u.s.c. and the following equality takes place

Œ@'.x0/; u�C D DC'.x0I u/ 8u 2 X: (15)

Some proofs are based on the following Proposition which is a generalization of
the Weierstrass Theorem on the case of locally bounded sets.

Lemma 3. [ZMK10, Lemma 1.4.3] Suppose W is locally convex space, W � is
its topologically adjoint, E � W � is a set closed in the topology �.W �IW /,
L W E ! bR D R [ f�1g is its upper semicontinuous main functional in the
topology �.W �IW /. Besides, let either the set E be equicontinuous in W �, or the
following analogue of coercivity hold true: for an arbitrary set U � W �, which is
not equicontinuous and � � R there exists w� 2 U such that L.w�/ � �.

Then the functionalL is upper bounded onE and reaches onE its upper bound-
ary l , and here the set fw 2 EjL.w/ D lg is compact in the topology �.W �IW /.

The role of the classical acute angle Lemma [ZM04] in demonstration of
solvability for nonlinear operator equations with monotone coercive maps in finite-
dimensional space is well-known. In [ZMK10, Sect. 1.4] the minimax inequalities
are investigated. By using of this apparatus multivalued analogues of “acute angle
Lemma” are proved.

Corollary 2. [ZMK10, Corollary 1.4.3] Suppose Y is finite-dimensional space, F W
NBr ! Cv.Y / are strictly u.s.c. maps where

NBr D fy 2 Y j kykY � rg :

If here
ŒF .y/; y�C � 0 8y 2 Y W kykY D r; (16)

then there exists Nx 2 NBr for which N0 2 F. Nx/.
By using this apparatus the new constructive solvability theorems for operator

inclusions and variation inequalities are obtained in [ZMK10, Chap. 2]. More par-
ticular, suppose X is a reflexive Banach space, Y � is a normalized space, U � Y �
is a nonempty subset, A W X �U ! 2X

�

is a multivalued map, f 2 X�, u 2 U are
some fixed elements,
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Kf;u D fy 2 X jf 2 A .y; u/g :

In [ZMK10, Chap. 2] it is investigated some properties of the set Kf;u.

Definition 5. An element y 2 X is called a weak solution of the inclusion f 2
A .y; u/ if

ŒA .y; u/ ;w�C � hf;wiX 8w 2 X: (17)

Theorem 4. [ZMK10, Theorem 2.2.1] Let for any u 2 U A.�; u/ W X ! 2X
�

be
a strict �-pseudomonotone finite-dimensionally bounded map and for any f 2 X�
there exists r > 0 such that

ŒA .y; u/ � f; y�C � 0 8y 2 @Br � X:

Then 8f 2 X�, u 2 U there exists a weak solution of the operator inclusion
f 2 A .y; u/.
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Chapter 1
Auxiliary Statements

Abstract In this chapter we consider the universal toolbar required for the inves-
tigation of evolutional Earth Data Processes which contains in particular partial
differential equations with discontinuous or multivalued relationship between deter-
minative parameters of the problem. In Sect. 1.1 we introduce classes of phase
spaces and extended phase spaces of the generalized solutions for differential-
operator inclusions and evolutional multivariational inequalities. We study the struc-
tured properties of such spaces, give the theorems of embedding for non-reflexive
classes of spaces of distributions with integrable derivatives. We consider also the
basis theory for such spaces. In the second section we study classes of energetic
extensions and the Nemytskii operators for differential operators from evolutional
mathematical models for geophysical processes and fields. In particular, we con-
sider a class of multivalued variational calculus operators. We prove the com-

�0
-pseudomonotone weakly

coercive maps. The introduced in this chapter results are used for the qualitative
and constructive investigation of differential-operator inclusions and evolutional
multi-variational inequalities in the next chapters more than once. Corresponding
theorems contains these results. The convergence of the Faedo–Galerkin method
for differential-operators inclusions with maps of pseudomonotone type is proved
by the help of the obtained properties. The compact embedding theorems in non-
reflexive spaces together with the results of Sect. 1.2 allow us to sweep a sub-
stantially wider class of evolutional problems and validate the penalty method for
evolutional multivariational inequalities with maps of w�0

-pseudomonotone type.
Since in the majority of cases the introduced properties of classes of infinite-
dimensional distribution spaces have not been considered yet, so the exposition of
results are made with detail proofs. The obtained in this section results have an
independent value.
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2 1 Auxiliary Statements

1.1 Functional Spaces: The Embedding and Approximation
Theorems

If it is necessary to describe a nonstationary process, which evolve in some domain
˝ from some finite dimensional space R

n during the time interval S , we may deal
with state and time functions, i.e. with functions that put in correspondence for
the each pair ft; xg 2 S � ˝ the real number or vector u.t; x/. In virtue of this
approach the time and the space variables are equivalent. But there is one more
convenient approach to the mathematical description for nonstationary processes
[GGZ74, LIO69]: for each point in time t it is mapped the state function u.t; �/.
(For example for each point of time we put the temperature distribution or velocity
distribution in the domain˝ .)

geophysical
process or field

)

mathematical model
(partial differential equation)

y W ˝ � Œ�; T �! R
m

)

differential-operator
inclusion

y W Œ�; T �! .˝ ! R
m/

y.�; t/ 2 .˝ ! R
m/;

t 2 Œ�; T �

Thus, we consider some functions, well-defined at the time interval S , with val-
ues from the state functions space (for example in the space H 1

0 .˝/). Therefore, at
studying some problems that depend on time it is rather natural to consider some
function spaces, that acts from S into some infinite dimensional space X , in partic-
ular, it is natural to consider the spaces of integrable and differentiable functions.
Further we will consider only real linear spaces.

In this section we introduce function spaces that will be used under investigation
of differential-operator inclusions of such type in infinite dimensional spaces:

LuC A.u/CB.u/ 3 f; u 2 D.L/; (1.1)

where A W X1 ! 2X
�

1 , B W X2 ! 2X
�

2 are strict multivalued maps of D.L/�0
-

pseudomonotone type with nonempty, convex, closed, bounded values, X1, X2 are
Banach spaces continuously embedded in some Hausdorff linear topological space,
X D X1 \ X2, L W D.L/ � X ! X� is linear, monotone, closed, densely
defined operator with a linear definitional domain D.L/. Moreover, we prove
the important properties for this spaces. We consider constructions that guaran-
tee the convergence of Faedo–Galerkin method for differential-operator inclusions
with w�0

-pseudomonotone maps. The compact embedding Theorems for irreflexive
spaces together with results from the Sect. 1.2 allow us to consider the appreciably
wider class of problems. The outcomes reduced with detailed proofs, because the
given classes of spaces, in most cases, were not considered yet.



1.1 Functional Spaces: The Embedding and Approximation Theorems 3

In the following referring to Banach spaces X; Y , when we write

X � Y

we mean the embedding in the set-theory sense and in the topological sense.
For the very beginning let us consider ideas of the sum and intersection of Banach

spaces required for studying of anisotropic problems.
For n � 2 let fXigniD1 be some family of Banach spaces.

Definition 1.1. The interpolation family refers a family of Banach spaces fXigniD1
such that for some linear topological space (LTS) Y we have

Xi � Y for all i D 1; n:

As n D 2 the interpolation family is called the interpolation pair.

Further let fXigniD1 be some interpolation family. On the analogy of [GGZ74,
p.23], in the linear variety X D \niD1Xi we consider the norm

kxkX WD
nX

iD1
kxkXi

8x 2 X; (1.2)

where k � kXi
is the norm in Xi .

Proposition 1.1. Let fX; Y;Zg be an interpolation family. Then

X \ .Y \Z/ D .X \ Y / \Z D X \ Y \Z; X \ Y D Y \X

both in the sense of equality of sets and in the sense of equality of norms.

We also consider the linear space

Z WD
nX

iD1
Xi D

(
nX

iD1
xi

ˇ
ˇ
ˇ
ˇ
ˇ
xi 2 Xi ; i D 1; n

)

with the norm

kzkZ WD inf

(

max
iD1;n

kxikXi

ˇ
ˇ
ˇ
ˇ
ˇ
xi 2 Xi ;

nX

iD1
xi D z

)

8z 2 Z: (1.3)

Proposition 1.2. Let fXigniD1 be an interpolation family. Then X D \niD1Xi and
Z DPn

iD1Xi are Banach spaces and it results in

X � Xi � Z for all i D 1; n: (1.4)
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Proof. Since X is a linear space, from properties of k � kXi
and from the definition

of k � kX on X it follows that k � kX is the norm on X .
Let us prove the completeness ofX . From the definition of k � kX onX it follows

that every Cauchy sequence fxngn�1 in X is fundamental, so it converges in Xi and
in Y 8 i D 1; n, where Y is the LTS in the Definition 1.1. Hence, due to fXigniD1 is
the interpolation family and to the uniqueness of the limit of a sequence fxngn�1 in
LTS Y it follows that for some x 2 X and for all i D 1; n

xn ! x in Xi as n!1:

So, xn ! x in X as n!1.
Now let us check that k � kZ is the norm on Z.
If kzkZ D 0, then thanks to (1.3) for eachm � 1 there exists xmi 2 Xi (i D 1; n)

such that

z D
nX

iD1
xmi ; kxmikXi

<
1

n
:

For every i D 1; n the sequence xmi tends to N0 in Xi , and so in Y too. ThusPn
iD1 xmi ! N0 in Y as m ! C1 and z D N0. On the other hand, let z D N0.

Then kzkZ � maxiD1;n kN0kXi
D 0.

The another norm properties for k � kZ follow from the properties of inf, max and
norms k � kXi

, i D 1; n.
Let us check that the linear space Z under the above norm is a Banach space. Let

fzmgm�1 be a Cauchy sequence in Z. It contains a subsequence fzmk
gk�1 with the

property
kzmk

� zmk�1
kZ < 2�k for k � 2:

From (1.3) for every k � 2 there exists

zmk
� zmk�1

D
nX

jD1
ukj ;

where ukj 2 Xj , kukj kX < 21�k for each j D 1; n and k � 2. Further,

zm1
D

nX

jD1
u1j ; u1j 2 Xj ; j D 1; n:

For every k � 1 let us set

xkj D
kX

iD1
uij ; j D 1; n:



1.1 Functional Spaces: The Embedding and Approximation Theorems 5

Hence

zmk
D

nX

jD1
xkj 8k � 1:

For all j D 1; n the sequence xkj converges in Xj (according to its construction) to

some xj 2 Xj . Let us set z D
nP

jD1
xj . Then we have

kz � zmk
kZ � max

jD1;n
kxj � xkj kXj

8k � 1:

From here it follows that zmk
converges to z inZ as k ! C1. From the estimation

kz � zmkZ � kz � zmk
kZ C kzmk

� zmkZ
and taking into account that the sequence fzmgm�1 is fundamental we obtain

lim
m!1 kz � zmkZ D 0:

The embedding (1.4) follows from the definition of Banach spaces .X; k � kX /
and .Z; k � kZ/. ut
Remark 1.1. ([GGZ74, p.24]) Let Banach spaces X and Y satisfy the following
conditions

X � Y; X is dense in Y;

kxkY � �kxkX 8x 2 X; � D const:

Then
Y � � X�; kf kX� � �kf kY � 8f 2 Y �:

Moreover, if X is reflexive, then Y � is dense in X�.

Let fXigniD1 be an interpolation family such that the space X WD \niD1Xi with
the norm (1.2) is dense in Xi for all i D 1; n. Due to Remark 1.1 the space X�

i may
be considered as subspace of X�. Thus we can construct

Pn
iD1X�

i and

nX

iD1
X�
i �

 
n\

iD1
Xi

!�
: (1.5)

Under the given assumptions X is dense in Z WD
nP

iD1
Xi for every i D 1; n. So Xi

is dense in Z too. Thanks to Remark 1.1 we can consider space Z� as a subspace
of X�

i for all i D 1; n, and also as a subspace of \niD1X�
i , i.e.

 
nX

iD1
Xi

!�
�

n\

iD1
X�
i : (1.6)
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Proposition 1.3. Let fXigniD1 be an interpolation family such that the space X WD
\niD1Xi with the norm (1.2) is dense in Xi for all i D 1; n. Then

nX

iD1
X�
i D

 
n\

iD1
Xi

!�

and  
nX

iD1
Xi

!�
D

n\

iD1
X�
i

both in the sense of sets equality and in the sense of the equality of norms.

Proof. We consider the space X WD Qn
iD1Xi with the norm

kfx1; x2; : : : ; xngkX D
nX

iD1
kxikXi

8x D fx1; x2; : : : ; xng 2X I

let L be the subspace of X defined by

L D ffx; x; : : : ; xg j x 2 Xg:

For a fixed f 2 X� let us set

u.fx; x; : : : ; xg/ D f .x/ 8x 2 X:

Hence u is a linear functional on L with the norm kukL � D kf kX� : By the Hahn–
Banach Theorem for the functional u there exists a linear functional v defined on X
such that

kvkX D kukL � D kf kX� :

For every i D 1; n we set

gi .x/ D v.fN0; : : : ; N0; xi ; N0; : : : ; N0g/ 8xi 2 Xi :

Hence it is clear that gi 2 X�
i for all i D 1; n and

max
iD1;n

kgikX�

i
� kvkZ� D kf kX� :

By the construction,

f .x/ D
nX

iD1
gi .x/ 8x 2 X;

i.e. f DPn
iD1 gi 2

Pn
iD1X�

i . Thus it follows
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kf kPn
iD1X

�

i
� max
iD1;n

kgikX�

i
� kf kX� :

On the other hand kf kX� D sup
Pn

iD1 kxkXi
D1
f .x/

� sup
Pn

iD1 kxkXi
D1

inf

(
nX

iD1
kgikX�

i
kxkXi

ˇ
ˇ
ˇ
ˇ
ˇ
gi 2 X�

i ;

nX

iD1
gi D f

)

� inf

(

max
iD1;n

kgikX�

i

ˇ
ˇ
ˇ
ˇ gi 2 X�

i ;

nX

iD1
gi D f

)

D kf kPn
iD1X

�

i
:

The latest inequalities and (1.5) prove the first part of the Theorem.
Let us prove the remaining part.

Lemma 1.1. Let f 2 \niD1X�
i . Then for every k D 2; n and xi ; yi 2 Xi (i D 1; k)

such that
Pk
iD1 xi D

Pk
iD1 yi DW x we have

kX

iD1
f .xi / D

kX

iD1
f .yi / DW f .x/: (1.7)

Proof. We prove this Proposition arguing by induction.
Let xi ; yi 2 Xi (i D 1; 2) such that x1 C x2 D y1 C y2 DW x. Then x1 � y1 D

y2 � x2 2 X1 \X2 and

f .x1/ � f .y1/ D f .x1 � y1/ D f .y2 � x2/ D f .y2/ � f .x2/:

From the last the necessary Proposition is follows.
Now we assume that for some k D 2; n� 1 and for arbitrary xi ; yi 2 Xi (i D

1; k) such that
kP

iD1
xi D

kP

iD1
yi DW x equality (1.7) is valid.

Let xi ; yi 2 Xi (i D 1; k C 1) such that
kC1P
iD1

xi D
kC1P
iD1

yi DW x. Thus

xkC1 � ykC1 D
kX

iD1
.yi � xi / 2

 
kX

iD1
Xi

!

\XkC1;

and so, by the induction assumption, we obtain

f .xkC1/�f .ykC1/Df .xkC1�ykC1/ D f
 

kX

iD1
.yi � xi /

!

D
kX

iD1
.f .yi /�f .xi //

and the Lemma follows. ut
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According to Lemma 1.1 let us continue any fixed functional f 2 \niD1X�
i to

some functional on Z in such way:
for z DPn

iD1 xi , where xi 2 Xi 8i D 1; n

f .z/ D
nX

iD1
f .xi /:

From relation (1.7) it follows that the given definition is correct and does not depend
on the representation of z as

Pn
iD1 xi . Since

f .z/ � inf

(
nX

iD1
kf kX�

i
kxikXi

ˇ
ˇ
ˇ
ˇ
ˇ
xi 2 Xi ;

nX

iD1
xi D z

)

�
 

nX

iD1
kf kX�

i

!

kzkZ ;

then f 2 Z� and kf kZ� � kf k\n
iD1

X�

i
: Taking into account (1.6) we have Z� D

\niD1X�
i as equality of the sets. In order to prove the equality of norms it is sufficient

to show the inequality kf k\n
iD1

X�

i
� kf kZ� . For every " > 0 there exists xi 2 Xi

such that
kf kX�

i
� f .xi /C "=n; kxikXi

D 1:
Hence

kf k\n
iD1

X�

i
D

nX

iD1
kf kX�

i
� f

 
nX

iD1
xi

!

C " � kf kZ�

�
�
�
�
�

nX

iD1
xi

�
�
�
�
�
Z

C "

� kf kZ� max
iD1;n

kxikXi
C " D kf kZ� C "

and from here the delivered conclusion follows. ut
Theorem 1.1. (The reflexivity criterium: [PET67, p. 57]) Banach space E is
reflexive if and only if each bounded in E sequence contains the weakly convergent
in E subsequence.

Theorem 1.2. (Banach–Alaoglu: [GGZ74, p. 30]) In reflexive Banach space each
bounded sequence contains the weakly convergent subsequence.

Now let us consider classes of integrable by Bochner distributions with val-
ues in Banach space. Such extended phase spaces generally appear when studying
evolutional geophysical processes and fields.

Now let Y be some Banach space, Y � its topological adjoint space, S be some
compact time interval. We consider the classes of functions defined on S and
imagines in Y (or in Y �).

The set Lp.S IY / of all measured by Bochner functions (see [GGZ74]) as 1 �
p � C1 with the natural linear operations with the norm
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kykLp.SIY / D
0

@

Z

S

ky.t/kpY dt

1

A

1=p

is a Banach space. As p D C1 L1.S IY / with the norm

kykL1.SIY / D vrai max
t2S

ky.t/kY

is a Banach space.
The next Theorem shows that under the assumption of reflexivity and separabil-

ity of Y the adjoint with Lp.S IY /, 1 � p < C1, space .Lp.S IY //� may be
identified with Lq.S IY �/, where q is such that p�1 C q�1 D 1.

Theorem 1.3. If the space Y is reflexive and separable and 1 � p < C1, then
each element f 2 .Lp.S IY //� has the unique representation

f .y/ D
Z

S

h�.t/; y.t/iY dt for every y 2 Lp.S IY /

with the function � 2 Lq.S IY �/, p�1 C q�1 D 1. The correspondence f ! �,
with f 2 .Lp.S IY //� is linear and

kf k.Lp.SIY //� D k�kLq .SIY �/:

Now let us consider the reflexive separable Banach space V with the norm k � kV
and the Hilbert space .H; .�; �/H / with the norm k � kH , and for the given spaces let
the next conditions be satisfied

V � H; V is dense in H;

9� > 0 W kvkH � �kvkV 8v 2 V: (1.8)

Due to Remark 1.1 under the given assumptions we may consider the adjoint with
H space H� as a subspace of V � that is adjoint with V . As V is reflexive then H�
is dense in V � and

kf kV � � �kf kH� 8f 2 H�;

where k � kV � and k � kH� are the norm in V � and in H�, respectively.
Further, we identify the spaces H and H�. Then we obtain

V � H � V �

with continuous and dense embedding.

Definition 1.2. The triple of spaces (V IH IV �), that satisfy the latter conditions
will be called the evolution triple.
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Let us point out that under identification H with H� and H� with some subspace
of V �, an element y 2 H is identified with some fy 2 V � and

.y; x/ D hfy; xiV 8x 2 V;

where h�; �iV is the canonical pairing between V � and V . Since the element y and
fy are identified then, under condition (1.8), the pairing h�; �iV will denote the inner
product on H .�; �/.

We consider pi , ri , i D 1; 2 such that 1 < pi � ri � C1, pi < C1. Let
qi � r 0

i � 1 well-defined by

p�1
i C q�1

i D r�1
i C r 0

i
�1 D 1 8i D 1; 2:

Remark that 1=1D 0.
Now we consider some Banach spaces that play an important role in the investi-

gation of the differential-operator equations and evolution variation inequalities in
nonreflexive Banach spaces.

Referring to evolution triples (Vi IH IV �
i ) (i D 1; 2) such that

the set V1 \ V2 is dense in the spaces V1; V2 andH (1.9)

we consider the functional Banach spaces (Proposition 1.2)

Xi D Xi .S/ D Lqi
.S IV �

i /CLr0

i
.S IH/; i D 1; 2

with norms

kykXi
D inf

n
max

˚ky1kLqi
.SIV �

i
/I ky2kLr0

i
.SIH/

� ˇ
ˇ

ˇ
ˇ
ˇ y1 2 Lqi

.S IV �
i /; y2 2 Lr0

i
.S IH/; y D y1 C y2

o
;

for all y 2 Xi , and

X D X.S/ D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /C Lr0

2
.S IH/C Lr0

1
.S IH/

with

kykX D inf
˚

max
iD1;2

˚ky1ikLqi
.SIV �

i
/I ky2ikLr0

i
.SIH/

� ˇ
ˇ y1i 2 Lqi

.S IV �
i /;

y2i 2 Lr0

i
.S IH/; i D 1; 2I y D y11 C y12 C y21 C y22

�
;

for each y 2 X . As ri < C1, due to Theorem 1.3 and to Theorem 1.3 the space
Xi is reflexive. Analogously, if max fr1; r2g < C1, the space X is reflexive.

Under the latter Theorems we identify the adjoint with Xi .S/, X�
i D X�

i .S/,
with Lri .S IH/ \ Lpi

.S IVi /, where
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kykX�

i
D kykLri

.SIH/ C kykLpi
.SIVi / 8y 2 X�

i ;

and, respectively, the adjoint with X.S/ space X� D X�.S/ we identify with

Lr1.S IH/ \Lr2.S IH/ \Lp1
.S IV1/\ Lp2

.S IV2/;

where

kykX�.S/ D kykLr1 .SIH/ C kykLr2 .SIH/ C kykLp1 .SIV1/ C kykLp2 .SIV2/ 8y 2 X�:

On X.S/ �X�.S/ we denote by

hf; yi D hf; yiS D
Z

S

.f11.�/; y.�//H d� C
Z

S

.f12.�/; y.�//H d�

C
Z

S

hf21.�/; y.�/iV1
d� C

Z

S

hf22.�/; y.�/iV2
d�

D
Z

S

.f .�/; y.�// d� 8f 2 X; y 2 X�;

where f D f11C f12 C f21C f22, f1i 2 Lr0

i
.S IH/, f2i 2 Lqi

.S IV �
i /, i D 1; 2.

In that case when max fr1; r2g < C1, with corresponding to the “standard”
denotations [GGZ74, p. 171], the spaces X�, X�

1 and X�
2 , further will denote as

X , X1 and X2 respectively, and vice verse, X , X1 and X2 as X�, X�
1 and X�

2

respectively. The given renotation is correct in virtue of the next Proposition, that is
the direct corollary of Proposition 1.3 and of Theorem 1.3.

Proposition 1.4. As max fr1; r2g < C1, the spaces X , X1 and X2 are reflexive.

Let D.S/ be the space of the principal functions on S . For a Banach space X as
D�.S IX/ we will denote the family of all linear continuous maps from D.S/ into
X , with the weak topology. The elements of the given space are called the distribu-
tions on S with values in X . For each f 2 D�.S IX/ the generalized derivative is
well-defined by the rule

f 0.'/ D �f .' 0/ 8' 2 D.S/:

We remark that each locally integrable in Bochner sense function u we can identify
with corresponding distribution fu 2 D�.S IX/ in such way:

fu.'/ D u.'/ D
Z

S

u.t/'.t/dt 8' 2 D.S/; (1.10)

where the integral is regard in the Bochner sense. We will interpret the family of all
locally Bochner integrable functions from (S ! X ) as subspace in D�.S IX/. Thus
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the distributions, that allow the representation (1.10), we will consider as functions
from (S ! X ). We are also remark that the correspondence D�.S IX/ 3 f !
f 0 2 D�.S IX/ is continuous [GGZ74, p.169].

Definition 1.3. [GGZ74, p.146] As Cm.S IX/, m � 0 we refer the family of all
functions from (S ! X ), that have the continuous derivatives by the orderm inclu-
sively. In that case when S is a compact interval Cm.S IX/ is a Banach space with
the norm

kykCm.SIX/ D
mX

iD0
sup
t2S

�
�
�y.i/.t/

�
�
�
X
;

where y.i/.t/ is the strong derivative from y at the point t 2 S by the order i � 1;
y.0/ � y.

Let V D V1 \ V2. Then V � D V �
1 C V �

2 . At studying the differential-operator
inclusions and evolution variation inequalities together with the spaces X and X�
one more space, which we will denote as W � D W �.S/ plays the important role.
Let us set

W �.S/ D fy 2 X�.S/j y0 2 X.S/g;
where the derivative y0 from y 2 X� is considered in the sense of scalar distribu-
tions space D�.S IV �/.

The class W � generally contains the generalized solutions of the first order
differential-operator equations and inclusions with maps of pseudomonotone type.
By analogy with Sobolev spaces it is required to study some structured proper-
ties, embedding and approximations theorems as well as some “rules of work” with
elements of such spaces.

Theorem 1.4. The set W � with the natural operations and graph norm for y0:

kykW � D kykX� C ky0kX 8y 2 W �

is Banach space.

Proof. The norm axioms for k � kW � directly follow from its definition. The com-
pleteness ofW � concerning the just defined norm follows from the next reasonings.
Let fyngn�1 is the Cauchi sequence in W �. Then, in virtue of the completeness of
X and X� it follows that for some y 2 X� and v 2 X

yn ! y in X� and y0
n ! v in X as n!C1:

Therefore from [GGZ74, Lemma IV.1.10] and from the continuous dependence
of the derivative on the distribution in D�.S IV �/ [GGZ74, p.169] it follows that
y0 D v 2 X . ut

Together with W � D W �.S/ we consider Banach space

W �
i D W �

i .S/ D fy 2 Lpi
.S IVi /j y0 2 X.S/g; i D 1; 2;
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with the norm

kykW �

i
D kykLpi

.SIVi / C ky0kX 8y 2 W �
i :

We also consider the space W �
0 D W �

0 .S/ D W �
1 .S/\W �

2 .S/ with the norm

kykW �

0
D kykLp1

.SIV1/ C kykLp2
.SIV2/ C ky0kX 8y 2 W �

0 :

The space W � is continuously embedded in W �
i for i D 0; 2.

Theorem 1.5. It results in W �
i � C.S IV �/ with continuous embedding for i D

0; 2.

Proof. Let i D 1; 2 be fixed, y 2 W �
i and 8t0; t 2 S we set �.t/ D

tR

t0

y0.�/d�

which has sense in the virtue of the local integrability of y0. It is obvious that

k�.t/ � �.s/kV � �
sZ

t

ky0.�/kV � d� 8 s � t

from which follows � 2 C.S IV �/. Then � 0 D y0, it means that y.t/ D �.t/C z for
a.e. t 2 S and some z 2 V �. Therefore, the function y also belongs to C.S IV �/.
Note, that S is compact. Then in virtue of X � L1.S IV �/ we obtain

k�.t/kV � �
Z

S

ky0.�/kV � d� � kky0kX 8t 2 S: (1.11)

Then due to the continuity of embedding Vi � V � we have

kzkV �.mes.S//1=pi D
�Z

S

kzkpi

V � ds
�1=pi D ky � �kLpi

.SIV �/

� k1
�
kykLpi

.SIV �/ C k�kC.SIV �/

�

� k2
�
kykLpi

.SIVi / C ky0kX
�
;

(1.12)

where k2 does not depend on y 2 W �
i .

Now let y 2 W �
0 � C.S IV �/. In virtue of (1.11)–(1.12) for i D 1; 2 there exists

k3 � 0 that kykC.SIV �/ � k3kykW0
for all y 2 W �

0 . ut
Remark 1.2. From the definition of norms in the spaces W � and W �

0 we obtain
W � � C.S IV �/ with continuous embedding for the compact S in the natural
topology of the space W �.
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Theorem 1.6. The set C 1.S IV /\W �
0 is dense in W �

0 .

Proof. We prove this Proposition for more general case. At the beginning we sup-
pose S D R. Let us choose such a function K 2 C1

0 .S/ that
R

S

K.�/d� D 1 and

use the Sobolev mid-value method. Let us set for definiteness

K.�/ D
(
� exp

n
� �2

�2�1
�

for j� j � 1;
0 for j� j > 1;

where � is the constant of normalization and suppose Kn.�/ D nK.n�/ for every
� 2 S and n � 1. It is obvious that Kn 2 C1

0 .S/ and

Z

S

Kn.�/d� D 1 8 n � 1:

For every y 2 W �
0 let us define the sequence of functions

yn.t/ D
Z

S

Kn.t � �/y.�/d� : (1.13)

It is easy to check that yn 2 C 1.S IV / and

y0
n D

Z

S

K 0
n.t � �/y.�/d� D

Z

S

Kn.t � �/y0.�/d�: (1.14)

Besides yn 2 Lpi
.S IVi / and yn ! y in Lpi

.S IVi / for (i D 1; 2). The last follows
from the inequality kynkLpi

.SIVi / � kKkL1.S/kykLpi
.SIVi / and from following

estimations:

kyn � ykpi

Lpi
.SIVi /

D
Z

S

�
�
�

tC1=nZ

t�1=n
Kn.t � �/.y.�/ � y.t//d�

�
�
�
pi

Vi

dt

�
Z

S

0

B
@

1=nZ

�1=n
jKn.s/j ky.t C s/ � y.t/kVi

ds

1

C
A

pi

dt

�
Z

S

8
ˆ̂
<

ˆ̂
:

0

B
@

1=nZ

�1=n
jKn.s/jqi ds

1

C
A

pi =qi 1=nZ

�1=n
ky.t C s/ � y.t/kpi

Vi
ds

9
>>=

>>;

dt

� n

2
.2�/pi

1=nZ

�1=n

0

@

Z

S

ky.t C s/ � y.t/kpi

Vi
dt

1

A ds:
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Pointing out that for arbitrary y 2 Lpi
.S IVi / .1 � pi < 1/ and for every h the

function

yh.t/ D
�
y.t C h/ for t C h 2 S;

0 for t C h 62 S
belongs to Lpi

.S IVi / and kyh � ykLpi
.SIVi / ! 0 as h ! 0 (see [GGZ74,

Lemma IV.1.5]), then

lim
n!1 kyn � yk

pi

Lpi
.SIVi /

� lim
n!1.2�/

pi sup
jsj�1=n

kys � ykpi

Lpi
.SIVi /

D 0 for i D 1; 2:

Now we prove the convergence of derivatives. Let y0 2 X and y0 D �1 C �2 C
�1 C �2 where �i 2 Lqi

.S IV �
i /, �i 2 Lr0

i
.S IH/, i D 1; 2. By the analogy with

(1.13) we suppose

�n;i .t/ D
Z

S

Kn.t � �/�i .�/d�; �n;i .t/ D
Z

S

Kn.t � �/�i .�/d� for i D 1; 2:

Then in virtue of (1.14) by the analogy to the previous case, y0
n D �n;1 C �n;2 C

�n;1 C �n;2 and besides �n;i ! �i in Lqi
.S IV �

i / and �n;i ! �i in Lr0

i
.S IH/ for

i D 1; 2. By definition of k � kX , it follows

lim
n!1 ky

0
n � y0kX � lim

n!1 maxfk�n;1 � �kLq1
.SIV �

1
/I k�n;2 � �kLq2

.SIV �

2
/I

k�n;1 � �kL
r0

1
.SIH/I k�n;2 � �kL

r0

2
.SIH/g D 0:

From here we conclude that for every n � 1 yn 2 C 1.S IV /\W �
0 and the sequence

fyngn�1 converges to y 2 W �
0 in W �

0 .
Now let us consider the case when S is semibounded. Without loss of generality

we suppose S D Œ0;1/. For y 2 W �
0 D W �

0 .S/ we put yh.t/ D y.tCh/ for every
h > 0. Then, in virtue of [GGZ74, Lemma IV.1.5] it is easy to show that for i D 1; 2
yh ! y in Lpi

.S IVi / and y0
h
! y0 in X as h ! 0C. Remark that yh 2 W �

0 . To
complete the proof it is sufficient to show that for every fixed y 2 W �

0 .S/ and
for h > 0 the element yh 2 W �

0 can be sufficiently exactly approximated by the
functions from C 1.S IV /\W �

0 .
For some y 2 W �

0 .S/ and h > 0 let us consider the function

�.t/ D
�
'.t/y.t C h/ for t � �h;
0 for t < �h;

where ' 2 C 1.R/, '.t/ D 1 if t � �h
2

and '.t/ D 0 if t < �h. Then for
every t � 0 �.t/ D yh.t/ and due to the definition of derivative in sense of scalar
distribution space D�.S IV �/ it follows that

� 0.t/ D
�
' 0.t/y.t C h/C '.t/y0.t C h/ for t � �h;
0 for t < �h:
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Let us prove that � 2 W �
0 .R/. Since yh 2 W �

0 .S/ we have �jŒ0;1/ 2 X�.S/.
Because of �j.�1I�h/ D 0 it remains to consider the section Œ�h; 0/.

From sup
s2Œ�h;0/

j'.s/j D 1 we have

0Z

�h
k�.s/kpi

Vi
ds �

0Z

�h
j'.s/jpiky.s C h/kpi

Vi
ds

�
0Z

�h
ky.s C h/kpi

Vi
ds D

hZ

0

ky.�/kpi

Vi
d� .i D 1; 2/:

Thus, �jŒ�h;0/ 2 Lpi
.Œ�h; 0/IVi / for i D 1; 2. Similarly we can prove that � 0 2

X.R/. So, � 2 W �
0 .R/ and in virtue of the previous case there exists a sequence of

elements �n 2 C 1.RIV / \W �
0 .R/ that converges to � in W �

0 .R/.
Now we set �n D �njS 2 C 1.S IV /\W �

0 .S/ for every n � 1. Here �n ! yh in
W �
0 .S/ as n!1, because �jS D yh.
Let us consider, at last, the case when S is bounded. For every y 2 W �

0 .S/

(where S D Œa; b�, a < b) we put

�.t/ D
�
'.t/y.t/ for t 2 Œa; b�;
0 for t > b;

�.t/ D
�
.1 � '.t//y.t/ for t 2 Œa; b�;
0 for t < a:

Let ' be such function from C 1.S/ that '.t/ D 0 in some neighborhood of the
point b and '.t/ D 1 in some neighborhood of the point a. Note that y.t/ D �.t/C
�.t/ for all t 2 S . It is easy to check that � 2 W �

0 .Œa;1// and � 2 W �
0 ..�1; b�/.

Therefore, due to the previous case, there exist such sequences

f�ngn�1 � C 1.Œa;1/IV / \W �
0 .Œa;1//

and
f�ngn�1 � C 1..�1; b/IV /\W �

0 ..�1; b//;
that

�n ! � in W �
0 .Œa;1// and �n ! � in W �

0 ..�1; b// as n!1:
So, .�n C �n/jS ! y in W �

0 .S/.
The Theorem is proved. ut

Theorem 1.7. W �
0 � C.S IH/ with continuous embedding. Moreover, for every

y; � 2 W �
0 and s; t 2 S the next formula of integration by parts takes place
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�
y.t/; �.t/

� � �y.s/; �.s/� D
tZ

s

n
.y0.�/; �.�//C .y.�/; � 0.�//

o
d�: (1.15)

In particular, when y D � we have:

1

2

�
ky.t/k2H � ky.s/k2H

�
D

tZ

s

.y0.�/; y.�//d�: (1.16)

Proof. To simplify the proof we consider S D Œa; b� for some

�1 < a < b < C1:

The validity of formula (1.15) for y; � 2 C 1.S IV / is checked by direct calculation.
Now let ' 2 C 1.S/ be such fixed that '.a/ D 0 and '.b/ D 1. Moreover, for
y 2 C 1.S IV / let � D 'y and � D y � 'y. Then, due to (1.15):

�
�.t/; y.t/

� D
tZ

a

n
' 0.s/

�
y.s/; y.s/

�C 2'.s/.y0.s/; y.s//
o
ds;

���.t/; y.t/� D
bZ

t

n
�' 0.s/

�
y.s/; y.s/

�C 2.1� '.s//.y0.s/; y.s//
o
ds;

from here for �i 2 Lqi
.S IV �

i / and �i 2 Lr0

i
.S IH/ (i D 1; 2) such that y0 D

�1 C �2 C �1 C �2 it follows:

ky.t/k2H D
bZ

t

n
' 0.s/

�
y.s/; y.s/

�C 2'.s/.y0.s/; y.s//
o
ds � 2

bZ

t

.y0.s/; y.s//ds

� max
s2S j'

0.s/j � kykC.SIV �/ � kykL1.SIV / C 2
Z

S

.'.s/ � 1/.y0.s/; y.s//ds

� max
s2S j'

0.s/j � kykC.SIV �/ � kykL1.SIV / C 2max
s2S j'.s/ � 1j

�
�
k�1kLq1

.SIV �

1
/kykLp1

.SIV1/ C k�2kLq2
.SIV �

2
/kykLp2

.SIV2/

Ck�1kL
r0

1
.SIH/kykLr1

.SIH/ C k�2kL
r0

2
.SIH/kykLr2

.SIH/
�

� max
s2S j'

0.s/j � kykC.SIV �/ �
�
kykLp1

.SIV1/mes.S/1=q1

CjykLp2
.SIV2/mes.S/1=q2

�
C 2max

s2S
j'.s/ � 1j
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�
�
k�1kLq1

.SIV �

1
/ C k�2kLq2

.SIV �

2
/ C k�1kLr0

1
.SIH/ C k�2kL

r0

2
.SIH/

�

�
�
kykLp1

.SIV1/ C kykLp2
.SIV2/ C kykC.SIH/mes.S/1=r1

CkykC.SIH/mes.S/1=r2
�
:

Hence, due to Theorem 1.5, definition of k � kX , if we take in last inequality '.t/ D
t�a
b�a for all t 2 S we obtain

kyk2C.SIH/ � C2 � kyk2W �

0
C C3 � kykW �

0
� kykC.SIH/; (1.17)

where C1 is the constant from inequality kykC.SIV �/ � C1 � kykW �

0
for every

y 2 W �
0 ,

C2 D 2C C1

min fmes.S/1=p1 ;mes.S/1=p2g ; C3 D 2 �max
n
mes.S/1=min fr1;r2g; 1

o
:

Remark that 1
C1 D 0, C2; C3 > 0. From (1.17) it obviously follows that

kykC.SIH/ � C4 � kykW �

0
for all y 2 C 1.S IV /; (1.18)

where C4 D C3C
q

C2
3

C4C2

2
does not depend on y.

Now let us apply Theorem 1.6. For arbitrary y 2 W �
0 let fyngn�1 be a sequence

of elements from C 1.S IV / converging to y inW �
0 . Then in virtue of relation (1.18)

we have
kyn � ykkC.SIH/ � C4kyn � ykkW �

0
! 0;

therefore, the sequence fyngn�1 converges in C.S IH/ and it has only limit 	 2
C.S IH/ such that for a.e. t 2 S 	.t/ D y.t/. So, we have y 2 C.S IH/ and now
the embeddingW �

0 � C.S IH/ is proved. If we pass to limit in (1.18) with y D yn
as n ! 1 we obtain the validity of the given estimation 8y 2 W �

0 . It proves the
continuity of the embeddingW � into C.S IH/.

Now let us prove formula (1.15). For every y; � 2 W �
0 and for corresponding

approximating sequences fyn; �ngn�1 � C 1.S IV / we pass to the limit in (1.15)
with y D yn, � D �n as n ! 1. In virtue of Lebesgue’s Theorem and W �

0 �
C.S IV �/ with continuous embedding formula (1.15) is true for every y 2 W �

0 .
The Theorem is proved. ut
In virtue ofW � � W �

0 with continuous embedding and due to the latter Theorem
the next Proposition is true.

Corollary 1.1. W � � C.S IH/ with continuous embedding. Moreover, for every
y; � 2 W � and s; t 2 S formula (1.15) takes place.
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Remark 1.3. When max fr1; r2g < C1, due to the standard denotations [GGZ74,
p. 173], we will denote the spaceW � asW ; “ � ” will direct on nonreflexivity of the
spaces X and W .

Referring to evolution triples (Vi IH IV �
i ) (i D 1; 2) such that

the set V1 \ V2 is dense in the spaces V1; V2 andH

we conclude that the space V D V1 \ V2 � H with continuous and dense embed-
ding. Since V is a separable Banach space, then there exists a complete in V and
consequently in H countable vectors system fhi gi�1 � V .

Let us introduce some useful constructions which can be used for example for
studying of differential-operator inclusions in infinite-dimensional spaces by the
Faedo–Galerkin method.

Let for each n � 1
Hn D spanfhi gniD1;

on which we consider the inner product induced from H that we again denote by
.�; �/; Pn W H ! Hn � H the operator of orthogonal projection fromH onHn, i.e.

8h 2 H Pnh D argmin
hn2Hn

kh � hnkH :

Definition 1.4. We say that the triple .fhigi�1IV IH/ satisfies Condition (� ) if
sup
n�1
kPnkL .V;V / < C1, i.e. there exists C � 1 such that

8v 2 V; 8n � 1 kPnvkV � C � kvkV : (1.19)

Remark 1.4. When the vectors system fhigi�1 � V is orthogonal in H , Condition
.�/ means that the given system is a Schauder basis in Banach space V .

Remark 1.5. Since Pn 2 L .V; V /, its adjoint operator P �
n 2 L .V �; V �/ and

kPnkL .V;V / D kP �
n kL .V �;V �/:

It is clear that, for each h 2 H , Pnh D P �
n h. Hence, we identify Pn with P �

n . Then
Condition .�/ means that for each v 2 V and n � 1

kPnvkV � � C � kvkV � :

Due to the equivalence of H� and H it follows that H�
n � Hn.

Let us consider latter introduced Banach spaces:

X D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /C Lr0

2
.S IH/CLr0

1
.S IH/;

X� D Lr1.S IH/ \ Lr2.S IH/ \ Lp1
.S IV1/ \Lp2

.S IV2/;
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W � D fy 2 X j y0 2 X�g

with corresponding norms.
For each n � 1 we consider Banach spaces

Xn D Xn.S/ D Lq0
.S IHn/ � X; X�

n D X�
n .S/ D Lp0

.S IHn/ � X�;

where p0 WD maxfr1; r2g, q�1
0 C p�1

0 D 1 with the natural norms. The space
Lp0

.S IHn/ is isometrically isomorphic to the adjoint space X�
n of Xn, moreover,

the map

Xn �X�
n 3 f; x !

Z

S

.f .�/; x.�//Hn
d� D

Z

S

.f .�/; x.�//d� D hf; xiXn

is the duality form on Xn �X�
n . This Proposition is correct due to

Lq0
.S IHn/ � Lq0

.S IH/ � Lr0

1
.S IH/CLr0

2
.S IH/CLq1

.S IV �
1 /CLq2

.S IV �
2 /:

Let us remark that h�; �iS
ˇ
ˇ
Xn.S/�X�

n .S/
D h�; �iXn.S/.

Proposition 1.5. For every n � 1 Xn D PnX , i.e.

Xn D fPnf .�/ j f .�/ 2 Xg :

Moreover, if the triple .fhj gj�1IVi IH/, i D 1; 2 satisfies Condition (� ) with
C D Ci , then

for every f 2 X and n � 1 kPnf kX � maxfC1; C2g � kf kX :

Proof. Let us fix an arbitrary number n � 1. For every y 2 X let yn.�/ WD Pny.�/,
i.e. yn.t/ D Pny.t/ for almost all t 2 S . Since Pn is linear and continuous on
V �
1 , on V �

2 and on H we have that yn 2 Xn � X . It is immediate that the inverse
inclusion is valid.

Now let us prove the second part of this Proposition. We suppose that Condition
(� ) holds, let us fix f 2 X and n � 1. Then from Condition (� ) it follows that for
every f1i 2 Lr0

i
.S IH/ and f2i 2 Lqi

.S IV �
i / such that f D f11Cf12Cf21Cf22

we have:

kPnf11kL
r0

1
.SIH/ C kPnf12kL

r0

2
.SIH/ C kPnf21kLq1

.SIV �

1
/ C kPnf22kLq2

.SIV �

2
/

D
0

@

Z

S

kPnf11.�/kr
0

1

H d�

1

A

1

r0

1

C
0

@

Z

S

kPnf12.�/kr
0

2

H d�

1

A

1

r0

2
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C
0

@

Z

S

kPnf21.�/kq1

V �

1

d�

1

A

1
q1

C
0

@

Z

S

kPnf2.�/kq2

V �

2

d�

1

A

1
q2

�
0

@

Z

S

kf11.�/kr
0

1

H d�

1

A

1

r0

1

C
0

@

Z

S

kf12.�/kr
0

2

H d�

1

A

1

r0

2

C C1

0

@

Z

S

kf21.�/kq1

V �

1

d�

1

A

1
q1

C C2
0

@

Z

S

kf22.�/kq2

V �

2

d�

1

A

1
q2

� max fC1; C2g �
�
kf11kL

r0

1
.SIH/ C kf12kL

r0

2
.SIH/

C kf21kLq1
.SIV �

1
/ C kf22kLq2

.SIV �

2
/

�
;

because C1; C2 � 1. Therefore, due to the definition of norm in X we complete the
proof. ut
Proposition 1.6. For every n � 1 it results in X�

n D PnX�, i.e.

X�
n D fPny.�/ j y.�/ 2 X�g;

and
hf; Pnyi D hf; yi 8y 2 X� and f 2 Xn:

Furthermore, if the triple
�fhj gj�1IVi IH

�
, i D 1; 2 satisfies Condition (� ) with

C D Ci , then we get

kPnykX� � maxfC1; C2g � kykX� 8y 2 X� and n � 1:

Proof. For every y 2 X� we set yn.�/ WD Pny.�/, i.e. yn.t/ D Pny.t/ for a.e.
t 2 S . As the operator Pn is linear and continuous on V1, on V2 and on H we have
that yn 2 X�

n � X�. The inverse inclusion is obvious.
Due to Condition (� ) and to the definition of k � kLpi

.SIVi / and k � kLri
.SIH/ it

follows that

kynkLpi
.SIVi / � Ci � kykLpi

.SIVi / and kynkLri
.SIH/ � kykLri

.SIH/:

Thus kynkX� � maxfC1; C2g � kykX� .
Now let us show that for every f 2 Xn

hf; yni D hf; yi:
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As f 2 Lp0
.S IHn/, then we have

hf; yi D
Z

S

.f .�/; y.�//d� D
Z

S

.f .�/; Pny.�//d�

D
Z

S

.f .�/; yn.�//d� D hf; yni;

because for every n � 1, h 2 H and v 2 Hn it results in

.h � Pnh; v/ D .h � Pnh; v/H D 0:

The Proposition is proved. ut
When p0 < C1 for each n � 1 we denote by In the canonical embedding of

X�
n in X� (8x 2 X�

n Inx D x), I �
n W X ! Xn its adjoint operator (since Xn and X

are reflexive).

Proposition 1.7. When p0 < C1 for each n � 1 and f 2 X .I�
n f /.t/ D Pnf .t/

for a.e. t 2 S . Moreover, if the triples .fhj gj�1IVi IH/ as i D 1; 2 satisfy Condition
(� ) with C D Ci , then

for each f 2 X and n � 1 kI �
n f kX � max fC1; C2g � kf kX ;

i.e.
sup
n�1
kI�
n kL .XIX/ � max fC1; C2g:

Proof. Let n � 1 and f 2 X be fixed. Let us show that for a.e. t 2 S .I�
n f /.t/ D

Pnf .t/. Since Remark 1.5 it follows that for each x 2 X�
n

hI�
n f; xi D hf; xi D

Z

S

.f .�/; x.�//d� D
Z

S

.f .�/ � Pnf .�/; x.�//d�

C
Z

S

.Pnf .�/; x.�//d� D
Z

S

.Pnf .�/; x.�//d� ;

since for all u 2 Hn and v 2 V �, .v � Pnv; u/ D 0.
So, we are under conditions of Proposition 1.5.
The Proposition is proved. ut
From the last Propositions and the properties of I�

n it immediately follows the
next

Corollary 1.2. When p0 < C1 for each n � 1 Xn D PnX D I�
nX , i.e.

Xn D fPnf .�/ j f .�/ 2 Xg D fI �
n f j f 2 Xg :

Let us show the separation property (in some sense) for the space X�:



1.1 Functional Spaces: The Embedding and Approximation Theorems 23

Proposition 1.8. Under the condition maxfr1; r2g < C1 the set
S

n�1
X�
n is dense

in .X�; k � kX� /.

Proof. (a) At first we prove that the set L1.S IV / is dense in space

.X�; k � kX�/:

Let us fix x 2 X�. Then for every n � 1 we consider

xn.t/ WD
�
x.t/; kx.t/kV � n
0; elsewhere.

(1.20)

Obviously8n � 1 xn 2 L1.S IV /. The continuous embedding of V intoH assures
the existence of some positive � such that for i D 1; 2 and a.e. t 2 S we have

kxn.t/ � x.t/kH � �kxn.t/ � x.t/kV ! 0;

kxn.t/ � x.t/kVi
� kxn.t/ � x.t/kV ! 0 as n!1; (1.21)

kxn.t/kH � kx.t/kH ; kxn.t/kVi
� kx.t/kVi

: (1.22)

Further let us set


nH .t/ D kxn.t/ � x.t/kp0

H ; 
nVi
.t/ D kxn.t/ � x.t/kpi

Vi
:

So, from (1.21) and (1.22) we obtain:


nH .t/! 0; 
nVi
.t/! 0 as n!1 for a.e. t 2 S (1.23)

and for almost every t 2 S

j
nH .t/j � 2p0kx.t/kp0

H DW 
H .t/; j
nVi
.t/j � 2pikx.t/kpi

Vi
DW 
Vi

.t/: (1.24)

Since x 2 X�, then 
H ; 
V1
; 
V2

2 L1.S/. Thus, due to (1.23) and (1.24), we can
apply the Lebesgue Theorem with integrable majorants 
H , 
V1

and 
V2
respec-

tively. Hence it follows that 
nH ! N0 and 
nVi
! N0 in L1.S/ as i D 1; 2.

Consequently kxn � xkX� ! 0 as n!1.
(b) Further, for some linear variety L from V we set

� .L/ WD ˚y 2 .S ! L/ j y is a simple functiong

(see [GGZ74, p.152]). Let us show that set � .V / is dense in the normalized space
.L1.S; V /; k � kX�/. Let x be fixed in L1.S; V /; so, there exists a sequence
fxngn�1 � � .V / such that

xn.t/! x.t/ in V as n!1 for a.e. t 2 S: (1.25)



24 1 Auxiliary Statements

Since x 2 L1.S; V / we have ess sup
t2S

kx.t/kV DW c < C1: For every n � 1 let us

introduce

yn.t/ WD
�
xn.t/; kxn.t/kV � 2c
N0; else.

(1.26)

From (1.25) and (1.26) it follows that yn 2 � .V / as n � 1 and moreover,

yn.t/! x.t/ in V as n!1 for a.e. t 2 S:

Hence, taking into account V � H , as i D 1; 2 and for a.e. t 2 S we obtain the
following convergences

yn.t/! x.t/ in H; yn.t/! x.t/ in V1; yn.t/! x.t/ in V2 as n!1:

As in (a), assuming


H � 
V1
� 
V2

� maxf.3c/p1 ; .3c/p2 ; .3c�/p0g 2 L1.S//

we obtain that yn ! x in X� as n!1. So, � .V / is dense in

.L1.S; V /; k � kX�/:

(c) Since the set spanfhngn�1 D S

n�1
Hn is dense in .V; k � kV / and V � H with

continuous embedding it follows that the set

�

0

@
[

n�1
Hn

1

A D
[

n�1
� .Hn/

is dense in .� .V /; k � kX�/. In order to complete the proof we point out that for
every n � 1 � .Hn/ � X�

n .
The Proposition is proved. ut
For every n � 1 let us define Banach space W �

n D fy 2 X�
n j y0 2 Xng with the

norm
kykW �

n
D kykX�

n
C ky0kXn

;

where the derivative y0 is considered in sense of scalar distributions space
D�.S IHn/. As far as

D�.S IHn/ D L .D.S/IHn/ � L .D.S/IV �
! / D D�.S IV �/

it is possible to consider the derivative of an element y 2 X�
n in the sense of

D�.S IV �/. Remark that for every n � 1 W �
n � W �

nC1 � W �.
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Proposition 1.9. For every y 2 X� and n � 1 Pny0 D .Pny/0, where derivative of
element x 2 X� is in the sense of the scalar distributions space D�.S IV �/.

Remark 1.6. We pay our attention to the fact that in virtue of the previous assump-
tions the derivatives of an element x 2 X�

n in the sense of D.S IV �/ and in the
sense of D.S IHn/ coincide.

Proof. It is sufficient to show that for every ' 2 D.S/ Pny0.'/ D .Pny/
0.'/. In

virtue of definition of derivative in sense of D�.S IV �/ we have

8' 2 D.S/ Pny
0.'/ D �Pny.' 0/ D �Pn

Z

S

y.�/' 0.�/d�

D �
Z

S

Pny.�/'
0.�/d� D �.Pny/.' 0/ D .Pny/0.'/:

The Proposition is proved. ut
Due to Propositions 1.6, 1.5, 1.9 it follows the next

Proposition 1.10. For every n � 1 W �
n D PnW �, i.e.

W �
n D fPny.�/ j y.�/ 2 W �g:

Moreover, if the triple
�fhigi�1IVj IH

�
, j D 1; 2 satisfies Condition (� ) with C D

Cj . Then for every y 2 W � and n � 1

kPny.�/kW � � maxfC1; C2g � ky.�/kW � :

Proof. If y 2 W �
n , then

y 2 X�
n � X� \ .S ! Hn/ and y0 2 Xn � X:

Thus, y.�/ D Pny.�/ 2 W �. On the other hand, let y 2 W �. Then in virtue of
Proposition 1.6 yn.�/ WD Pny.�/ 2 X�

n , from Proposition 1.9 it follows that .yn/0 D
Pny

0 2 X�
n . It means that, yn 2 Wn.

Let us assume that the triple
�fhigi�1IVj IH

�
, j D 1; 2 satisfies Condition (� )

with C D Cj . Then from Propositions 1.6 and 1.5 it follows that for each y 2 W :

kPny.�/kW D kPny.�/kX C kPny0.�/kX�

� maxfC1; C2g
�ky.�/kX C ky0.�/kX�

� D maxfC1; C2gky.�/kW :

The Proposition is proved. ut
Theorem 1.8. Let the triple

�fhigi�1IVj IH
�
, j D 1; 2 satisfy Condition (� ) with

C D Cj . We consider bounded in X� set D � X� and E � X that is bounded
in X . For every n � 1 let us consider
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Dn WD
˚
yn 2 X�

n j yn 2 D and y0
n 2 PnE

� � W �
n :

Then

kynkW � � kDkC C C � kEkC for all n � 1 and yn 2 Dn; (1.27)

where C D maxfC1; C2g, kDkC D sup
y2D
kykX� and kEkC D sup

f 2E
kf kX .

Remark 1.7. Due to Proposition 1.5 Dn is well-defined andDn � W �
n is true.

Proof. Due to Proposition 1.5 for every n � 1 and yn 2 Dn
kynkW � D kynkX�Cky0

nkX � kDkCCkPnEkC � kDkCCmaxfC1; C2g�kEkC:

The Theorem is proved. ut
Now let us give some generalizations of well-known compact embedding theo-

rems for classes of infinite-dimensional distribution spaces with integrable deriva-
tives which can be used when investigating differential-operator inclusions and
evolutional multivariational inequalities.

Further, let B0, B1, B2 be some Banach spaces such, that

B0; B2 are reflexive, B0 � B1 with compact embedding (1.28)

B0 � B1 � B2 with continuous embedding (1.29)

Lemma 1.2. ([LIO69, Lemma 1.5.1, p.71]) Under the assumptions (1.28)–(1.29)
for an arbitrary � > 0 there exists C� > 0 such that

kxkB1
� �kxkB0

C C�kxkB2
8x 2 B0:

Corollary 1.3. Let the assumptions (1.28)–(1.29) for Banach spaces B0, B1 and
B2 are verified, p1 2 Œ1IC1�, S D Œ0; T � and the set K � Lp1

.S IB0/ such that

(a) K is precompact set in Lp1
.S IB2/.

(b) K is bounded set in Lp1
.S IB0/.

Then K is precompact set in Lp1
.S IB1/.

Proof. Due to Lemma 1.2 and to the norm definition in Lp1
.S IBi /, i D 0; 2 it

follows that for an arbitrary � > 0 there exists such C� > 0 that

kykLp1
.SIB1/ � 2�kykLp1

.SIB0/C2C�kykLp1
.SIB2/ 8y 2 Lp1

.S IB0/: (1.30)

Let us check inequality (1.30), when p1 2 Œ0;C1/ (the case p1 D C1 is direct
corollary of Lemma 1.2):



1.1 Functional Spaces: The Embedding and Approximation Theorems 27

kykp1

Lp1
.SIB1/

D
Z

S

ky.t/kp1

B1
dt �

Z

S

	
�ky.t/kB0

C C�ky.t/kB2


p1dt

� 2p1�1
2

4�p1

Z

S

ky.t/kp1

B0
dtC C p1

�

Z

S

ky.t/kp1

B2
dt

3

5

D 2p1�1 h�p1kykp1

Lp1
.SIB0/

C C p1
� kykp1

Lp1
.SIB2/

i

� 2p1

h
�kykLp1

.SIB0/ C C�kykLp1
.SIB2/

ip1 8y 2 Lp1
.S IB0/:

The last inequality follows from

ap1 C bp1

2
� .aC b/p1 � 2p1�1 .ap1 C bp1/ 8a; b � 0:

Now let fyngn�1 be an arbitrary sequence fromK . Then by the conditions of the
given Proposition there exists fynk

gk�1 � fyngn�1 that is a Cauchy subsequence
in the space Lp1

.S IB2/. So, thanks to inequality (1.30) for every k;m � 1

kynk
� ynm

kLp1
.SIB1/ � 2�kynk

� ynm
kLp1

.SIB0/ C 2C�kynk
� ynm

kLp1
.SIB2/

� �C C 2C�kynk
� ynm

kLp1
.SIB2/;

where C > 0 is a constant that does not depend on m; k; �. Therefore, for every
" > 0 we can choose � > 0 and N � 1 such that:

�C < "=2 and 2C�kynk
� ynm

kLp1
.SIB2/ < "=2 8m; k � N:

Thus,

8" > 0 9N � 1 W kynk
� ynm

kLp1
.SIB1/ < " 8m; k � N:

This fact means, that fynk
gk�1 converges in Lp1

.S IB1/. The Corollary is proved.
ut

Theorem 1.9. ( [LIO69, p.71]) Under conditions (1.28)–(1.29), for all p0; p1 2
.1IC1/ Banach space

W D ˚ y 2 Lp1
.S IB0/ j y0 2 Lp0

.S IB2/
�

with the norm

kykW D kykLp1
.SIB0/ C ky0kLp0

.SIB2/ 8y 2 W;

where the derivative y0 of an element y 2 Lp1
.S IB0/ is considered in the sense of

the scalar distribution space D.S IB2/, is compactly embedded in Lp1
.S IB1/.
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Theorem 1.10. Let conditions (1.28)–(1.29) for B0; B1; B2 are satisfied, p0; p1 2
Œ1IC1/, S be a finite time interval and K � Lp1

.S IB0/ be such, that

(a)K is bounded in Lp1
.S IB0/:

(b) For every " > 0 there exists such ı > 0 that from 0 < h < ı it results in

Z

S

ku.�/ � u.� C h/kp0

B2
d� < " 8u 2 K: (1.31)

Then K is precompact in Lmin fp0Ip1g.S IB1/.
Furthermore, if for some q > 1 K is bounded in Lq.S IB1/, then K is

precompact in Lp.S IB1/ for every p 2 Œ1; q/.
Remark 1.8. Further we consider that every element x 2 .S ! Bi / is equal to N0
out of the interval S .

Proof. At the beginning we consider the first case. For our goal it is enough to
show, that it is possible to choose a Cauchy subsequence from every sequence
fyngn�1 � K in Lmin fp0Ip1g.S IB1/. Due to Corollary 1.3 it is sufficient to prove
this Proposition for Lmin fp0Ip1g.S IB2/.

For every x 2 K 8h > 0 8t 2 S we put

xh.t/ WD 1

h

tChZ

t

x.�/d� ;

where the integral is regarded in the sense of Bochner integral. We point out that
8h > 0 xh 2 C.S IB0/ � C.S IB2/.

Fixing a positive number ", we construct for a set

K � Lmin fp0Ip1g.S IB0/ � Lmin fp0Ip1g.S IB2/

a final "-web in Lmin fp0Ip1g.S IB2/. For " > 0 we choose ı > 0 from (1.31). Then
for every fixed h (0 < h < ı) we have:

kxh.t C u/� xh.t/kB2
D 1

h

�
�
�
�

tCuChZ

tCu

x.�/d� �
tChZ

t

x.�/d�

�
�
�
�
B2

D 1

h

�
�
�
�

tChZ

t

x.� C u/d� �
tChZ

t

x.�/d�

�
�
�
�
B2

� 1

h

tChZ

t

kx.� C u/� x.�/kB2
d�
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Moreover, from Hölder’s inequality we obtain

1

h

tChZ

t

kx.� C u/� x.�/kB2
d� �

�
1

h

� 1
p0

� tChZ

t

kx.� C u/� x.�/kp0

B2
d�

� 1
p0

�
�
1

h

� 1
p0

� TZ

0

kx.� C u/� x.�/kp0

B2
d�

� 1
p0

�
�
"

h

� 1
p0 8x 2 K 8 0 < u < ı 8t 2 S:

Therefore the family of functions fxhgx2K is equicontinuous.
Since 8x 2 K 8t 2 S it results in

kxh.t/kB2
D 1

h

�
�
�
�

tChZ

t

x.�/d�

�
�
�
�
B2

� 1

h

tChZ

t

kx.�/kB2
d�

�
�
1

h

� 1
p1

� tChZ

t

kx.�/kp1

B2
d�

� 1
p1

�
�
1

h

� 1
p1

� TZ

0

kx.�/kp1

B2
d�

� 1
p1 �

�
C

h

� 1
p1

;

the family of functions fxhgx2K is uniformly bounded, because of the constantC �
0 does not depend from x 2 K . Hence, 8h W 0 < h < ı the family of functions
fxhgx2K is precompact in C.S IB2/, so in Lminfp0;p1g.S IB2/ too.

On the other hand, 8 0 < h < ı 8x 2 K 8t 2 S

kx.t/ � xh.t/kB2
� 1

h

tChZ

t

kx.t/ � x.�/kB2
d�

� 1

h

hZ

0

kx.t/ � x.t C �/kB2
d�

�
�
1

h

� 1
p0

� hZ

0

kx.t/ � x.t C �/kp0

B2
d�

� 1
p0

:
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From here, taking into account inequality (1.31) we receive:

� TZ

0

kx.t/ � xh.t/kp0

B2
dt

� 1
p0 �

� TZ

0

1

h

hZ

0

kx.t/ � x.t C �/kp0

B2
d�dt

� 1
p0

D
�
1

h

hZ

0

TZ

0

kx.t/ � x.t C �/kp0

B2
dtd�

� 1
p0

<

�
1

h

hZ

0

" d�

� 1
p0 D " 1

p0 :

Hence, by virtue of the precompactness of system fxhgx2K in Lminfp0;p1g.S IB2/
8 0 < h < ı we have that K is a precompact set in Lminfp0;p1g.S IB2/.

Let us consider the second case. Assume that for some q > 1 the set K is
bounded in Lq.S IB1/. Similarly to the previous case, it is enough to show that for
every p 2 Œ1I q/ and fyngn�1 � K there exists a subsequence fynk

gk�1 � fyngn�1
and y 2 Lp.S IB1/ so that

ynk
! y in Lp.S IB1/ as k !1:

Because of yn ! y in Lminfp0;p1g.S IB1/, up to a subsequence, as n !1, we
have 9fynk

gk�1 � fyngn�1 such that �.Bnk
/! 0 as k !1, where

Bn WD ft 2 S j kyn.t/ � y.t/kB1
� 1g

for every n � 1, � is the Lebesgue measure on S . Then for every k � 1
Z

S

kynk
.s/� y.s/kpB1

ds D
Z

Ank

kynk
.s/� y.s/kpB1

dsC
Z

Bnk

kynk
.s/ � y.s/kpB1

ds

�
Z

Ank

kynk
.s/� y.s/kpB1

ds

C
0

@

Z

S

kynk
.s/ � y.s/kqB1

ds

1

A

p
q

�
�.Bnk

/
� q�p

q

DW Ink
C Jnk

;

where An D S n Bn for every n � 1.
It is clear that Jnk

! 0 as k ! 1. Let us consider Ink
. Since fynk

gk�1 is
precompact in Lminfp0;p1g.S IB1/, there exists such fymk

gk�1 � fynk
gk�1 that

ymk
.t/! y.t/ in B1 as k !1 almost everywhere in S . Setting
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8k � 1 8t 2 S 'mk
.t/ WD

(
kymk

.t/ � y.t/kpB1
; t 2 An
0; otherwice,

using definition ofAmk
, sequence f'mk

gk�1 satisfies the conditions of the Lebesgue
Theorem with the integrable majorant 
 � 1. So 'mk

! 0 in L1.S/ as k ! 1.
Thus, within to a subsequence, yn ! y in Lq.S IB1/.

The Theorem is proved. ut
For evolution triples (Vi IH IV �

i ), i D 1; 2 that satisfy (1.9) let us consider latter
introduced Banach spaces:

X D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /CLr0

2
.S IH/CLr0

1
.S IH/;

X� D Lr1.S IH/ \ Lr2.S IH/ \ Lp1
.S IV1/ \Lp2

.S IV2/;
W �
0 D fy 2 Lp1

.S IV1/\ Lp2
.S IV2/ j y0 2 Xg

with corresponding norms. The derivative y0 of an element y 2 Lp1
.S IB0/ is

considered in the sense of the scalar distribution space D�.S IV �/, where V � D
V �
1 C V �

2 , S D Œ0; T � – is the finite time interval.
The next Theorem is also new when V1 D V2, r1 D r2, p1 D p2. It plays an

important role in the investigation of the differential-operator equations in non-
reflexive Banach spaces with nonlinear operators with (X�IW �

0 )-semibounded
variation. The given result is the some generalization of one embedding Theorem
from [LIO69, SIM86].

Theorem 1.11. If one of the following conditions is true:
or V1 � H with the compact embedding,
or V2 � H with the compact embedding,

then W �
0 � Lp.S IH/ with the compact embedding for any p 2 Œ1;C1/.

Proof. At first let us prove the compact embeddingW �
0 � L1.S IV �/, where V � D

V �
1 C V �

2 . For each y 2 W �
0 and for each h 2 R we set

yh.t/ D
�
y.t C h/; if t C h 2 S;
N0; else:

Due to Theorem 1.7 the given definition is correct.

Lemma 1.3. For an arbitrary y 2 W �
0 and for each h 2 R the following estimation

is true:

ky � yhkL1.SIV �/ �
h
T h1=p1 C T h1=p2 C �T 1=r1hC �T 1=r2h

i
ky0kX ; (1.32)

where � � const from the inequality:

kvkV � � �kvkH 8h 2 H:
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Proof. Let y 2 W �
0 be an arbitrary fixed element. As y 2 X , then for all d1i 2

Lqi
.S IV �

i / and d2i 2 Lr0

i
.S IH/ such that

y0 D d11 C d12 C d21 C d22; (1.33)

we have

ky � yhkL1.SIV �/ D
R

S

ky.t C h/� y.t/kV � dt D R
S

k
tChR
t

y0.�/d�kV � dt

� R
S

k
tChR
t

d11.�/d�kV � dtC R
S

k
tChR
t

d12.�/d�kV � dt

C � R
S

k
tChR
t

d21.�/d�kHdtC � R
S

k
tChR
t

d22.�/d�kH dt:

(1.34)
Let us estimate every pair separately. From the definition of the norm in V � D
V �
1 CV �

2 , due to [GGZ74, Lemma IV.1.8, p.169], [GGZ74, Theorem IV.1.6, p.153]
and to the H Rolder inequality it follows as i D 1; 2 that

R

S

k
tChR
t

d1i .�/d�kV � dt

� R
S

k
tChR
t

d1i .�/d�kV �

i
dt

� R
S

j
tChR
t

kd1i .�/kV �

i
d� jdt D R

S

R

S

	Œt ItCh�.�/kd1i .�/kV �

i
d�dt

� R
S

"
� R

S

	
pi

Œt ItCh�.�/d�
�1=pi � � R

S

kd1i .�/kqi

V �

i

d�
�1=qi

#

dt

D h1=pi
R

S

.
R

S

kd1i .�/kqi

V �

i

d�
�1=qi dt D T � h1=pi � kd1ikLqi

.SIV �

i
/;

(1.35)

where for each t; � 2 S and h � 0

	Œt ItCh�.�/ D
�
1; if � 2 S\ < t; t C h >;
0; else,

< t; t C h >D 	minft; t C hg;maxft; t C hg
:
Now let us estimate the second pair. Set

gi .t/ D
tChZ

t

d2i .�/d� 8t 2 S as i D 1; 2;
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pointed out that gi 2 C.S IH/, for each t; t0 2 S we have

kgi .t/ � gi .t0/kH D

�
�
�
�
�
�
�

tZ

t0

d2i .�/d� �
tChZ

t0Ch
d2i .�/d�

�
�
�
�
�
�
�
H

�
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

tZ

t0

kd2i .�/kHd�
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
C

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

tChZ

t0Ch
kd2i .�/kHd�

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

! 0 as t ! t0;

because d2i 2 L1.S IH/. Since S is a compact interval, it follows that gi 2
L1.S IH/. Thus, due to Proposition 8 with X D L1.S IH/ it follows the existence
of hgi

2 L1.S IH/ � X� such that

Z

S

kgi .t/kH dt D
Z

S

.gi .t/; hgi
.t//Hdt and khgi

kL1.SIH/ D 1:

Therefore as i D 1; 2

Z

S

�
�
�
�
�
�

tChZ

t

d2i .�/d�

�
�
�
�
�
�
H

dt D
Z

S

0

@

tChZ

t

d2i .�/d�; hgi
.t/

1

A dt

D
Z

S

tChZ

t

.d2i .�/; hgi
.t//d�dt D

Z

S

�Z

��h
.d2i .�/; hgi

.t//dtd�

D
Z

S

0

@d2i .�/;

�Z

��h
hgi
.t/dt

1

A d� �
Z

S

kd2i .�/kH � h � ess sup
t2S

khgi
.t/kH d�

D h � kd2ikL1.SIH/ � T 1=ri � h � kd2ikL
r0

i
.SIH/:

Having in mind that 1
C1 WD 0, due to relations (1.34) and (1.35), it results in

ky � yhkL1.SIV �/ � T � h1=p1 � kd11kLq1
.SIV �

1
/ C T � h1=p2 � kd12kLq2

.SIV �

2
/

C �T 1=r1 � h � kd21kL
r0

1
.SIH/ C �T 1=r2 � h � kd22kL

r0

2
.SIH/

� max
iD1;2

˚kd1ikLqi
.SIV �

i
/I kd2ikLr0

i
.SIH/

�

�
h
T � h1=p1 C T � h1=p2 C �T 1=r1 � hC �T 1=r2 � h

i
:
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If we take the infimum by the all representations (1.33) we obtain the necessary
estimation. ut
Let us continue the proof of the given Theorem. We consider the bounded set
K � W �

0 . Then for some C > 0

kykLp1
.SIV1/ C kykLp2

.SIV2/ � C; ky0kX � C 8y 2 K: (1.36)

Without loss of generality we assume V1 � H with the compact embedding. To
prove the precompactness ofK in L1.S IH/ we apply Theorem 1.10 with V D V1,
H D H , B D V �, p0 D 1, p1 D p1. The last relations get the estimations (1.36)
and (1.32). Moreover, from the estimation (1.36) and from Theorem 1.7 it follows
the boundness of K in Lq.S IH/ 8q � 1. So, in virtue of Theorem 1.10 it follows
the precompactness of K in Lq.S IH/ 8q � 1. ut
Corollary 1.4. Let V1 � V2 with the compact embedding. Then

W �
0 � Lp1

.S IV2/

with the compact embedding.

Proof. From the compact embedding for V1 � H it follows that V1 � H with
the compact embedding. Hence, due to Theorem 1.11, W �

0 � Lq.S IH/ with the
compact embedding for each q � 1, in particular, for q D p1.

Now if we consider an arbitrary bounded set K � W �
0 we obtain that K is a pre-

compact set in Lp1
.S IH/. Thus, in virtue of Corollary 1.3, the setK is precompact

in Lp1
.S IV2/.

The Corollary is proved. ut
Let Banach spaces B0; B1; B2 satisfy all assumptions (1.28)–(1.29), p0; p1 2

Œ1IC1/ be arbitrary numbers. We consider the set with the natural operations

W D fv 2 Lp0
.S IB0/ j v0 2 Lp1

.S IB2/g;

where the derivative v0 of an element v 2 Lp0
.S IB0/ is considered in the sense of

the scalar distribution space D.S IB2/. It is clear, that

W � Lp0
.S IB0/:

Theorem 1.12. The set W with the natural operations and the graph norm

kvkW D kvkLp0
.SIB0/ C kv0kLp1

.SIB2/

is a Banach space.
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Proof. The executing of the norm properties for k � kW immediately follows from
its definition. Now we consider the completeness of W referring to just defined
norm. Let fvngn�1 be a Cauchy sequence in W . Hence, due to the completeness
of Lp0

.S IB0/ and Lp1
.S IB2/ it follows that for some y 2 Lp0

.S IB0/ and v 2
Lp1

.S IB2/

yn ! y in Lp0
.S IB0/ and y0

n ! v in Lp1
.S IB2/ as n! C1:

Due to [GGZ74, Lemma IV.1.10] and in virtue of continuous dependence of the
derivative by the distribution in D�.S IB2/ (see [GGZ74, p.169]) it follows, that
y0 D v 2 Lp1

.S IB2/.
The Theorem is proved. ut

Theorem 1.13. Under conditions (1.28)–(1.29) W � C.S IB2/ with the continu-
ous embedding.

Proof. For a fixed y 2 W let us show that y 2 C.S IB2/. Let us put

�.t/ D
tZ

t0

y0.�/d� 8t0; t 2 S:

The integral is well-defined because y0 2 L1.S IB2/. On the other hand, from the
inequality [GGZ74, p.153]

k�.t/ � �.s/kB2
�

sZ

t

ky0.�/kB2
d� 8s � t; s 2 S

it follows that � 2 C.S IB2/. Due to [GGZ74, Lemma IV.1.8] � 0 D y0, so from
[GGZ74, Lemma IV.1.9] it follows that

y.t/ D �.t/C z for a.e. t 2 S

for some fixed z 2 B2. Thus the function y also lies in C.S IB2/.
In virtue of the continuous embedding of Lp1

.S IB2/ in L1.S IB2/ we have that
for some constant k > 0, which does not depend on y,

k�.t/kB2
�
Z

S

ky0.�/kB2
d� � kky0kLp1

.SIB2/ 8t 2 S:

From here, due to the continuous embedding B0 � B2, we have
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kzkB2
.mes.S//1=p1 D

0

@

Z

S

kzkp1

B2
ds

1

A

1=p1

D ky � �kLp1
.SIB2/

� k1
�
kykLp1

.SIB2/ C k�kC.SIB2/

�

� k2
�
kykLp0

.SIB0/ C ky0kLp1
.SIB2/

�
;

where mes.S/ is the “length” (the measure) of S , k2 > 0 is a constant that does not
depend on y 2 W . Therefore, from the last two relations there exists k3 � 0 such
that

kykC.SIB2/ � k3 kykW 8y 2 W:
The Theorem is proved. ut
The next result represents a generalization of the classical compactness Lemma

[LIO69, Theorem 1.5.1, p.70] into the case p0; p1 2 Œ1IC1/. The similar propo-
sition formulated in [SIM86] at the page 89 (see (10.6)) without valid proof. The
Author remarks that the proof is based on Theorem 7 (the analogue of Theorem 1.10)
and on Lemma 4 (the analogue of Lemma 1.4). The proof of the given lemma Author
based on the inequalities (1.3)–(1.5), that represented in his paper without substan-
tiation (the citation on the paper [SI3] is baseless). We remark that the proof for
the analogue of (1.37) in the spaces Lp.S IB2/ with p > 1 is easer and essentially
differs from the proof for the case p D 1. We remark also that we are not assume
the execution of (10.1) from [SIM86, p. 87]. So, we try to give the formal proof for
some analogue (10.6) represented in paper [SIM86].

Theorem 1.14. Under conditions (1.28)–(1.29), for all p0; p1 2 Œ1IC1/ Banach
space W is compactly embedded in Lp0

.S IB1/.
Proof. At the beginning we prove the compact embedding of W in L1.S IB2/.

For every y 2 W and h 2 R let us take

yh.t/ D
�
y.t C h/; if t C h 2 S;
N0; otherwice:

In virtue of Theorem 1.13 the given definition is correct.

Lemma 1.4. For every y 2 W and h 2 R

ky � yhkL1.SIB2/ � h � ky0kL1.SIB2/: (1.37)

Proof. Let y 2 W be fixed. Then

ky � yhkL1.SIB2/ D
Z

S

ky.t C h/� y.t/kB2
dt D

Z

S

k
tChZ

t

y0.�/d�kB2
dt:
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Let us put

gy.t/ D
tChZ

t

y0.�/d� D y.t C h/ � y.t/ 8t 2 S; i D 1; 2:

Due to Theorem 1.13 the element gy 2 C.S IB2/. So, as S is a compact set, we
have that gy 2 L1.S IB2/. Therefore, due to Proposition 8 with X D L1.S IB2/
and to Theorem 1.3 it follows the existence of hy 2 L1.S IB�

2 / � X� such that

Z

S

kgy.t/kB2
dt D

Z

S

hhy.t/; gy .t/iB2
dt and khykL1.SIB�

2
/ D 1:

Hence,

Z

S

�
�
�
�
�
�

tChZ

t

y0.�/d�

�
�
�
�
�
�
B2

dt

D
Z

S

�
�gy.t/

�
�
B2

dt D
Z

S

˝
hy.t/; gy.t/

˛

B2
dt

D
Z

S

*

hy.t/;

tChZ

t

y0.�/d�
+

B2

dt D
Z

S

tChZ

t

˝
hy.t/; y

0.�/
˛

B2
d�dt

D
Z

S

�Z

��h

˝
hy.t/; y

0.�/
˛

B2
dtd� D

Z

S

* �Z

��h
hy.t/dt; y0.�/

+

B2

d�

� ess sup
t2S

khy.t/kB�

2
� h �

Z

S

ky0.�/kB2
d� � h � ky0kL1.SIB2/:

So, we have obtained necessary estimation (1.37).
The Lemma is proved. ut

Let us continue the proof of the given Theorem. LetK � W be an arbitrary bounded
set. Then for some C > 0

kykLp0
.SIB0/ � C; ky0kLp1

.SIB2/ � C 8y 2 K: (1.38)

In order to prove the precompactness of K in L1.S IB1/ let us apply Theorem 1.10
with B0 D B0, B1 D B1, B2 D B2, p0 D 1, p1 D p1. Due to estimates (1.37) and
(1.38) the all conditions of the given Theorem hold. So, the set K is precompact in
L1.S IB1/ and hence in L1.S IB2/. In virtue of Theorem 1.13 and the Lebesgue
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Theorem it follows that the set K is precompact in Lp0
.S IB0/. Hence, due to

Corollary 1.3 we obtain the necessary Proposition.
The Theorem is proved. ut

Proposition 1.11. Let Banach spaces B0; B1; B2 satisfy conditions (1.28)–(1.29),
p0; p1 2 Œ1IC1/, fuhgh2I � Lp1

.S IB0/, where I D .0; ı/ � RC, S D Œa; b�

such that

(a) fuhgh2I is bounded in Lp1
.S IB0/.

(b) there exists such c W I ! RC that lim
n!1

c. b�a
2n / D 0 and

8h 2 I
Z

S

kuh.t/ � uh.t C h/kp0

B2
dt � c.h/hp0 :

Then there exists fhngn�1 � I (hn & 0C as n ! 1) so that fuhn
gn�1

converges in Lmin fp0;p1g.S IB1/.
Remark 1.9. We assume uh.t/ D 0 when t > b.

Remark 1.10. Without loss of generality let us consider S D Œ0; 1�.
Proof. At first we prove this Proposition for Lp0

.S IB2/. In virtue of Minkowski
inequality for every h D 1

2N 2 I and k � 1

0

@

1Z

0

kuh.t/ � u h

2k
.t/kp0

B2
dt

1

A

1
p0

�
0

@

1Z

0

kuh.t/� uh.t C h/kp0

B2
dt

1

A

1
p0

C
0

@

1Z

0

kuh.t C h/ � u h

2k
.t C h/kp0

B2
dt

1

A

1
p0

C
0

@

1Z

0

ku h

2k
.t C h/ � u h

2k
.t/kp0

B2
dt

1

A

1
p0

� c 1
p0 .h/hC

0

@

1Z

h

kuh.t/� u h

2k
.t/kp0

B2
dt

1

A

1
p0

C
2k�1X

iD0

0

@

1Z

0

�
�
�
�u h

2k

�

t C i C 1
2k

h

�

� u h

2k

�

t C i

2k
h

��
�
�
�

p0

B2

dt

! 1
p0

� c 1
p0 .h/hC 2k h

2k
c

1
p0 .h=2k/
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C
0

@

1Z

h

kuh.t/ � u h

2k
.t/kp0

B2
dt

1

A

1
p0

� h
�
c

1
p0 .h/C c 1

p0 .h=2k/
�

C
0

@

1Z

h

kuh.t/ � uh.t C h/kp0

B2
dt

1

A

1
p0

C
0

@

1Z

h

kuh.t C h/� u h

2k
.t C h/kp0

B2
dt

1

A

1
p0

C
0

@

1Z

h

ku h

2k
.t C h/ � u h

2k
.t/kp0

B2
dt

1

A

1
p0

� ::: � 2h
�
c

1
p0 .h/C c 1

p0 .h=2k/
�

C
0

@

1Z

2h

kuh.t/ � uh.t C h/kp0

B2
dt

1

A

1
p0

� ::: � 2Nh
�
c

1
p0 .h/C c 1

p0 .h=2k/
�

D c 1
p0 .h/C c 1

p0 .h=2k/:

So, for every N � 1 and k � 1 it results in

0

@

1Z

0

ku1=2N .t/ � u1=2N Ck .t/kp0

B2
dt

1

A

1
p0

� c 1
p0

�
1

2N

�

C c 1
p0

�
1

2NCk

�

:

In virtue of assumption (b) we can choose fhngn�1 �
˚
1
2m

�

m�1
T
I such that

c.hn/ ! 0 as n ! 1. So, the sequence fuhn
gn�1 is fundamental in Lp0

.S IB2/.
Because of B0 � B1 with compact embedding, the sequence fuhn

gn�1 is bounded
in Lmin fp0;p1g.S IB0/; due to Corollary 1.3 it follows that fuhn

gn�1 is fundamental
in Lmin fp0;p1g.S IB1/.

The Proposition is proved. ut
Now we combine all results to obtain the necessary a priori estimates for the

Faedo–Galerkin method.

Theorem 1.15. Let all conditions of Theorem 1.8 are satisfied and V � H with
compact embedding. Then (1.27) be true and the set

[

n�1
Dn is bounded in C.S IH/ and precompact in Lp.S IH/

for every p � 1.
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Proof. Estimation (1.27) follows from Theorem 1.8. Now we use compactness
Theorem 1.14 with B0 D V , B1 D H , B2 D V �, p0 D 1, p1 D 1. Remark
that X� � L1.S IV / and X � L1.S IV �/ with continuous embedding. Hence, the
set [

n�1
Dn is precompact in L1.S IH/:

In virtue of (1.27) and Theorem 1.7 on continuous embedding of W � in C.S IH/,
it follows that the set

[

n�1
Dn is bounded in C.S IH/:

Further, by using standard conclusions and the Lebesgue Theorem we obtain the
necessary Proposition.

The Theorem is proved. ut
Now we consider pi , ri , i D 1; 2 such that 1 < pi � ri � C1, pi < C1. Let

qi � r 0
i � 1 well-defined by

p�1
i C q�1

i D r�1
i C r 0

i
�1 D 1 8i D 1; 2:

Remark that 1=1D 0.
Now we consider some Banach spaces that play an important role in the inves-

tigation about differential-operator equations and evolution variation inequalities in
nonreflexive Banach spaces.

For evolution triples (Vi IH IV �
i ) (i D 1; 2) such that satisfy (1.9) and for some

compact time interval we consider the functional Banach spaces

Xi .I / D Lqi
.I IV �

i /C Lr0

i
.I IH/; i D 1; 2

and
X.I/ D Lq1

.I IV �
1 /C Lq2

.I IV �
2 /C Lr0

2
.I IH/C Lr0

1
.I IH/

with corresponding norms. We remark that if ri < C1 then the space Xi .I / is
reflexive. Analogously, if max fr1; r2g < C1, then the space X.I/ is reflexive.

We identifyX�
i .I /, adjoint withXi .I /, withLri .I IH/\Lpi

.I IVi / andX�.I /,
adjoint with X.I/, with

Lr1.I IH/ \Lr2.I IH/ \ Lp1
.I IV1/ \Lp2

.I IV2/:

On X.I/ �X�.I / we denote the duality form by the rule:
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hf; yiI D
Z

I

.f11.�/; y.�//H d� C
Z

I

.f12.�/; y.�//H d�

C
Z

I

hf21.�/; y.�/iV1
d� C

Z

I

hf22.�/; y.�/iV2
d�

D
Z

I

.f .�/; y.�// d� 8f 2 X; y 2 X�;

where f D f11 C f12 C f21 C f22, f1i 2 Lr0

i
.I IH/, f2i 2 Lqi

.I IV �
i /, i D 1; 2.

Let V D V1 \ V2, F .V / be a filter of all finite-dimensional subspaces from V .
As V is separable, there exists a countable monotone increasing system of subspaces
fHi gi�1 �F .V / complete in V , and consequently inH . OnHn we consider inner
product induced from H , that we denote again as .�; �/. Moreover, let Pn W H !
Hn � H be the operator of orthogonal projection fromH onHn:

for every h 2 H Pnh D arg min
hn2Hn

kh � hnkH :

Definition 1.5. We say that the triple .fHigi�1IV IH/ satisfies Condition (� ), if
sup
n�1
kPnkL .V;V / < C1, i.e. there exists suchC � 1 that for every v 2 V and n � 1

kPnvkV � C � kvkV : (1.39)

Some constructions that satisfy the above condition were presented in [KMP06].

Remark 1.11. It is easy to check that there exists such complete orthonormal in
H vector system fhigi�1 � V such that for every n � 1 Hn is a linear capsule
stretched on fhi gniD1. Then Condition .�/means that the system is a Schauder basis
in the space V (see [JAM72, p. 403]).

Remark 1.12. From the identification between H� and H it follows that H�
n and

Hn are also identified.

Remark 1.13. In virtue of Pn 2 L .V; V / for every n � 1 the adjoint operator
P �
n 2 L .V �; V �/ and kPnkL .V;V / D kP �

n kL .V �;V �/. It is obvious that for every
h 2 H Pnh D P �

n h. Hence, we identify Pn with its adjoint P �
n for every n � 1.

Then, Condition .�/ will mean that for every v 2 V and n � 1

kPnvkV � C � kvkV and kPnvkV � � C � kvkV � : (1.40)

Let us denote by S a subset of a real line which can be presented as no more than
numerable join of convex sets in R. We denote by BC.S/ D fI˛g˛2� the family of
all convex bounded sets from S , distinct from a point.

Remark 1.14. Notice that 
 D 
.S/, i.e. the set of indexes depends on the set S .
Further,
 will mean
.S/.
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Furthermore we set

X loc D fy W S ! V � j 8˛ 2 
 yjI˛
2 X.I˛/g ;

where V � D V �
1 C V �

2 . In this space the local base of topology is the following:

BX WD
(

n\

kD1
V.˛k ; "k/

ˇ
ˇ "k > 0; ˛k 2 
; k D 1; n; n � 1

)

;

where for every ˛ 2 
 and " > 0:

V.˛; "/ D ˚u 2 X loc
ˇ
ˇ kukX.I˛/ < "

�

Lemma 1.5. BX is local base of some topology �X in X loc, which converts the
given space in a separable locally convex linear topological space and, moreover,

(a) �X is compatible with the set of seminorms

f�˛.�/ D k � kX.I˛/g˛2� on X locI (1.41)

(b) A set E � X loc is bounded only when 8˛ 2 
 �˛ is bounded on E.

Proof. We prove the system of seminorms f�˛g˛2� divides points on X loc. Let u 2
X loc n f0g, then �.t 2 S j u.t/ ¤ 0/ > 0, where � is Lebesgue measure on R.
Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have 9˛0 2 
 W kukX.I˛0

/ > 0. From here
it follows �˛0

.u/ > 0.
From [RUD73, Theorem 1.37] it follows, that the system of seminorms f�˛g˛2�

generates some locally convex topology �X onX loc, which converts the given space
in locally convex linear topological space, which local base we obtain by final
intersections of such sets:

˚
V.I˛; "/ D

˚
u 2 X loc j �˛.u/ < "g

ˇ
ˇ ˛ 2 
; " > 0� :

The Proposition (b) follows from the same Theorem.
The Lemma is proved. ut

Let
X�

loc D fy W S ! V � j 8˛ 2 
 yjI˛
2 X�.I˛/g :

In this space the local base of topology is the following:

BX� WD
(

n\

kD1
V.˛k ; "k/

ˇ
ˇ "k > 0; ˛k 2 
; k D 1; n; n � 1

)

;
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where for every ˛ 2 
 and " > 0:

V.˛; "/ D ˚u 2 X�
loc

ˇ
ˇ kukX�.I˛/ < "

�

Lemma 1.6. BX� is local base of some topology �X� in X�
loc, which converts the

given space in a separable locally convex linear topological space and, moreover,

(a) �X� is compatible with the set of seminorms

f�˛.�/ D k � kX�.I˛/g˛2� on X�
locI (1.42)

(b) a set E � X�
loc is bounded only when 8˛ 2 
 �˛ is bounded on E.

Proof. As well as in Lemma 1.5 it is enough to show that system of seminorms
f�˛g˛2� divides points on X�

loc. Let u 2 X�
loc n f0g, then �.t 2 S j u.t/ ¤ 0/ > 0.

Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have 9˛0 2 
 W kukX�.I˛0

/ > 0. From here
it follows �˛0

.u/ > 0.
From [RUD73, Theorem 1.37] it follows, that the given system of seminorms

f�˛g˛2� generates some locally convex topology �X� on X�
loc, which converts the

given space in locally convex linear topological space, which local base we obtain
by find intersections of such sets:

˚
V.I˛ ; "/ D

˚
u 2 X�

loc j �˛.u/ < "g
ˇ
ˇ ˛ 2 
; " > 0� :

The Proposition (b) follows from same Theorem.
The Lemma is proved. ut

Remark 1.15. Let us note that for every I 2 BC.S/ the space X�.I / is topologi-
cally adjoint with X.I/, but X�

loc is not topologically adjoint with X loc.

For every n � 1 and I 2 BC.S/ we consider Banach spaces

Xn.I / D Lq0
.I IHn/ � X.I/; X�

n .I / D Lp0
.I IHn/ � X�.I /;

where p0 WD maxfr1; r2g, q�1
0 C p�1

0 D 1 with the natural norms. The space
Lq0

.I IHn/ is isometrically isomorphic to X�
n .I /, the adjoint space of Xn.I /,

moreover, the map

Xn.I / �X�

n .I / 3 .f; x/!
Z

I

.f .�/; x.�//Hnd� D
Z

I

.f .�/; x.�//d� D hf; xiXn.I /

is the duality form on Xn.I / �X�
n .I /. This statement is correct in virtue of

Lq0
.I IHn/ � Lq0

.I IH/ � Lr0

1
.I IH/CLr0

2
.I IH/CLq1

.I IV �
1 /CLq2

.I IV �
2 /:

Let us point out that h�; �iI
ˇ
ˇ
Xn.I /�X�

n .I /
D h�; �iXn.I /.
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Let us also consider the space

X loc
n D fy W S ! Hn j 8˛ 2 
 yjI˛

2 Xn.I˛/g

which topology is compatible with the set of seminorms fk � kXn.I˛/g˛2�; and

X�
n loc D fy W S ! Hn j 8˛ 2 
 yjI˛

2 X�
n .I˛/g ;

which topology is compatible with the set of seminorms fk � kX�

n .I˛/g˛2�:

Proposition 1.12. For every n � 1 we have X loc
n D PnX loc, i.e.

X loc
n D

˚
Pnf .�/ j f .�/ 2 X loc

�
:

Moreover, if the triple
�fHj gj�1IVi IH

�
, i D 1; 2 satisfies Condition (� ) with C D

Ci , then for each f 2 Xloc, n � 1 and I 2 BC.S/ it results in

kPnf kX.I/ � max fC1; C2g � kf kX.I/:

Proof. To prove this Proposition we will use Proposition 1.5. Now we consider the
first part.

“�” Let x 2 X loc
n be arbitrary fixed. Then for almost all t 2 S Pnx.t/ D x.t/.

Moreover, for every I 2 BC.S/ xˇˇ
I
2 Xn.I / � X.I/. Thus, x 2 PnX loc.

“	” Let x 2 PnX loc be arbitrary fixed. Then for some y 2 X loc Pny.t/ D x.t/
for almost all t 2 S . In virtue of Proposition 1.5 and the definition ofX loc it follows
that for every I 2 BC.S/ xˇˇ

I
D Pny

ˇ
ˇ
I
2 Xn.I /. Thus, x 2 X loc

n .
The second part of the given Proposition is the direct corollary of Proposition 1.5.

This completes the proof. ut
Proposition 1.13. For every n � 1 we have X�

n loc D PnX�
loc, i.e.

X�
n loc D fPny.�/ j y.�/ 2 X�

locg;

and
hf; PnyiI D hf; yiI 8I 2 BC.S/; y 2 X�

loc and f 2 X loc
n :

Furthermore, if the triple
�fHj gj�1IVi IH

�
, i D 1; 2 satisfies Condition (� ) with

C D Ci , then it results in

kPnykX�.I / � max fC1; C2g � kykX�.I / 8I 2 BC.S/; y 2 X�
loc and n � 1:

Proof. To prove this Proposition we use Proposition 1.6. Now we consider the first
part.

“�” Let f 2 X�
n loc be arbitrary fixed. Then for almost all t 2 S Pnf .t/ D f .t/.

Moreover, for every I 2 BC.S/ f ˇˇ
I
2 X�

n .I / � X�.I /. Thus, f 2 PnX�
loc.
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“	” Let f 2 PnX�
loc be arbitrary fixed. Then for some g 2 X�

loc Png.t/ D g.t/

for almost all t 2 S . In virtue of Proposition 1.6 and the definition of X�
loc it follows

that for every I 2 BC.S/ f ˇˇ
I
D Pnf

ˇ
ˇ
I
2 X�

n .I /. Thus, x 2 X�
n loc.

The last statements of the Proposition is direct corollary of Proposition 1.6.
Proposition is proved. ut

Proposition 1.14. Under the condition maxfr1; r2g < C1, the set
S

n�1
X�
n loc is

dense in X�
loc.

Proof. Arguing by contradiction, let us assume that for some f 2 X�
loc there is an

open set from the base of topology of the locally convex linear topological space
X�

loc

O D
n\

kD1
V.˛k ; "k/;

where n � 1 "k > 0, ˛k 2 
, k D 1; n,

V.˛; "/ D ˚u 2 X�
loc

ˇ
ˇ kukX�.I˛/ < "

�
; ˛ 2 
; " > 0;

such that 0

@
[

n�1
X�
n loc

1

A
\
.f C O/ D ;:

Thus
 
S

n�1
X�
n loc

!
T
.f CO/ 	

 
S

n�1
X�
n loc

!
T
f C V.˛0; "0// D ;; (1.43)

where

"0 D 1

n
min
kD1;n

"k > 0; ˛0 2 
.R/ W BC.R/ 3 I˛0
	

[

kD1;n
I˛k

:

Because of the set

.f C V.˛0; "0//
ˇ
ˇ
I˛0

D
n
f
ˇ
ˇ
I˛0

C gˇˇ
I˛0

ˇ
ˇ
ˇ g 2 V.˛0; "0/

o

is open in X�.I˛0
/, due to Proposition 1.8 the set

[

n�1

�
X�
n loc

ˇ
ˇ
I˛0

�
D
[

n�1
X�
n .I˛0

/

is dense in
�
X�.I˛0

/; k � kX�.I˛0
/

�
and from (1.43) we obtain the contradiction.

The proof is concluded. ut
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Now for an arbitrary I 2 BC.S/ we consider Banach space

W �.I / D fy 2 X.I/j y0 2 X�.I /g

with the norm
kykW.I/� D kykX.I/� C ky0kX.I/;

where we mean the derivative y0 of an element y 2 X.I/� in the sense of the
scalar distribution space D�.I IV �/ D L .D.I /IV �

w /, where V �
w is equal to V �

with topology �.V �IV / [RS80].
Together with W.I/� we consider Banach space

W �
i .I / D fy 2 Lpi

.I IVi /j y0 2 X.I/g; i D 1; 2;

with the norm

kykW �

i
.I / D kykLpi

.I IVi / C ky0kX.I/ 8y 2 W �
i .I /:

Also we consider the space W �
0 .I / D W �

1 .I /\W �
2 .I / with the norm

kykW �

0
.I / D kykLp1

.I IV1/ C kykLp2
.I IV2/ C ky0kX.I/ 8y 2 W �

0 .I /:

Notice that the space W �.I / is continuously embedded in W �
i .I / for i D 0; 2.

Let us set

W �
0 loc D fy 2 Lloc

p1
.S IV1/ \Lloc

p2
.S IV2/ j y0 2 X locg;

where the derivative y0 of an element y 2 Lloc
p1
.S IV1/ \ Lloc

p2
.S IV2/ is regarded

in the sense of space of distributions D�.S IV �/ and in this space a subbase of
topology � is assigned through the following sets:

C D ˚
U.˛; "/ D ˚u 2 W �

0 loc
j kukLp1

.I˛ IV1/ C kukLp2
.I˛ IV2/

Cku0kX.I˛/ < "
� ˇ
ˇ ˛ 2 
; " > 0� :

Lemma 1.7. C is a subbase of some topology � in W �
0 loc

, which turns the given
space into separable locally convex linear topological space and, moreover:

(a) � is compatible with the set of seminorms

f�˛.u/ D kukLp1
.I˛ IV1/ C kukLp2

.I˛ IV2/ C ku0kX.I˛/g˛2�;

divides points onW �
0 loc.

(b) A set E � W �
0 loc is bounded only when for every ˛ 2 
 �˛ is bounded on E.
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Proof. As well as in Lemma 1.5 it is enough to show that system of seminorms
f�˛g˛2� divides points onW �

0 loc. Let u 2 W �
0 loc
nf0g, then �.t 2 S j u.t/ ¤ 0/ > 0.

Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have 9˛0 2 
 W kukW �

0
.I˛0

/ > 0. From here
it follows �˛0

.u/ > 0, as it was to be shown.
From [RUD73, Theorem 1.37] it follows that the system of seminorms f�˛g˛2�

generates some locally convex topology � on W �
0 loc

, which converts the given
space in locally convex linear topological space, which local base we obtain by
final intersections of such sets:

˚
V.I˛ ; "/ D

˚
u 2 W �

0 loc j �˛.u/ < "g
ˇ
ˇ ˛ 2 
; " > 0� :

The Proposition (b) follows from the same Theorem.
The Lemma is proved. ut
For a subset of a real line S which can be presented as no more than numerable

join of convex sets in R, distinct from a point, let us denote the family of all convex
compact sets from S , distinct from a point by BCC.S/ D fI˛g˛2�. We notice that
the family of all subset of a real line S which can be presented as no more than
numerable join of convex sets in R, distinct from a point, coincides with the family
of all subset of a real line S which can be presented as no more than numerable join
of convex compact sets in R, distinct from a point.

Let us also consider the space

C loc.S IH/ D fy W S ! H j 8˛ 2 � yjI˛
2 C.I˛IH/g :

which topology is compatible with the set of seminorms fk � kC.I˛ IH/g˛2�.

Theorem 1.16. It results in W �
0 loc � C loc.S IH/ with continuous embedding.

Moreover, for every y; � 2 W �
0 and s; t 2 S : s < t and .s; t/ 2 BC.S/, the

next formula of integration by parts takes place

�
y.t/; �.t/

� � �y.s/; �.s/� D
tZ

s

n
.y0.�/; �.�//C .y.�/; � 0.�//

o
d�: (1.44)

In particular, when y D � we have:

1

2

�
ky.t/k2H � ky.s/k2H

�
D

tZ

s

.y0.�/; y.�//d�:

Proof. At first let us prove the embedding W �
0 loc � C loc.S IH/ in the sense of the

set theory. Let y 2 W �
0 loc be fixed. Then for every t 2 S , due to the set S can

be presented as no more than numerable join of convex compact sets in R, distinct
from a point, there exists I 2 BCC.S/ such that t 2 I . Moreover, we can consider
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that t is an interior point of I in the space .S; j � j/. Hence, due to the definition of
W �
0 loc and Theorem 1.7 it follows that y

ˇ
ˇ
I
2 W �

0 .I / � C.I IH/. Thus the function
y W S ! H is continuous in the point t . The necessary statement follows from the
arbitrary of t 2 S .

Now let us prove the continuous embedding W �
0 loc � C loc.S IH/. Since the set

S can be presented as no more than numerable join of convex compact sets in R,
distinct from a point, there exists � � � (card� � @0) such that

[

˛2�
I˛ D S:

So, it is enough to show that for every ˛ 2 � there is a continuous seminorm
�˛ W C loc.S IH/! R and a constant C˛ > 0 such that

kykW �

0
.I˛/ � C˛�˛.u/ 8u 2 W �

0 loc:

This fact follows from Theorem 1.7, because for every ˛ 2 � I˛ 2 BCC.S/.
At last we obtain formula (1.44) by using Theorem 1.7 with S D Œs; t �.
The Theorem is proved. ut
Let us consider the space

W �
loc D fy 2 X�

loc j y0 2 X locg;

which topology is compatible with the set of seminorms fk � kW �.I˛/g˛2� .
In virtue of W �

loc � W �
0 loc with continuous embedding and due to the latter

Theorem the next statement is true.

Corollary 1.5. W �
loc � C loc.S IH/ with continuous embedding. Moreover, for

every y; � 2 W �
0 and s; t 2 S : s < t and .s; t/ 2 BC.S/, formula (1.44) takes

place.

For every n � 1 and I 2 BC.S/ let us introduce Banach space

W �
n .I / D

˚
y 2 X�

n .I /j y0 2 Xn.I /
�

with the norm
kykW �

n .I /
D kykX�

n .I /
C ky0kXn.I /;

where the derivative y0 is considered in sense of scalar distributions space
D�.I IHn/ and the space

W �
n loc D fy 2 X�

n loc j y0 2 X loc
n g;

which topology is compatible with the set of seminorms fk � kW �

n .I˛/g˛2� .
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As far as

D�.S IHn/ D L .D.S/IHn/ � L .D.S/IV �
! / D D�.S IV �/

it is possible to consider the derivative of an element y 2 X�
n .S/ in the sense of

D�.S IV �/. Notice that for every n � 1 W �
n loc � W �

nC1 loc � W �
loc.

Proposition 1.15. For every y 2 X�
loc and n � 1 it results in Pny0 D .Pny/0, where

we mean the derivative of an element of X�
loc in the sense of the scalar distributions

space D�.S IV �/.

Remark 1.16. We point out that in virtue of the previous assumptions the derivatives
of an element of X�

n loc in the sense of D.S IV �/ and in the sense of D.S IHn/
coincide.

Proof. It is sufficient to show that for every ' 2 D.S/ Pny0.'/ D .Pny/
0.'/. In

virtue of definition of derivative in sense of D�.S IV �/ we have

8' 2 D.S/ Pny
0.'/ D �Pny.' 0/ D �Pn

Z

S

y.�/' 0.�/d�

D �
Z

S

Pny.�/'
0.�/d� D �.Pny/.' 0/ D .Pny/0.'/:

The Proposition is proved. ut
From Propositions 1.13, 1.12, 1.15 it follows the next

Proposition 1.16. For every n � 1 W �
n loc D PnW �

loc, i.e.

W �
n loc D fPny.�/ j y.�/ 2 W �

locg:

Moreover, if the triple
�fHigi�1IVj IH

�
, j D 1; 2 satisfies Condition (� ) with C D

Cj , then for every y 2 W �
loc, n � 1 and ˛ 2 
 it results in

kPny.�/kW �.I˛/ � maxfC1; C2g � ky.�/kW �.I˛/:

Theorem 1.17. Let the triple
�fHigi�1IVj IH

�
, j D 1; 2 satisfy Condition (� ) with

C D Cj . Moreover, let D � X�
loc be bounded in X�

loc set and E � Xloc bounded in
Xloc. For every n � 1 let us consider

Dn WD
˚
yn 2 X�

n loc j yn 2 D and y0
n 2 PnE

� � W �
n loc:

Then for each ˛ 2 
, n � 1 and yn 2 Dn
kynkW �.I˛/ � kDk˛C C C � kEk˛C; (1.45)
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where C D maxfC1; C2g, kDk˛C D sup
y2D
kykX�.I˛/ and kEk˛C D sup

f 2E
kf kX.I˛/,

i.e. the set [

n�1
Dn is bounded in W �

loc

and, consequently, bounded in C loc.S IH/.
Remark 1.17. Due to Proposition 1.12Dn is well-defined andDn � W �

n loc.

Remark 1.18. A priori estimates (like (1.45)) appear at studying of global solvabil-
ity of differential-operator equations, inclusions and evolution variation inequalities
in nonreflexive Banach and Frechet spaces with maps of w�-pseudomonotone type
by using the Faedo–Galerkin method at boundary transition, when it is necessary to
obtain a priori estimates of approximate solutions yn in X�

loc and its derivatives y0
n

in X loc.

Proof. The assertion of the Theorem is immediate consequence of the inequality
8n � 1; ˛ 2 
; yn 2 Dn

kynkW �.I˛/ D kynkX�.I˛/ C ky0
nkX.I˛/ � kDk˛C C kPnEk˛C

� kDk˛C CmaxfC1; C2g � kEk˛C;

that is valid in virtue of Theorem 1.8. ut
Further, let B0, B1, B2 be some Banach spaces that satisfy (1.28) and (1.29),

p0; p1 2 Œ1IC1/ be arbitrary numbers. Let us denote by S a set which can
be presented as no more than numerable join of convex sets in R. We denote by
BC.S/ D fI˛g˛2� the family of all convex bounded sets from S , distinct from a
point. Furthermore for p > 1 we set

Lloc
p .S IV / D

�

y W S ! V

ˇ
ˇ
ˇ
ˇ 8I 2 BC.S/ yjI 2 Lp.I IB/




:

In this space the local base of topology is the following:

B WD
� n\

kD1
V.˛k ; "k/

ˇ
ˇ
ˇ
ˇ "k > 0; ˛k 2 
; k D 1; n; n � 1




;

where for every ˛ 2 
 and " > 0:

V.˛; "/ D
�

u 2 Lloc
p .S IV /

ˇ
ˇ
ˇ
ˇ jjujjLp.I˛ IV / < "




:

Lemma 1.8. B is local base of some topology � in Lloc
p .S IV /, which converts the

given space in a separable locally convex linear topological space and, moreover,
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(a) � is compatible with the set of seminorms

˚
�˛.�/ D k � kLp.I˛ IV /

�

˛2� on Lloc
p .S IV /I (1.46)

(b) A set E � Lloc
p .S IV / is bounded only when 8˛ 2 
 �˛ is bounded on E.

Proof. We prove the system of seminorms f�˛g˛2� divides points on Lloc
p .S IV /.

Let u 2 Lloc
p .S IV / n f0g, then �.t 2 S j u.t/ ¤ 0/ > 0, where � is Lebesgue

measure on R. Because of
S

˛2�
I˛ D S , we have 9˛0 2 
 W jjujjLp.I˛0

IV / > 0.

From here it follows �˛0
.u/ > 0.

From [GGZ74, Theorem 1.37] it follows, that the given system of seminorms
f�˛g˛2� generates some locally convex topology � on Lloc

p .S IV /, which converts
the given space in locally convex linear topological space, whose local base we
obtain by find intersections of such sets:

�

V.I˛ ; "/ D
˚
u 2 Lloc

p .S IV /
ˇ
ˇ �˛.u/ < "

�
ˇ
ˇ
ˇ
ˇ ˛ 2 
; " > 0




:

The statement (b) follows from the same Theorem.
The Lemma is proved. ut
Let W loc D fy 2 Lloc

p0
.S IB0/ j y0 2 Lloc

p1
.S IB2/g, where the derivative y0

of an element y 2 Lloc
p0
.S IB0/ is regarded in the sense of space of distributions

D�.S IB2/; 1 < pi < C1, i D 0; 1. In the given space a subbase of topology � is
assigned through the following sets:

C D
�

U.˛; "/ D
�

u 2 W loc

ˇ
ˇ
ˇ
ˇjjujjLp.I˛ IB0/ C jju0jjLp1

.I˛ IB2/ < "




ˇ
ˇ
ˇ
ˇ ˛ 2 
; " > 0




:

Lemma 1.9. C is a subbase of some topology � in W loc, which turns the given
space into separable locally convex linear topological space and, moreover:

(a) � is compatible with the set of seminorms f�˛.u/ D jjujjLp.I˛ IB0/ Cjju0jjLp1
.I˛ IB2/g˛2� , divides points on W loc.

(b) A set E � W loc is bounded only when for every ˛ 2 
 �˛ is bounded on E.

Proof. As well as in Lemma 1.8 it is enough to show, that the system of seminorms
f�˛g˛2� divides points onW loc. Let u 2 W loc n f0g. Then �.t 2 S j u.t/ ¤ 0/ > 0.
Because of

S

˛2�
I˛ D S , we have 9˛0 2 
 W jjujjLp.I˛0

IV / C jju0jjLp1
.I˛ IB2/ �

jjujjLp.I˛0
IV / > 0. From here �˛0

.u/ > 0, as it was to be shown.
The Lemma is proved. ut
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For every ˛ 2 BC.S/ we consider the set with the natural operations

W.I˛/ D fv 2 Lp0
.I˛ IB0/ j v0 2 Lp1

.I˛IB2/g;

where the derivative v0 of an element v 2 Lp0
.I˛IB0/ is considered in the sense of

the scalar distribution space D.I˛IB2/. It is obvious that

W.I˛/ � Lp0
.I˛IB0/:

Let us also consider the set

W loc D fy 2 Lloc
p0
.S IB0/ j y0 2 Lloc

p1
.S IB2/g;

It is clear, that
W loc � Lloc

p0
.S IB0/:

Theorem 1.18. W loc with the natural operations, which is topologically compatible
with set of seminorms f�˛.�/ D k � kW.I˛/g˛2� is a Frechet space.

Proof. Since the set S can be presented as no more than numerable join of convex
sets in R there exists � � 
 (card� � @0) such that

S D
[

˛2�
I˛:

Thus, as well as in Lemma 1.7, we can prove that no more than numerable system
of seminorms f�˛.�/g˛2� divides points on W loc. Thus, the families of seminorms
f�˛.�/g˛2� and f�˛.�/g˛2� are equivalent and the locally convex linear topological
space

�
W loc; f�˛.�/g˛2�

�
is metrizable.

Now let us prove that the metrizable space W loc is complete. Let us consider a
Cauchy sequence fyngn�1 � W loc; without loss of generality we can assume that
for every ˛; ˇ 2 � : ˛ ¤ ˇ it follows that I˛ \ Iˇ D ;. We also consider

� D f˛1 < ˛2 < ::: < ˛n < ˛nC1 < :::g:

.i1/ Because of fyngn�1 � W loc is a Cauchy sequence also
˚
yn
ˇ
ˇ
I˛1

�

n�1 is

a Cauchy sequence in W.I˛1
/. Thus in virtue of Theorem 1.12 there is a

subsequence fv1;ngn�1 of fyngn�1 that converges in W.I˛1
/ to some x1 2

W.I˛1
/;

.i2/ Analogously to .i1/, due to fv1;ngn�1 � W loc is a Cauchy sequence the same
follows for

˚
v1;n

ˇ
ˇ
I˛2

�

n�1 inW.I˛2
/. Thus there is a subsequence fv2;ngn�1 of

fv1;ngn�1 that converges in W.I˛2
/ to some x2 2 W.I˛2

/;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.im/ Due to fvm;ngn�1 � W loc is a Cauchy sequence the same follows for˚
vm;n

ˇ
ˇ
I˛m

�

n�1 in W.I˛m
/. Thus there is a subsequence fvmC1;ngn�1 of

fvm;ngn�1 that converges in W.I˛m
/ to some xm 2 W.I˛m

/;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



1.1 Functional Spaces: The Embedding and Approximation Theorems 53

Thanks to .i1/; .i2/; : : : , using the diagonal Cantor method, we can choose a
subsequence fynk

gk�1 D fvn;ngn�1 from fyngn�1 that converges in W.I˛m
/ to

xm 2 W.I˛m
/ for everym � 1.

By setting y.t/ D xm.t/, t 2 I˛m
, m � 1 we obtain that for every ˛ 2 �

�˛.ynk
� y/! 0 as k !1.

To conclude the proof we remark that y 2 W loc in virtue of the definition W loc

and the condition: 8˛; ˇ 2 � : ˛ ¤ ˇ it follows that I˛ \ Iˇ D ;.
The Theorem is proved. ut
Analogously with the proof of Theorem 1.18 we can obtain the next:

Theorem 1.19. The set W �
loc (respectively W �

i loc
, i D 0; 2) with the natural oper-

ations, which topology is compatible with the set of seminorms fk � kW �.I˛/g˛2�
(respectively fk � kW �

i
.I˛/g˛2�, i D 0; 2) is a Frechet space.

Theorem 1.20. Under conditions (1.28)–(1.29), we have W loc � C loc.S IB2/ with
the continuous embedding.

Proof. At first let us prove the embedding W loc � C loc.S IB2/ in the sense of the
set theory. Let y 2 W loc be fixed. Then for every t 2 S , since the set S can be
presented as no more than numerable join of convex compact sets in R, distinct
from a point, there is I 2 BCC.S/ such that t 2 I . Moreover, we can consider
that t is an interior point of I in the space .S; j � j/. Hence, due to the definition of
W loc and Theorem 1.8 it follows that y

ˇ
ˇ
I
2 W.I/ � C.I IB2/. Thus the function

y W S ! B2 is continuous in the point t .
Now let us prove the continuous embeddingW loc � C loc.S IB2/. Since the set S

can be presented as no more than numerable join of convex compact sets in R,
distinct from a point, there exists � � � (card� � @0) such that

[

˛2�
I˛ D S:

So, it is enough to show that for every ˛ 2 � there is a continuous seminorm
�˛ W C loc.S IB2/! R and a constant C˛ > 0 such that

kykW �

0
.I˛/ � C˛�˛.u/ 8u 2 W loc:

In fact for every ˛ 2 � I˛ 2 BCC.S/. Thus the above inequality is true in virtue of
Theorem 1.14.

The Theorem is proved. ut
Theorem 1.21. Under above assumptions, the embedding W loc in Lloc

p0
.S IB1/ is

compact, that is, an arbitrary bounded in W loc set is precompact in Lloc
p0
.S IB1/.
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Proof. Arguing by contradiction, let fyngn�1 � W loc be bounded inW loc sequence
that has no any accumulation point in Lloc

p0
.S IB1/. From [RUD73, Theorem 1.37]

it follows, that for every convex bounded set S˛ � S

sup
n�1

�
kynkLp0

.S˛ IB0/ C ky0
nkLp1

.S˛ IB2/

�
< C1: (1.47)

As on real line the arbitrary convex set can be presented as join no more than
numerable number of bounded convex sets. Without loss of generality we suppose
S D S

˛2�
S˛, where S˛ is bounded convex set in R 8˛ 2 � and card� � @0.

Further we consider only those ˛ 2 � for which �.S˛/ > 0.
Let it be � D f˛ngn�1, then:

.i1/ From (1.47) and Theorem 1.14 about compactness we obtain there is a subse-
quence fv1;ngn�1 of fyngn�1, that is fundamental in the space Lp0

.S˛1
IB1/.

.i2/ Analogously to .i1/, from (1.47) and Theorem 1.14 about compactness it fol-
lows, there exists fv2;ngn�1 � fv1;ngn�1 that is fundamental in Lp0

.S˛2
IB1/.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
.im/ From (1.47) and Theorem 1.14 about compactness it follows, there exists

fvm;ngn�1 � fvm�1;ngn�1, that is fundamental in Lp0
.S˛m

IB1/.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Thanks to .i1/; .i2/; : : : , using the diagonal Cantor method, we can choose a sub-
sequence fynk

gk�1 D fvn;ngn�1 from fyngn�1 that is fundamental in Lloc
p0
.S IB1/.

This is a contradiction.
The Theorem is proved. ut
By the analogy with the last Theorem, due to Lemma 1.2, we can obtain the next:

Theorem 1.22. Let assumptions (1.28)–(1.29) for Banach spaces B0, B1 and B2
are valid, p1 2 Œ1IC1/, S D Œ0; T � and the set K � Lloc

p1
.S IB0/ such that

(a) K is precompact set in Lloc
p1
.S IB2/.

(b) K is bounded set in Lloc
p1
.S IB0/.

Then K is precompact set in Lloc
p1
.S IB1/.

Now we combine all results to obtain the necessary a priori estimates.

Theorem 1.23. Let all conditions of Theorem 1.17 are satisfied and V � H with
compact embedding. Then estimate (1.45) is true and the set

[

n�1
Dn is bounded in C loc.S IH/ and precompact in Lloc

p .S IH/

for every p � 1.
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Proof. Estimate (1.45) follows from Theorem 1.17. Now we apply the compactness
Theorem 1.21 with

B0 D V; B1 D H; B2 D V �; p0 D 1; p1 D 1:

Notice that X�
loc � Lloc

1 .S IV / and X loc � L1.S IV �/ with continuous embedding.
Hence, the set [

n�1
Dn is precompact in Lloc

1 .S IH/:

In virtue of (1.45) and of Theorem 1.16 on continuous embedding W �
loc in C loc

.S IH/ it follows that the set

[

n�1
Dn is bounded in C loc.S IH/:

Further, we complete the proof by using standard conclusions, Lebesgue Theorem
and the diagonal Cantor method.

The Theorem is proved. ut
Let B , B1 be Banach spaces, D some set supplied with function M W D ! R,

and D � B � B1 where the embedding B in B1 is continuous;M.�v/ D j�jM.v/
8v 2 D 8� 2 R and the set

fv 2 D jM.v/ � 1g is relative compact in B:

Let S be a set which can be presented as no more than numerable join of convex
sets in R;

F loc D
�

v W S ! D

ˇ
ˇ
ˇ
ˇ v 2 Lloc

1 .S IB1/I
R

S˛

M
�
v.�/

�p0 d� � c˛ < C1 8S˛ � S � convex,

boundedI v0 2 E � Lloc
p1
.S IB1/;

E is bounded in Lloc
p1
.S IB1/;

9
>>>>>>=

>>>>>>;

(1.48)

where 1 < pi < C1, i D 0; 1. A derivative v0 of an element v 2 Lloc
1 .S IB1/ is

regarded in the sense of space of distributions D�.S IB1/.
Theorem 1.24. Under above assumptions, F loc � Lloc

p0
.S IB/ and F loc is relative

compact in Lloc
p0
.S IB/.

Remark 1.19. This Theorem referred to Banach spaces Lp.S IB/ is proved by
Yu.A. Dubinsky in [DU65].

Proof. Analogously to the proof of Theorem 1.21, the set S can be presented as
no more than numerable join of bounded convex sets, i.e. S D S

˛2I
S˛, where S˛
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is the bounded convex set in R 8˛ 2 I and card I � @0. Further we consider
only those ˛ 2 I for which �.S˛/ > 0; � is Lebesgue measure on R. Let fvngn�1
be a sequence in F loc. We want to show, that from this sequence it is possible to
eliminate a Cauchy subsequence in Lloc

p0
.S IB/.

Let it be I D f˛ngn�1, then:

.i1/ From (1.48), (1.46) and [LIO69, Theorem 12.1 Chap. I] it follows that there
is a subsequence fv1;ngn�1 of sequence fvngn�1, that is fundamental in space
Lp0

.S˛1
IB/.

.i2/ Analogously to .i1/, from (1.48), (1.46) and [LIO69, Theorem 12.1 Chap. I]
it follows that there exists fv2;ngn�1 � fv1;ngn�1, that is fundamental in
Lp0

.S˛2
IB/.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
.im/ From (1.48), (1.46) and [LIO69, Theorem 12.1 Chap. I] it follows that there

exists fvm;ngn�1 � fvm�1;ngn�1, that is fundamental in Lp0
.S˛m
IB/.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Thanks to .i1/; .i2/; : : : , using the diagonal Cantor method we can choose a sub-
sequence fvnk

gk�1 D fvn;ngn�1 from sequence fvngn�1, that is fundamental in
Lloc
p0
.S IB/.

The Theorem is proved. ut

1.1.1 On Schauder Basis in Some Banach Spaces

In order to study of solvability of differential-operator equations and inclu-
sions, evolutionary inequalities in functional Banach spaces with maps of w�-
pseudomonotone type by using Faedo–Galerkin method there is a problem of
choosing a basis in “evolution triple” V � H � V �. In this paper, using the theory
of interpolation of Banach spaces [TRI78], we partially solve this problem, covering
wide enough class of spaces.

Let .V; k � kV / be a separable Banach space continuously and densely embed-
ded in the Hilbert space .H; .�; �//. As V is separable, there exists countable vector
system fhigi�1 � V complete in V , and consequently in H . For arbitrary n � 1

let Hn be linear capsule, stretched on fhigniD1. On Hn we consider inner product
induced from H , that we denote again as .�; �/. Moreover let Pn W H ! Hn � H
be an operator of orthogonal projection from H on Hn, i.e. 8h 2 H Pnh D
arg minhn2Hn

kh � hnkH .

Definition 1.6. The vector system fhigi�1 from separable Hilbert space .V I .�; �/V /,
continuously and densely embedded in a Hilbert space .H I .�; �/H /, is called special
basis for the pair of spaces .V IH/, if it satisfies the following conditions:

(i) fhigi�1 is orthonormal in .H; .�; �/H /.
(ii) fhigi�1 is orthogonal in .V; .�; �/V /.

(iii) 8i � 1 .hi ; v/V D �i .hi ; v/H 8v 2 V , where 0 � �1 � �2; : : : ; �j �!1
as j �!1.
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Lemma 1.10. If V is a Hilbert space, compactly and densely embedded in a Hilbert
spaceH , then there exists a special basis fhigi�1 for .V IH/. Moreover, for an arbi-
trary such system, the triple .fhigi�1IV IH/ satisfies Condition (� ) with constant
C D 1.

Proof. From [TEM75, pages 54–58] under these assumptions it is well-known, that
there exists a special basis fhigi�1 for the pair .V IH/. So, in order to complete
the proof it is enough to show that the triple .fhigi�1IV IH/ satisfies Condition .�/
with constant C D 1 for an arbitrary special basis fhigi�1 for .V IH/. Therefore,
let us take as Hn a linear span, stretched on fhi gniD1. We point out Hn is a finite-
dimensional space. Thus, the norms k � kH and k � kV are equivalent on Hn. From
here it follows 8n � 1 9cn > 0; 9C > 0 W 8h 2 Hn kPnhkV � cnkPnhkH �
cnkhkH � cnCkhkV . It also means that Pn 2 L .V; V /.

Further let us prove that 8n � 1

kPnhkV � khkV 8h 2
[

m�1
Hm: (1.49)

Let n � 1 be fixed , then 8h 2 S

m�1
Hm ) 9m0 � nC 1 W h 2 Hm0

. From here,

taking into account (i) and (ii), we have h D
m0P

iD1
.h; hi /Hhi ; Pnh D

nP

iD1
.h; hi /Hhi .

In order to obtain (1.49) it is necessary to show that Pnh is orthogonal to .h �
Pnh/ in V . Because of .Pnh; h�Pnh/V D .

nP

iD1
.h; hi /Hhi ;

m0P

jDnC1
.h; hj /Hhj /V D

nP

iD1

mP

jDnC1
.h; hi /H .h; hj /H .hi ; hj /V D 0, fhi gi�1 is orthogonal in V . So, in virtue

of continuity of k � kV and Pn on V 8n � 1 we have that (1.19) is true. ut
For interpolating pair A0; A1 (i.e. for Banach spaces A0 and A1, that are linearly

and continuously embedded in some linear topological space) on a set A0 C A1 let
us consider the functional

K.t; x/ D inf
xDx0Cx1W x02A0; x12A1

�
kx0kA0

C tkx1kA1

�
; t � 0; x 2 A0 C A1:

For fixed x 2 A0 C A1, this map is monotone increasing, continuous and convex
upwards function of the variable t � 0 (see [TRI78, Lemma 1.3.1]).

For � 2 .0; 1/ and 1 < p < C1 let us consider the following space:

.A0; A1/	;p D
�

x 2 A0 C A1
ˇ
ˇ
ˇ

C1Z

0

h
t�	K.t; x/

ip dt

t
< C1




: (1.50)
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.A0; A1/	;p with kxk	;p D .
C1R

0

Œt�	K.t; x/�p dt
t
/

1
p is a Banach space (for more

details see [TRI78, Section 1.3]) and it results in (see [TRI78, Theorem 1.3.3]):

A0 \ A1 � .A0; A1/	;p � A0 C A1 8� 2 .0; 1/; 81 < p < C1 (1.51)

with dense and continuous embedding.

Definition 1.7. Let it be 1 � r < 2. We say that the filter of Banach spaces
fZpgp�r and Hilbert space H satisfy main conditions, if

(a) 8p2 > p1 > r Zp2
� Zp1

� H with continuous and dense embedding;
(b) 8p2 > p > p1 > r .Zp1

; Zp2
/	;p D Zp , where � D �.p/ 2 .0; 1/ W

1
p
D 1�	

p1
C 	

p2
;

(c) Z2 is a Hilbert space.
(d) For every complete system fhj gj�1 � Zp , p � r , 8M > 2, 8N 2 .r; 2/ the

set IC(I�) contains its minimal (maximal) element (when IC(I�)¤ ;), where
IC D I \ Œ2;M/, I� D I \ .N; 2�, I D fp � r j .fhigi�1IZp IH/ is not
satisfies Condition (� ) with constant C g, C � 1, k � kZp

D k � k.ZN ;ZM /�.p/;p8p 2 .N IM/.

Theorem 1.25. Let us assume: 1 � r < 2, filter of Banach spaces fZpgp�r
and Hilbert space H satisfy main conditions, vector system fhigi�1 � Z2 such

that the triple
�
fhigi�1IZ2IH

�
satisfies Condition (� ) with constant C � 1 and

fhigi�1 � Zp for all p > r . Then, for all p > r the triple
�
fhi gi�1IZpIH

�

satisfies Condition (� ).

Remark 1.20. In the caseZ2 � H with compact embedding, thanks to Lemma 1.10,
as a vector system fhigi�1 we can choose a special basis for the pair (Z2IH ). In
particular, the above result means that the special basis for .Z2IH/ is a Schauder
basis for an arbitrary space Zp at r < p � 2.

Proof. For 1 � r < 2 let fhigi�1 � Zr be a vector system such that the triple�fhigi�1IZ2IH
�

satisfies Condition (� ).
Let us prove that 8p > r the triple .fhigi�1IZp IH/ satisfies Condition (� ) with

constant C .
At first we consider the case p � 2. Let N > 2 be an arbitrary fixed number.

We check, that 8p 2 Œ2; N / the triple .fhigi�1IZp IH/ satisfies Condition (� )
with constant C . For the proof of this fact we benefit from modified transfinitary
induction method. The set W D Œ2; N / is ordered by order “
” WD “ � ”.

For an arbitrary p 2 W the statement G.p/ consists of the triple .fhigi�1I
Zp IH/ satisfies Condition (� ) with constant C . So,

(1) As p D 2 (for the first element of W ) the statement G.p/ holds, thanks to
conditions of this Theorem;
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(2) Let p be an arbitrary element in W . Assuming G.q/ is true for all q 2 I.p/ D
Œ2; p/, we prove that from here the statement G.p/ follows. Let x be a fixed
element in the spaceZN , dense in Zp , a 2 .r; 2/ is arbitrary. Then 8q 2 Œ2; p�,
in virtue of (1.50) and the main condition (b) for fZpgp�r and H with p D q,
p1 D a, p2 D N , it results in:

kxkZq
D kxk.Za ;ZN /�;q

D
� C1Z

0

h
t�	K.t; x/

iq dt

t

� 1
q

; (1.52)

where � D �.q/ D
1
a

� 1
q

1
a

� 1
N

2 Œ�.2/; �.p/� D
"

1
a

� 1
2

1
a

� 1
N

;
1
a

� 1
p

1
a

� 1
N

#

� .0; 1/, i.e.

1
q
D 1�	

a
C 	

N
.

In the following we prove

kxkZq
! kxkZp

as q ! p .q 2 Œ2; p//: (1.53)

Denoted by

f .t; q/ D
h
t�	.q/K.t; x/

iq 1

t
; 8.t; q/ 2 Œ0;C1/ � Œ2; p�;

from (1.50) and (1.52) it obviously follows that for every 8q 2 Œ2; p� f .�; q/ 2
L1Œ0;C1/; moreover for almost every t 2 Œ0;C1/ f .t; �/ 2 C Œ2; p�. Further-
more, pointing out that for every t > 0 and q 2 Œ2; p�

h
t�	.q/K.t; x/

iq 1

t
� max

nh
t�	.2/K.t; x/

i2I
h
t�	.2/K.t; x/

ipI
h
t�	.p/K.t; x/

i2I
h
t�	.p/K.t; x/

ipo1

t
DW g.t/I

having in mind (1.51) and x 2 ZN D Za \ZN , we have:

C1Z

0

jg.t/jdt D
C1Z

0

g.t/dt� max
n

C1Z

0

h
t�	.2/K.t; x/

i2 dt

t
I

C1Z

0

h
t�	.2/K.t; x/

ip dt

t
I

C1Z

0

h
t�	.p/K.t; x/

i2 dt

t
I

C1Z

0

h
t�	.p/K.t; x/

ip dt

t

o

D max
n
kxk2.Za ;ZN /�.2/;2

I kxkp
.Za ;ZN /�.2/;p

I kxk2.Za ;ZN /�.p/;2
I

kxkp
.Za ;ZN /�.p/;p

o
< C1:
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Thus, the Theorem of continuous dependence of Lebesgue integral on parameter all
conditions of the Theorem on continuous association of an integral of Lebesgue on
parameter assures the convergence (1.53).

By using the induction assumption

8q 2 Œ2; p/ 8x 2 ZN 8n � 1 kPnxkZq
� CkxkZq

:

and passing to the limit as q % p in the last inequality, we obtain

kPnxkZp
� CkxkZp

8x 2 ZN 8n � 1:

Then from density ZN in Zp and continuity Pn on Zp 8n � 1 the statement G.p/
follows. So, for all p 2 Œ2; N / the statement G.p/ is true. Because of N is arbitrary

greater than 2, the triple
�
fhigi�1IZp IH

�
satisfies Condition .�/ for every p � 2.

In order to conclude the proof of the Theorem it is necessary to remark that the
case p 2 .r; 2� can be proved similarly to the case p � 2, by replacing “
” with
“>” and setting W D .N; 2�, where N 2 .r; 2/ is arbitrary.

The Theorem is proved. ut
Corollary 1.6. Let V1, V2 be Banach spaces, continuously embedded in the Hilbert
spaceH . Let us assume that for some filters of Banach spaces fZipgp�ri (ri 2 Œ1I 2/,
i D 1; 2), that together withH satisfy main conditions, there exist pi > ri such that
Vi D Zipi

(i D 1; 2), within to equivalence of norms. Moreover, there exists Hilbert
space Z � V1 \ V2, compactly embedded in H , such that for special basis fhigi�1
for pair .ZIH/, for some 0 � �1 � �2; : : : ; �j �! 1 at j �! 1 and si > 0

(i D 1; 2)

Zi2 D
n
u 2 H

ˇ
ˇ
ˇ

1X

jD1
�
si
j .u; hj /

2 < C1
o

be a Hilbert space with inner product

.u; v/Zi
2
D

1X

jD1
�
2si
j .u; hj /.v; hj /: (1.54)

Then triple
�fhigi�1IVi IH

�
satisfies Condition (� ) (i D 1; 2).

Proof. Having in mind Lemma and Theorem, it is enough to show that fhigi�1 is
a special basis for .Zi2IH/ .i D 1; 2/. Condition (i) of Definition 1.6 is obviously
satisfied. Using (1.54) and condition (i) we have

8i; j � 1 .hi ; hj /Zi
2
D

1X

kD1
�2sk .hi ; hk/.hj ; hk/ D �2si ıij D �2si

�
1; i D j;
0; i ¤ j;

so the condition (ii) holds. Finally condition (iii) follows from the last equality.
The Lemma is proved. ut
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Example 1.1. Let ˝ be a bounded domain in R
n, that satisfies the cone condition

(see [TRI78, Definition 4.2.3]). Let us note that cubes and bounded domains with
rather smooth interface satisfy such condition (see [TRI78, Remark 4.2.3.5]). We
denote by W k;p.˝/ the Sobolev space with p > 1, k D 0; 1; 2 : : :. Let fhngn�1 be
a special basis for .HkC1.˝/IL2.˝//, whereHkC1.˝/ D W kC1;2.˝/.

Next result is the direct consequence of corollary and interpolation Theorem of
Sobolev spaces [TRI78, Theorem 4.3.1.2].

Corollary 1.7. Hence we obtain that for every p>1 the triple .fhngn�1I
W k;p.˝/IL2.˝// satisfies Condition .�/, under the main condition (d).

1.2 The Classes of W�0 -Pseudomonotone Maps

In this section we consider the main properties of multivalued w�0
-pseudomonotone

maps.
Let .X; k � kX / be some Banach space, A W X ! 2X

�

be a strict multivalued
map, i.e.

A.y/ ¤ ; 8y 2 X:
We consider the associated maps

coA W X ! 2X
�

and
�

co A W X ! 2X
�

;

defined by relations

.coA/.y/ D co.A.y// and .
�

co A.y//D �
co .A.y//

respectively, where � is weakly star closure in the space X�.
For the multivalued map A W X � X� we define the upper

ŒA.y/; !�C D sup
d2A.y/

hd;wiX

and lower
ŒA.y/; !� D inf

d2A.y/
hd;wiX

support functions, where y; ! 2 X and also the upper

kA.y/kC D sup
d2A .y/

kdkX�

and lower
kA.y/k D inf

d2A .y/
kdkX�

norms.
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Definition 1.8. Later on yn * y in X means that yn converges weakly to y in
the space X . If the space X is reflexive, then yn * y in X� will mean that yn
converges weakly to y in the space X�. If not, then yn converges to y weakly star
in the space X�.

Denote by Cv.X
�/ the set of all nonempty, convex, weakly star closed subsets

of X�.
LetW be also a normalized space with the norm k�kW . We considerW � X with

continuous embedding,C 2 ˚ , i.e. C.r1I � / W RC ! R is a continuous function for
every r1 � 0 and such that ��1C.r1I � r2/! 0 for � ! 0C 8 r1, r2 � 0 and k� k0W
is the (semi)norm on X , that is relatively compact on W and relatively continuous
on X .

Definition 1.9. The multivalued map A W D.A/ � X ! 2X
�

with the convex
definitional domainD.A/ is called:

� Monotone on D.A/, if

ŒA.y1/; y1 � y2�� � ŒA.y2/; y1 � y2�C 8 y1; y2 2 D.A/:

� Maximal monotone on D.A/, if it is monotone and from

hw� d.u/; v� uiX � 0

for each u 2 D.L/, d.u/ 2 A.u/ it follows that v 2 D.A/ and ! 2 A.v/.
� An operator with semibounded variation onW (with .X;W /-semibounded vari-

ation) if 8 y1; y2 2 D.A/, ky1kX � R, ky2kX � R

ŒA.y1/; y1 � y2�� � ŒA.y2/; y1 � y2�C � C.RI ky1 � y2k0W /I

� An operator with N -semibounded variation on W if

ŒA.y1/; y1 � y2�� � ŒA.y2/; y1 � y2�� � C.RI ky1 � y2k0W /I

� An operator with V -semibounded variation on W if

ŒA.y1/; y1 � y2�C � ŒA.y2/; y1 � y2�C � C.RI ky1 � y2k0W /:

� �-pseudomonotone on W (w�-pseudomonotone), if for every sequence
fyngn�0 � W \D.A/ such that yn * y0 in W , from the inequality

lim
n!1hdn; yn � y0iX � 0; (1.55)

where dn 2 A.yn/ 8n � 1, it follows the existence of fynk
gk�1 from fyngn�1

and fdnk
gk�1 from fdngn�1 such that

lim
k!1
hdnk

; ynk
� wiX � ŒA.y0/; y0 � w�� 8w 2 D.A/I (1.56)
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� �0-pseudomonotone on W (w�0
-pseudomonotone), if for every sequence

fyngn�0 � W \ D.A/ such that yn * y0 in W , dn * d0 in X�, where
dn 2 A.yn/ 8n � 1, from the inequality (1.55), it follows the existence of
fynk
gk�1 from fyngn�1 and fdnk

gk�1 from fdngn�1 such that (1.56) is true.

Remark 1.21. The idea of using subsequences in Definition 1.9 for single-valued
pseudomonotone operators was introduced by I.V.Skrypnik [SKR94].

LetX be again some Banach space. FurtherA W X � X� will mean that Amaps
X into 2X

� n ;, i.e. A is a multivalued map with nonempty bounded values.

Proposition 1.17. Let Y1; Y2 be reflexive spaces,

L W D.L/ � Y1 ! Y2

is closed linear operator i.e.
if D.L/ 3 yn ! y in Y1 and Lyn ! 	 2 Y2 in Y2 then y 2 D.L/ and 	 D Ly.

Then the normalized space D.L/ with the graph norm

kykD.L/ D kykY1
C kLykY2

8y 2 D.L/ (1.57)

is a reflexive Banach space.

Proof. Let us prove the reflexivity of the normalized space D.L/ with the norm
(1.57). To this aim, taking into account that under this condition the given space is
a Banach space, let us consider the reflexive Banach space Z D Y2 � Y1 with the
norm

kzkZ D kz1kY2
C kz2kY1

8z D .z1; z2/ 2 Z
and the linear variety

L D f.Ly; y/ j y 2 D.L/g � Z:

Let us prove that L is closed in Z. Under the following assumption

L 3 zn D .Lxn; xn/! .	; x/ D z 2 Z in Z as n! C1;

we have

xn ! x in Y1 and Lxn ! 	 in Y2 as n! C1:

Whence, due to the closureness of the operatorL onD.L/ it follows that x 2 D.L/
and Lx D 	. So, z D .	; x/ 2 L .

Further, since an arbitrary closed linear subspace of a reflexive Banach space is
reflexive [HP00, Corollary 1, p.51], then the space .L ; k � kZ/ is a reflexive Banach
space too.



64 1 Auxiliary Statements

Now we consider the isometric isomorphism I between Banach spaces D.L/
and L defined in the following way:

D.L/ 3 y ! Iy D .Ly; y/ 2 L :

Let us prove the reflexivity ofD.L/ by using the reflexivity criterium [PET67, p.57].
Let us consider an arbitrary bounded sequence fyngn�1 � D.L/, so fIyngn�1 is
bounded in L . Hence, due to the reflexivity criterium, there exists a subsequence
fynk
gk�1 � fyngn�1 such that

Iynk
* y in L as k ! C1

for some y 2 L . From here, for an arbitrary f 2 D.L/� (we observe that f ıI�1 2
L �) if follows that

f .ynk
/ D f .I�1.Iynk

//! f .I�1y/ as k !1:

Thus
ynk

* z D I�1y 2 D.L/ in D.L/ as k !1:
Therefore, due to the reflexivity criterium, the space D.L/ is reflexive with respect
to the norm (1.57). ut
Corollary 1.8. Let Y be reflexive Banach space, L W D.L/ � Y ! Y � – be linear
maximally monotone on D.L/ operator. Then for each bounded in D.L/ sequence
there is weakly converged in D.L/ subsequence.

Proof. At first let us check the conditions of Proposition 1.17. It is enough to check
the closureness ofL onD.L/. Let fyngn�1 � D.L/ be such sequence that for some
y 2 Y and 	 2 Y �

yn * y in Y and Lyn * 	 in Y � as n!1: (1.58)

Let us show, that

h	� Lu; y � uiY � 0 for any u 2 D.L/:

Really, due to (1.58) and monotone of L onD.L/ it follows that for each n � 1 and
u 2 D.L/

0 � hLyn � Lu; yn � uiY ! h	� Lu; y � uiY as n!1:

From the maximal monotony of L follows that y 2 D.L/ and 	 D Ly. It means
thatL is closed onD.L/. Thus from Proposition 1.17 and from the Banach–Alaoglu
Theorem it follows the necessary statement.

The Corollary is proved. ut
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Let W be again a normalized space with the norm k � kW . We consider W � X
with continuous embedding, C 2 ˚ , i.e. C.r1I � / W RC ! R is a continuous
function for every r1 � 0 and such that ��1C.r1I � r2/! 0 for � ! 0C 8 r1; r2 �
0 and k� k0W is the (semi)norm on X , that is relatively compact on W and relatively
continuous on X .

The first three lemmas order classes of multi-valued maps with semi-bounded
variation (s.b.v) and classes of locally bounded maps with bounded values which
satisfy Property .˘/ and Property .�/C. The obtained statements allow us to retract
additional hypotheses for a supplementary boundedness of the generated multi-
valued maps with s.b.v. in applications when investigating differential-operators
inclusions and multi-variational inequalities which describe mathematical models
for non-linear geophysical processes and fields which contain partial differential
equations with discontinuous or multi-valued relationship between determinative
parameters of the problem. These results are the fundamental generalization of
well-known corresponding results for single-valued maps of monotone type (see
for example [GGZ74, IM88, ZM99, ZM04] and references there).

Lemma 1.11. Every strict multivalued operator A W X ! 2X
�

with .X IW /-
semibounded variation is bounded-valued, i.e. A W X � X�.

Proof. We remark that for every y 2 X

X 3 ! ! ŒA.y/; !�C 2 R [ fC1g; X 3 ! ! ŒA.y/; !�� 2 R [ f�1g:

So, due to the definition of the semibounded variation on .X;W / we obtain that for
all ! 2 X , for some R D R.!; y/ > 0

ŒA.y/; !�C � ŒA.y C !/; !�� C CA.RI k!k0W / < C1:

From last, in virtue of Banach–Steinhaus Theorem, it follows that kA.y/kC < C1
for every y 2 X . ut
Lemma 1.12. The multivalued operator A W X � X� with .X IW /-semibounded
variation is locally bounded.

Proof. We obtain this statement arguing by contradiction. IfA is not locally bounded
then for some y 2 X there exists a sequence fyngn�1 � X such that yn ! y in X
and kA.yn/kC !C1 as n!C1. We suppose that

˛n D 1C kA.yn/kCkyn � ykX
for every n � 1. Then, due to Proposition 1, 8 ! 2 X and some R > 0 we have



66 1 Auxiliary Statements

˛�1
n ŒA.yn/; !�C � ˛�1

n

n
ŒA.yn/; yn � y�C C ŒA.yn/; ! C y � yn�C

o

� ˛�1
n

n
ŒA.yn/; yn � y�C C ŒA.y C !/; y C ! � yn�C

C CA.RI kyn � y � !k0W /
o
:

Since the sequence f˛�1
n g is bounded and kyn � y � !k0W ! k!k0W (according to

the assumption k�k0W � kk�kX for all y 2 X ), due to Proposition 1, we have

8n � 1 ˛�1
n ŒA.yn/; !�C � ˛�1

n

n
CA.RI kyn � y � !k0W /

CkA.y C !/kC � ky C ! � ynkX
o
C 1 � N1;

where N1 does not depend on n � 1. Thus,

sup
n�1

ˇ
ˇ˛�1
n ŒA.yn/; !�C

ˇ
ˇ <1 8 ! 2 X:

Therefore, since the Banach–Steinhaus Theorem, there exists N > 0 such that

kA.yn/kC � N˛n D N .1C kA.yn/kC � kyn � ykX / 8n � 1:

By choosing n0 � 1 from the condition N kyn � yk � 1=2 8n � n0 we obtain that
for every n � n0 kA.yn/kC � 2N , which contradicts the assumption. So, the local
boundness is proved. ut
Lemma 1.13. The multivalued operator A W X � X� with .X IW /-semibounded
variation has Property .˘/.

Proof. In virtue of the locally boundness of A there exist " > 0 and M" > 0 such
that kA.�/kC �M" 8 k�kX � ". It means that for some R � "

kd.y/kX� D sup
k
kX �"

1

"
hd.y/; �iX � sup

k
kX �"
1

"
fŒA.y/; � � y�C C hd.y/; yiXg

� sup
k
kX �"

1

"

n
ŒA.�/; � � y�� C hd.y/; yiX C CA.RI ky � �k0W /

o

� sup
k
kX �"

1

"

n
kA.�/kC � k� � ykX C hd.y/; yiX C CA.RI ky � �k0W /

o

� 1

"
."M" C k2M" C k1 C l/ D C;

where l D sup
kykX �k2

sup
k
kX �"

CA.RI ky � �k0W / < C1, since C.RI � / W RC ! R is a

continuous function and k� k0W is relatively continuous k � kX on X . ut
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Lemma 1.14. LetX be a reflexive Banach space. Then every �-pseudomonotone on
W map is �0-pseudomonotone on W . For bounded maps the converse implication
is true.

Proof. The direct implication is obvious. Let us prove the converse implication.
We consider the �0-pseudomonotone on W map A W X � X�, yn ! y weakly

in W , the (1.55) holds, where dn 2
�

coA.yn/. From the boundness of the opera-

tor A it immediately follows the boundness of
�

coA and so the boundness of the
sequence fdng in X�. Consequently, there exists a subsequence fdmg � fdng and,
respectively, fymg � fyng, such that dm ! d weakly in X� and at the same time

lim
m!1 hdm; ym � viX � lim

n!1 hdn; yn � viX � 0:

However the operatorA is �0-pseudomonotone onW , therefore there exist the sub-
sequences fynk

gk�1 � fymg and fdnk
gk�1 � fdmg for what (1.56) is true. This

proves our statement. ut
Remark 1.22. Let us pay our attention to the fact that for the classical definitions
(not passing to the subsequences) this statement is problematic!

In F. Browder and P. Hess work [BP72] the class of generalized pseudomonotone
operators has been introduced.

Definition 1.10. The operatorA W X ! Cv.X
�/ is called generalized pseudomono-

tone onW , if for each pair of sequences fyngn�1 � W and fdngn�1 � X� such that
dn 2 A.yn/, yn ! y weakly in W , dn ! d *-weakly in X�, from the inequality

lim
n!1hdn; yniX � hd; yiX (1.59)

we have d 2 A.y/ and hdn; yniX ! hd; yiX .

Proposition 1.18. Every generalized pseudomonotone on W operator is �0-
pseudomonotone onW .

Proof. Let yn ! y weakly in W , A.yn/ 3 dn ! d *-weakly in X� and (1.59)
holds (we remark that in this case the inequality (1.55) is also true). Then, in view of
the generalized pseudomonotony, hdn; yniX ! hd; yiX , d 2 A.y/, consequently,
in virtue of Proposition 1,

lim
n!1

hdn; yn � viX D hd; y � viX � ŒA.y/; y � v�� 8 v 2 X:

The Proposition is proved. ut
The converse statement in Proposition 1.18 is not true, but
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Proposition 1.19. Let A W X � X� be a �0-pseudomonotone operator. Then the
next property takes place:

from yn ! y weakly in W ,
�
coA.yn/ 3 dn ! d *-weakly in X� and from the

inequality (1.55) the existence of the subsequences fymg � fyng and fdmg � fdng
such that hdm; ymiX ! hd; yiX , with d 2 �

coA.y/, follows.

Proof. Let fyng; fdng be required sequences, consequently, one can choose such
subsequences fymg, fdmg, that the inequality (1.56) is true. By fixing in the last
relation ! D y, we get

hdm; ym � yiX ! 0

or

hdm; ymiX ! hd; yiX ;
hd; y � viX D lim

m!1 hdm; ym � viX � ŒA.y/; y � v�� 8 v 2 X:

From here, in virtue of Proposition 1 we obtain that d 2 �
coA.y/. ut

Proposition 1.20. Let A D A0 C A1 W X � X�, where A0 W X � X� is a
monotone map, and the operator A1 W X � X� has the following properties:

(1) There exists a linear normalized space Z in which W is compactly and densely
enclosed and X � Z with continuous and dense embedding.

(2) The operator A1 W Z � Z� is locally polynomial, i.e. 8R > 0 there exists
n D n.R/ and a polynomial function PR.t/ D P

0<˛�n
�˛.R/t

˛ with continuous

factors �˛.R/ � 0 such that the estimation is valid

kA1.y1/� A1.y2/k.Z�/
C � PR .ky1 � y2kZ/ 8 kyikZ � R; i D 1; 2:

Then A is the operator with semibounded variation onW .

Proposition 1.21. Let in the previous Proposition the operator A0 W X � X� be
N -monotone, and instead of the condition (2) we make the following one:

(2’) a map (multivalued) A1 W Z � Z� is locally polynomial in the sense that
8R > 0 there exists n D n.R/ and a polynomial PR.t/ for which

dist .A1.y1/; A1.y2// � PR .ky1 � y2kZ/ 8kyikZ � R; i D 1; 2: (1.60)

Then A D A0 C A1 is the operator with N -semibounded variation on W .

Proof. We give the proof in Proposition 1.21. In the case of Proposition 1.20 the
reasonings are similar. Since for each y1; y2 2 X
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ŒA0 .y1/ ; y1 � y2�� � ŒA0 .y2/ ; y1 � y2�C ;
we must estimate ŒA1 .y1/ ; y1 � y2�� � ŒA1 .y2/ ; y1 � y2��.

For any d1 2 A1 .y1/, d2 2 A1 .y2/ we find

hd2; y1 � y2iX � hd1; y1 � y2iX D hd2; y1 � y2iZ � hd1; y1 � y2iZ
� kd1 � d2kZ� ky1 � y2kZ ;

hence

ŒA1 .y2/ ; y1 � y2�� � ŒA1 .y1/ ; y1 � y2��
� dist .A1 .y1/ ; A1 .y2// ky1 � y2kZ :

From here and from estimation (1.60) as kyikZ � R .i D 1; 2/ (respectively
kyikX � OR, R D R. OR/) we obtain

ŒA1 .y1/ ; y1 � y2�� � ŒA1 .y2/ ; y1 � y2�� � C
� ORI ky1 � y2k0W

�
;

where k � k0W D k � kZ ; C .R; t/ D PR .t/ t .
It is easy to check that C 2 ˚ . ut
New classes of �0-pseudomonotone maps are defined in the next statement. It is

fundamentally used when validating an existence of a solution for the second order
differential-operator inclusion by the singular perturbations method [PKZ08,ZK07].

Proposition 1.22. Let one of two conditions hold:

(1) A W X � X� is radially lower semicontinuous operator with semibounded
variation on W .

(2) A W X � X� is radially continuous from above operator with N -semibounded
variation on W with compact values in X�.

Then A is �0-pseudomonotone onW map.

Proof. Let yn ! y weakly in W,
�

coA .yn/ 3 dn ! d weakly star inX� and (1.55)
is true. By using the property of semibounded variation on W of the operatorA, we
conclude that for every v 2 X

hdn; yn � viX � ŒA .yn/ ; yn � v�� � ŒA .v/ ; yn � v�C � C
�
RI kyn � vk0W

�
:

The function X 3 w 7! ŒA .v/ ;w�C is convex and semicontinuous from below,
and so it is weakly semicontinuous from below, therefore by substituting in the last
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inequality v D y and passing to the limit, in view of the properties of the function
C , we obtain lim

n!1
hdn; yn � yiX � 0; i.e hdn; yn � yiX ! 0.

For any h 2 X and � 2 Œ0; 1� we shall put !� D �hC .1 � �/ y, then

hdn; yn � !� iX � ŒA .!� / ; yn � !� �C � C
�
RI kyn � !�k0W

�

or by passing to the limit

� lim
n!1

hdn; y � hiX � � ŒA .w� / ; y � h�C � C
�
RI � ky � hk0W

�
:

By dividing the last inequality by � and by passing to the limit as � ! 0C, in view
of the radial lower semicontinuity of A and of the properties of the function C , we
obtain that for each h 2 X lim

n!1
hdn; y � hiX

� lim
�!0C

ŒA .!� / ; y � h�C C lim
�!0C

1

�
C
�
RI � ky � hk0

W

� � ŒA .y/ ; y � h�� :

Moreover as hdn; yn � yiX ! 0 we get

lim
n!1

hdn; yn � hiX D lim
n!1

hdn; y � hiX � ŒA .y/ ; y � h�� 8h 2 X;

and this proves the first statement of Proposition 1.22.
Now we stop on the basic distinctive moments of the second statement. Because

of the N -semiboundness of the variation for the operator A we conclude that

lim
n!1

hdn; yn � viX � lim
n!1

ŒA .yn/ ; yn � v��

� lim
n!1

ŒA .v/ ; yn � v�� � C
�
RI ky � vk0W

�
(1.61)

Let us estimate the first member in the right part of (1.61). Let us prove that the
functionX 3 h 7! ŒA .v/ ; h�� is weakly lower semicontinuous8v 2 X . Let zn ! z

weakly in X , then for each n D 1; 2; : : : 9�n 2 �
coA .v/ such that

ŒA .v/ ; zn�� D h�n; zniX :

From the sequence f�nI zng we take a subsequence f�mI zmg such that

lim
n!1

ŒA .v/ ; zn�� D lim
n!1

h�n; zniX D lim
m!1 h�m; zmiX

and by virtue of the compactness of the set
�

coA.v/ we find that �m ! � strongly in

X� with � 2 �
coA.v/. Hence
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lim
n!1

ŒA .v/ ; zn�� D lim
n!1 h�m; zmiX D h�; ziX D ŒA .v/ ; z�� ;

and this proves the weak lower semicontinuity of the function h 7! ŒA .v/ ; h��.
So from (1.61) we get

lim
n!1

hdn; yn � viX � lim
n!1

ŒA .yn/ ; yn � v��

� ŒA .v/ ; y � v�� � C
�
RI ky � vk0W

�
:

Then by substituting v with y in the last inequality we have hdn; yn � yiX ! 0,
therefore

lim
n!1

hdn; yn � viX � ŒA .v/ ; v � w�� � C
�
RI ky � vk0X

� 8v 2 X:

By substituting in the last inequality v for twC .1 � t/ y, where w 2 X , t 2 Œ0; 1�,
then by dividing the result on t and by passing to the limit as t ! 0C, because of
the radial semicontinuity from above we find

lim
n!1

hdn; yn � wiX � ŒA .y/ ; y � w�� 8w 2 X:

The Proposition is proved. ut
Definition 1.11. The multivalued map A W X � X� is called:

� s-radial lower semicontinuous on W , if for fixed y, � 2 W and any selector
d 2 co�A

lim
t!0C

hd.y � t�/; �iX � ŒA.y/; ���I

� s�0
-pseudomonotone onW , if for every fyngn�0 � W such that yn * y0 inW ,

co�A.yn/ 3 dn * d0 in X�, from the inequality (1.55) it follows the existence
of fynk

gk�1 from fyngn�1 and fdnk
gk�1 from fdngn�1 such that

hdnk
; ynk

� y0iX ! 0 as k !1 and d 2 co�A.y/:

The next Proposition is some generalization of the Minty Lemma onW .

Proposition 1.23. Let A W X � X� be radial lower semicontinuous on W with
.X IW /-semibounded variation, the space W is dense in X , y 2 W . Then the
inequality

hf; y � viX � ŒA.v/; y � v�C � C.RI ky � vk0W / 8v 2 W (1.62)

is equivalent to the inclusion
f 2 co�A.y/: (1.63)
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Proof. The implication (1.63) ) (1.62) is obvious. Let us consider (1.62) )
(1.63). For each h 2 W let us set in (1.62) v D y-th, t > 0, divide all parts on
t and pass to the limit as t ! 0C. Since the radial lower semicontinuity of A we
obtain, that

hf; hiX � lim
t!0C

ŒA.y � tv/; h�C � ŒA.y/; h�� 8h 2 W:

For each h 2 X let W 3 hn ! h in X . Thus for each n � 1 there is dn 2 co�A.y/
such that ŒA.y/; hn�� D hdn; hniX . In particular, we may assume, that dn ! d 2
co�A.y/ weakly star in X�. Therefore,

hf; hiX D lim
n!1

hf; hniX � lim
n!1

ŒA.y/; hn�� D lim
n!1

hdn; hniX D hd; hiX 8h 2 X;

i.e. hf; hiX � hd; hiX 8h 2 X . Thus f D d 2 co�A.y/. ut
Corollary 1.9. Let A W X � X� be s-radial lower semicontinuous on W with
.X IW /-semibounded variation, the space W is dense in X . Then the inequality
(1.62) is equivalent to the inclusion f 2 co�A.y/:

Definition 1.12. The multivalued mapA W X � X� is called the variation calculus
operator on W , if it can be represented in the form A.y/ D bA.y; y/ where the
mappingbA W X �X � X� possesses the following properties:

(a) 8 � 2 W bA.�; �/ W X � X� is s-radially lower semicontinuous operator with
.X IW /-semibounded variation (.X IW /-s.b.v.).

(b) 8 � 2 W the mapping W 3 y ! bA.y; �/ � X� is weakly precompact, i.e. for
each set B bounded inW the set co�bA.B;!/ is compact in �.X�IX/-topology
of the space X (thus, if fyng is any bounded in W sequence, d 2 co�bA.�; !/
is some selector (dn D d.yn; !/ 2 co�bA.yn; !/), then it is possible to extract
such a subsequences fymg � fyng and fdmg � fdng that dm D d.ym; !/ !
æ.!/ weakly star in X�.

(c) Let yn ! y weakly in W and for some selector d 2 co�bA

hd.yn; yn/ � d.yn; y/; yn � yiX ! 0

(d.yn; yn/ 2 co�bA.yn; yn/, d.yn; y/ 2 co�bA.yn; y/). Then there exists fymg �
fyng such that 8 � 2 W d.ym; �/ ! 	 weakly star in X�, at that 	 2
co�bA.y; !/.

(d) If yn ! y weakly in W and for some � 2 W d.yn; �/! 	 weakly star in X�,
where d.yn; �/ 2 co�bA.yn; �/, then hd.yn; �/; yniX ! h	; yiX .

The next statement orders classes of w�0
-pseudo-monotone maps. Particularly,

these results show that energetic extensions of differential operators of Leray–Lions
type, Dubinskii type, operators of hydrodynamic type etc are the maps of w�0

-
pseudo-monotone type [BR68, ET99, KOG01, PAP87]. Using this statement and
results about an existence of the generalized solution and functional-topological
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properties of the resolving operator of differential-operator inclusions and multi-
variational inequalities we obtained new results concerning properties of set of
solutions for partial differential equations with non-linear, discontinuous or multi-
valued relationship between determinative parameters of non-linear geophysical
processes and fields.

Proposition 1.24. Let the multivalued map A W X � X� has the bounded val-
ues. Then the next implications are true: “A is s-radially lower semicontinuous

operator with (X IW )-s.b.v.”
1) “A is a variation calculus operator on W ”

2)
“A is �-pseudomonotone on W ”

3)“A is �0-pseudomonotone on W ”
4) “A is

s�0
-pseudomonotone onW ”

5) “A satisfies the (M ) condition on W [ZMN04]”.

Proof. Let us consider the first implication. Let bA W X �X � X�, defined by

bA.v; y/ D bA.!; y/; bA.y; y/ D A.y/ 8v; !; y 2 X;

i.e. the constant map by the first argument, when the second fixed. Let us check the
conditions of Definition 1.12.

The condition (a) is clear. The condition (b) follows from the next conclusions:
bA.�; !/ W W � X� is constant map for each ! 2 W . Hence, bA.B;!/ D A.!/

is bounded set in X� for each B � W . Thus, in virtue of the Banach–Alaoglu
Theorem [RUD73], co�bA.B;!/ is a compact set in weakly star topology o the
space X�. Let us check the condition (c). Let yn * y in W and d.yn; yn/ �
d.yn; y/; yn � yiX ! 0 with some selector d 2 co�bA, at that for each ! 2 W
æ.v/ D d.yn; v/ 2 co�bA.yn; v/ D co�A.v/. Hence, there is a subsequence
fymg � fyng such that æ.v/ D d.yn; v/ ! æ.v/ weakly star in X�. Moreover,

æ.v/
4Dd.y; v/ 2 co�bA.y; v/ D co�A.v/.

Condition (d). Let yn * y inW and for each v 2 W , for each selector d 2 co�A
æ.v/ D d.yn; v/ 2 co�bA.yn; v/, i.e. d.yn; v/ ! æ.v/ weakly star in X�. Thus,
hd.yn; v/; yniX D hæ.v/; yniX D hæ.v/; yiX , that proves the first implication.

Now we consider the second implication. Let yn * y in W and

lim
n!1hdn; yn � yiX � 0; (1.64)

where dn D g.yn/, g 2 co�A is some selector, at that

A.y/ D bA.y; y/; bA W X �X � X�:

Due to the condition (b) there is a subsequence fymg � fyng such, that
g.ym; y/! f .y/ weakly star in X�. Since the condition (d)

hg.ym; y/; ymiX ! hf .y/; yiX :
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Hence,
hg.ym; y/; ym � yiX ! 0: (1.65)

From (1.64) we find

lim
m!1hdm; ym � yiX � lim

n!1hdn; yn � yiX � 0;

i.e.

lim
m!1hdm�g.ym; y/; ym�yiX D lim

m!1hg.ym; ym/�g.ym; y/; ym�yiX : (1.66)

In virtue of the condition (a)

hg.ym; ym/; ym � yiX � hg.ym; y/; ym � yiX � C.RI kym � yk0W /:

Thus from (1.65) and from the properties for real functionC we have the estimation

lim
m!1

hg.ym; ym/ � g.ym; y/; ym � yiX � 0:

The inequality (1.66) gives

hg.ym; ym/ � g.ym; y/; ym � yiX ! 0: (1.67)

In virtue of the condition (c) for each v 2 W g.ym; v/ ! æ.y; v/ 2 co�bA.y; v/
weakly star in X�. Due to the condition (d) we obtain

hg.ym; v/; ym � yiX ! 0; (1.68)

because hg.ym; v/; ymiX ! hæ.y; v/; yiX .
Further for each ! 2 W and � 2 Œ0; 1� let v.�/ D y C �.! � y/. Then from the

condition (a)

�hg.ym; ym/; y � viX � ŒbA.ym; v.�//; ym � v.�/�C
� hg.ym; ym/; ym � yiX � C.RI kym � v.�/k0W /

� ŒbA.ym; v.�//; ym � y�� C �ŒbA.ym; v.�//; y � !�C
� hg.ym; ym/; ym � yiX � C.RI kym � v.�/k0W /:

(1.69)
For eachm there is �m 2 co�bA.ym; v.�// such that

ŒbA.ym; v.�//; ym � y�� D h�m; ym � yiX ;

i.e. there exists a selector r 2 co�bA such that �m D r.ym; v.�//. Furthermore,
due to the condition (b) we may conclude that up to a subsequence r.ym; v.�// !
�.y; v.�// weakly star in X�. In virtue of the condition (d)



1.2 The Classes of W�0 -Pseudomonotone Maps 75

hr.ym; v.�//; ym � yiX ! 0

or
ŒbA.ym; v.�//; ym � y�� ! 0:

Hence, up to a limit in (1.69) as m!1, we get

� lim
m!1

hg.ym; ym/; y � viX � � lim
m!1

ŒbA.ym; v.�//; y �!�C �C.RI �ky �!k0W /;

respectively since (1.67)

� lim
m!1

hg.ym; ym/; ym� viX � � lim
m!1

ŒbA.ym; v.�//; y �!�C �C.RI �ky�!k0W /
� � lim

m!1hg.ym; v.�//; y � viX �C.RI �ky�!k0W /:

Due to the conditions (b) and (c) we may consider that g.ym; v.�//! æ.y; v.t// 2
co�bA.y; v.�// weakly star in X�. Thus

� lim
m!1

hg.ym; ym/; ym � viX � �hæ.y; v.t//; y � viX � C.RI �ky � !k0W /:

If we divide the last inequality on � and pass to the limit as � ! 0C, since the
s-radial lower semicontinuous of the operatorbA.y; �/ W W � W � we finally obtain

lim
m!1

hdm; ym � !iX D lim
m!1

hg.ym; ym/; ym � !iX
� ŒbA.y; y/; y � !�� D ŒA.y/; y � !�� 8! 2 W;

that proves the second implication.
The third implication is obvious. Let us consider the fourth implication. Let

yn * y inW , co�A.yn/ 3 dn ! d weakly star in X� and lim
n!1hdn; yn�yiX � 0.

Then due to the �0-pseudomonotony of A on W there are such subsequences
fymg � fyng and fdmg � fdng such that inequality (1.56) is true. Hence,
lim
m!1hdm; ym � yiX D 0, or lim

m!1hdm; ymiX D hd; yiX . Therefore, from (1.56)

we find

hd; y � viX D lim
n!1
hdn; yn � viX � ŒA.y/; y � v�� 8v 2 X;

i.e. hd; !iX � ŒA.y/; !�� 8! 2 X . Since the set A.y/ is bounded in X� we obtain
that d 2 co�A.y/.

The implication 5 checks directly. The Proposition is proved. ut
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The next propositions concern w�0
-pseudo-monotone demi-closed maps dis-

turbed by w�0
-pseudo-monotone maps. Such results allows us (by the help of

corresponding theorems about properties of the resolving operator) to consider new
classes of problems. So, we can state the existence of solutions and continuous (in
some sense) dependence of solutions on functional parameters of the given problem.

Proposition 1.25. Let A W X � X� be a �0-pseudomonotone on W operator, and
let the map B W X � X� possess the following properties:

1. The map
�
coB W W � X� is compact, i.e. the image of a bounded set in W is

precompact in X�.

2. The graph of
�

coB is closed in Ww � X� (i.e. with respect to the weak topology
in W and the strong one in X�).

Then the map C D AC B is �0-pseudomonotone on W .

Proof. Let yn ! y weakly in W , dn 2
�

coC.yn/, dn ! d weakly star in X� and

lim
n!1 hdn; yn � yiX � 0:

As the operator B W W � X� is bounded,
�
coC D �

coA C �
coB . Hence dn D

d 0
n C d 00

n , d 0
n 2 co�A.yn/, d 00

n 2
�

coB.yn/. By virtue of the boundness of B , we
obtain that dn00 ! d 00 weakly star in X�, so that d 0

n ! d 0 D d � d 00 weakly star
in X�.

From inequality (1.55), passing to the subsequence fymg � fyng, we find

0 � lim
n!1 hdn; yn � yiX

� lim
n!1

˝
d 0
n; yn � y

˛

X
C lim
n!1

˝
d 00
n ; yn � y

˛

X

� lim
m!1hdm

0; ym � yiX C lim
m!1hd

00
m; ym � yiX : (1.70)

Since
�
coB is compact and the graph is closed in Ww �X�, we can consider that

d 00
m ! d 00 strongly in X� and, moreover, d 00 2 �

coB.y/. Then

lim
m!1hd

0
m; ym � yiX � 0:

Again, passing to subsequences, as A is �0-pseudomonotone, we get

lim
m!1

hd 0
m; ym � viX � ŒA.y/; y � v��; 8v 2 X;

and then
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lim
m!1

hdm; ym � viX D lim
m!1

hd 0
m; ym � viX C lim

m!1hd
00
m; ym � viX

� Œ �
coA.y/; y � v�� C hd 00; y � viX

� Œ �
coC.y/; y � v��; 8v 2 X: ut

Proposition 1.26. Let A W X � X� be a �0-pseudomonotone operator on W , the
embedding ofW in Banach spaceY be compact and dense, the embedding ofX in Y

be continuous and dense, and let
�
coB W Y � Y � be a locally bounded map such

that the graph of
�
coB is closed in Y � Y �

w (i.e. with respect to the strong topology
of Y and the weakly star one in Y �). Then C D ACB is a �0-pseudomonotone on
W map.

Proof. Let (1.55) be fulfilled. The operator
�

coB is locally bounded, i.e. for all
y 2 Y there exist N > 0 and " > 0 such that

k �
coB.�/kC � N; if k� � ykY � ":

Obviously, a locally bounded operator is bounded-valued. Therefore,
�

coC.y/ D
�

coA.y/ C �
coB.y/ and dn D d 0

n C d 00
n , d 0

n 2
�
coA.yn/, d 00

n 2
�

coB.yn/. Since
the imbedding W � Y is compact, we have that yn ! y strongly in Y and by

virtue of local the boundness of
�

coB the sequence fd 00
n g is bounded in Y � (and

then also in X� ), which means that there will be a subsequence fd 00
mg � fd 00

n g
such that d 00

m ! d 00 weakly star in Y �. The embedding operator I� W Y � ! X� is
continuous, so that I� remains continuous also in the weakly star topologies [RS80].
Hence, d 00

m ! d 00 weakly star in X�; so that d 0
m D dm�d 00

m ! d 0 D d�d 00 weakly
star in X�. Therefore

hd 00
m; ym � yiX ! 0:

Then from (1.70) we get lim
m!1 hd

0
m; ym � viX � 0, whence up to a subsequence

lim
mk!1

˝
d 0
mk
; ymk

� v
˛

X
�
� �

coA.y; y � v/

�

�
; 8 v 2 X:

Further, as the operator
�

coB is closed in Y � Y �
w , d 00 2 �

coB.y/ and

lim
mk!1

˝
dmk

; ymk
� v
˛

X
D lim

mk!1
˝
d 0
mk
; ymk

� v
˛

X
C lim
mk!1

˝
d��
mk
; ymk

� v
˛

X

�
� �

coA.y/; y � v

�

�
C 	co�B.y/; y � v




�

D
� �

coC.y/; y � v

�

�
;8 v 2 X:

The Proposition is proved. ut
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Proposition 1.27. Let the functional ' W X ! R be convex, lower semicontinuous
on X . Then the multivalued map B D @' W X ! Cv.X

�/ is �0-pseudomonotone
on X and it satisfies Condition (˘ ).

Proof. (a) Property .˘/. Let k > 0 and the bounded set B � X be arbitrary fixed.
Then 8y 2 B and 8d.y/ 2 @'.y/ hd.y/; y � y0iX � k is fulfilled. Let u 2 X be
arbitrary fixed, so

hd.y/; uiX D hd.y/; u� yiX C hd.y/; yiX � '.u/� '.y/C k
� '.u/� inf

y2B '.y/C k � const < C1;

since every convex lower semicontinuous functional is lower bounded by every
bounded set. Hence, thanks to the Banach–Steinhaus Theorem, there exists N D
N.y0; k; B/ such that kd.y/kX� � N for each y 2 B;

(b) �0-pseudomonotony on X . Let yn * y0 in X , @'.yn/ 3 dn * d in X� and
the inequality (1.55) true. Then, due to the monotony of @', for each d0 2 @'.y0/
and for each n � 1

hdn; yn � y0iX D hdn � d0; yn � y0iX C hd0; yn � y0iX � hd0; yn � y0iX :

Hence
lim

n!C1
hdn; yn � y0iX � lim

n!C1
hd0; yn � y0iX D 0:

Because of the last inequality and of inequality (1.55) it results in

lim
n!C1hdn; yn � y0iX D 0:

Thus for each w 2 X

lim
n!C1

hdn; yn � wiX � lim
n!C1hdn; yn � y0iX
C lim
n!C1

hdn; y0 � wiX D hd0; y0 � wiX : (1.71)

From another side we have

hd0;w � y0iX � lim
n!C1hdn;w� yniX � '.w/
� lim
n!C1

'.yn/ � '.w/ � '.y0/; (1.72)

since every convex lower semicontinuous functional is weakly lower semicontin-
uous. From (1.72) it follows that d0 2 @'.y0/. From here, due to the inequality
(1.71), we obtain inequality (1.56) as B D @' on X . ut

Now we consider a functional ' W X 7! R.
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Definition 1.13. The functional ' refers to the locally Lipschitz, if for any x0 2 X
there are r; c > 0 such, that

j'.x/ � '.y/j � ckx � ykX 8x; y 2 Br .x0/ D fx 2 X j kx � x0kX < rg:

For a locally Lipschitz functional ', defined on a Banach space X , we consider
the upper Clarke derivative [Cl90]

'
"
Cl
.x; h/ D lim

v!x;˛&0C
1

˛
.'.vC ˛h/ � '.v// 2 R; x; h 2 X

and Clarke generalized gradient

@Cl'.x/ D fp 2 X� j hp; v� xiX � '"
Cl
.x; v � x/ 8v 2 Xg; x 2 X:

Proposition 1.28. Let W be a Banach space compactly embedded in some Banach
space Y , ' W Y 7! R be a locally Lipschitz functional. Then the Clarkes generalized
gradient @Cl' W Y � Y � is �0-pseudomonotone on W .

Proof. From the calculus of Clarkes generalized gradient (see [Cl90, Chap. 2])
we know that @Cl'.x/ is nonempty, closed, bounded and convex. Hence, for each
x 2 Y @Cl'.x/ 2 Cv.Y

�/.
Now let fyngn�0 � W be a sequence such, that yn * y0 in W , dn * d0 in

Y �, where dn 2 @Cl'.yn/ 8n � 1 and the inequality (1.55) is true. Due to the
compact embedding W � Y we conclude that yn ! y0 in Y . Since the mapping
@Cl' W Y � Y � is weak-closed (cf. [Cl90, p. 29]), then d0 2 @Cl'.y0/. Thus,

lim
n!1
hdn; yn � !iY � lim

n!1
hdn; yn � y0iY C lim

n!1
hdn; y0 � !iY

D 0C hd0; y0 � !iY � Œ@Cl'.y0/; y0 � !�� 8! 2 Y;

which completes the proof. ut
Now letW D W1\W2, where .W1; k � kW1

/ and .W2; k � kW2
/ are Banach spaces

such that Wi � Xi with continuous embedding.

Lemma 1.15. Let X1, X2 be reflexive Banach spaces, A W X1 ! Cv.X
�
1 / and B W

X2 ! Cv.X
�
2 / be s-mutually bounded �0-pseudomonotone respectively on W1 and

onW2 multivalued maps. Then C WD ACB W X ! Cv.X
�/ is �0-pseudomonotone

on W map.

Remark 1.23. If the pair (AIB) is not s-mutually bounded, then the last Proposition
holds only for �-pseudomonotone (respectively on W1 and on W2) maps.

Proof. At first we check that 8y 2 X C.y/ 2 Cv.X
�/. The convexity of C.y/ fol-

lows from the same property for A.y/ and B.y/. By virtue of the Mazur Theorem,
it is enough to prove that the set C.y/ is weakly closed. Let c be a frontier point
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of C.y/ with respect to the topology �.X�IX��/ D �.X�IX/ (the space X is
reflexive). Then

9fcmgm�1 � C.y/ W cm ! c weakly in X� as m! C1:

From here, since the maps A and B have bounded values, due to the Banach–
Alaoglu Theorem, we can assume that for each m � 1 there exist vm 2 A.y/

and wm 2 B.y/ such that vm C wm D cm and by passing (if it is necessary) to the
subsequences we obtain:

vm * v in X�
1 and wm * w in X�

2

for some v 2 A.y/ and w 2 B.y/. Hence c D v C w 2 C.y/. So it is proved that
the set C.y/ is weakly closed in X�.

Now let yn * y0 in W (from here it follows that yn * y0 in W1 and yn * y0
in W2), C.yn/ 3 d.yn/ * d0 in X� and the inequality (1.55) be true. Hence

dA.yn/ 2 A.yn/ and dB.yn/ 2 B.yn/ W dA.yn/C dB .yn/ D d.yn/:

Since the pair (AIB) is s-mutually bounded, from the estimation

hd.yn/; yniX D hdA.yn/CdB .yn/; yniX D hdA.yn/; yniX1
ChdB.yn/; yniX2

� k

we have or kdA.yn/kX�

1
� C or kdB.yn/kX�

2
� C . Then, due to the reflexivity of

X1 and X2, by passing (if it is necessary) to a subsequence we get

dA.yn/ * d 0
0 in X�

1 and dB.yn/ * d 00
0 in X�

2 : (1.73)

From the inequality (1.55) we have

lim
n!1

hdB.yn/; yn � y0iX2 C lim
n!1

hdA.yn/; yn � y0iX1 � lim
n!1

hd.yn/; yn � y0iX � 0;

or symmetrically

lim
n!1

hdA.yn/; yn � y0iX1 C lim
n!1

hdB.yn/; yn � y0iX2 � lim
n!1

hd.yn/; yn � y0iX � 0:

Let us consider the last inequality. It is obvious that there exists a subsequence
fymgm � fyngn�1 such that

0 � lim
n!1hdB.yn/; yn � y0iX2

C lim
n!1
hdA.yn/; yn � y0iX1

� lim
m!1hdB.ym/; ym � y0iX2

C lim
m!1hdA.ym/; ym � y0iX1

: (1.74)
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From here we obtain:

or lim
m!1hdA.ym/; ym � y0iX1

� 0; or lim
m!1hdB.ym/; ym � y0iX2

� 0:

Without loss of generality we suppose that

lim
m!1hdA.ym/; ym � y0iX1

� 0:

Then because of (1.73) and of the �0-pseudomonotony of A on W1 there exists a
subsequence fymk

gk�1 � fymgm such that

lim
k!1
hdA.ymk

/; ymk
� viX1

� ŒA.y0/; y0 � v�� 8v 2 X1: (1.75)

By substituting in the last relation v for y0 it results in

hdA.ymk
/; ymk

� y0iX1
! 0 as k ! C1:

Therefore, taking into account (1.74), we have

lim
k!1
hdB.ymk

/; ymk
� y0iX2

� 0:

By virtue of the �0-pseudomonotony of B on W2, up to a subsequence fym0

k
g �

fymk
gk�1 we find

lim
k!1
hdB.ym0

k
/; ym0

k
� wiX2

� ŒB.y0/; y0 � w�� 8w 2 X2: (1.76)

So from the relations (1.75) and (1.76) we finally obtain

lim
k!1
hd.ym0

k
/; ym0

k
� xiX

� lim
k!1
hdA.ym0

k
/; ym0

k
� xiX1

C lim
k!1
hdB.ym0

k
/; ym0

k
� xiX2

� ŒA.y0/; y0 � x�� C ŒB.y0/; y0 � x�� D ŒC.y0/; y0 � x�� 8x 2 X:

The Lemma is proved. ut
Remark 1.24. Lemma 1.15 means that the family of all �0-pseudomonotone on W
multivalued maps which satisfy Condition (˘ ) makes a “convex cone” in the space
S.X IX�/.
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Chapter 2
Differential-Operator Inclusions
with W�0-Pseudomonotone Maps

Abstract In this chapter differential-operator inclusions with non-coercive maps
of the Volterra type are studied qualitative and constructively. Such objects describe
new mathematical models of non-linear geophysical processes and fields, in particu-
lar, piezoelectric processes which require the developing of corresponding
non-coercive theory and high-precision algorithms of searching of approximate
solutions. In Sect. 2.1 we validate the scheme developed by Dubinskii for C-
coercive maps with .W IW /-s.b.v. and consider examples of hydrodynamic prob-
lems. Section 2.2 is devoted to the singular perturbation method for evolutional
inclusions with weakly coercive mappings. In Sect. 2.3 we develop the noncoer-
cive theory for evolutional inclusions with maps of the Volterra type mappings.
In Sect. 2.4 we study periodic solutions and the Cauchy problems solutions of
differential-operator inclusions withC-coercive maps of pseudomonotone type and
consider some anisotropic problems perturbed by Clarke generalized gradient. In
Sect. 2.5 we validate the finite differences method for evolutional inclusions with
C-coercive �0-pseudomonotone maps and consider examples of nonlinear bound-
ary value problems with subdifferential operators. In Sect. 2.6 we study the sec-
ond order evolution inclusion with noncoercive multivalued damping. Section 2.7
devoted to some geophysical applications. The obtained results are demonstrated
in the example of dynamical contact problem with the non-linear friction. The
results of this chapter together with the theorems of Chap. 1 sweep new classes
of differential-operator inclusions with multi-valued maps of the pseudomonotone
type.

2.1 Dubinskij Method for Operators
with .X I W /-Semibounded Variation

As before let .V1; k � kV1
/ and .V2; k � kV2

/ be reflexive Banach spaces continuously
embedded in Hilbert space .H; .�; �// such that for some numerable set ˚ � V D
V1 \ V2

˚ is dense in V; V1; V2 and in H:

M.Z. Zgurovsky et al., Evolution Inclusions and Variation Inequalities for Earth Data
Processing II, Advances in Mechanics and Mathematics 25,

cDOI 10.1007/978-3-642-13878-2 2, � Springer-Verlag Berlin Heidelberg 2011
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After identificationH � H� we obtain

V1 � H � V �
1 ; V2 � H � V �

2 ;

with continuous and dense embedding, .V �
i ; k � kV �

i
/, i D 1; 2 is topologically

adjoint of Vi space with respect to the canonical bilinear form

h�; �iVi
W V �

i � Vi ! R;

which coincides on H with the inner product .�; �/ on H .
Let us consider the functional spaces Xi D Lri .S IH/ \ Lpi

.S IVi /, where S
is a finite time interval, 1 < pi � ri < C1. The spaces Xi are reflexive Banach
spaces with the norms

kykXi
D kykLpi

.SIVi / C kykLri
.SIH/;

X D X1\X2, kykX D kykX1
CkykX2

. LetX�
i (i D 1; 2) be topologically adjoint

with Xi . Then,

X� D X�
1 CX�

2 D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /C Lr0

1
.S IH/CLr0

2
.S IH/;

where ri�1 C r 0
i
�1 D pi

�1 C qi�1 D 1 .i D 1; 2/. Let us define the duality form
on X� �X

hf; yi D
Z

S

.f11.�/; y.�//H d� C
Z

S

.f12.�/; y.�//H d�

C
Z

S

hf21.�/; y.�/iV1
d� C

Z

S

hf22.�/; y.�/iV2
d�

D
Z

S

.f .�/; y.�// d�;

where f D f11Cf12Cf21Cf22, f1i 2 Lr0

i
.S IH/, f2i 2 Lqi

.S IV �
i / .i D 1; 2/.

Note that h�; �i coincides with the inner product in H D L2.S IH/ on H .
Let A W X � X� be the multivalued map. We consider solutions in class W D

fy 2 X j y0 2 X�g of the following problem:

(
hy0; �i C ŒA.y/; ��C � hf; �i 8� 2 W;
y.0/ D N0;

where f 2 X� is arbitrary, y0 is the derivative of an element y 2 X in the sense of
scalar distributions space D�.S IV �/ D L .D.S/IV �

w /, with V D V1 \ V2.
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Let us introduce on Banach space W the graph norm kykW D kykX C ky0kX� ,
where

kf kX� D inf
f D f11 C f12 C f21 C f22 W

f1i 2 Lr0

i
.SIH/; f2i 2 Lqi .SIV �

i / .i D 1; 2/

max

(

kf11kL
r0

1
.SIH/I kf12kL

r0

2
.SIH/I kf21kLq1

.SIV �

1
/I kf22kLq2

.SIV �

2
/

)

:

Note that the embeddingW � C.S IH/ is continuous.
Now we prove the Theorem about resolvability of differential operator inclu-

sions with nonlinear coercive w�-pseudomonotone maps using Dubinskij method
developed in [D65]. Further we will assume either r1 � 2 or r2 � 2.

In order to prove the solvability for the stated problem we use the particular
case of the stationary approximations method introduced by Yu.A. Dubinskii [D65]
for differential-operator equations. Besides the solvability this method allows us to
obtain the series of a priori estimations. Thus for example we can investigate the
dynamics of solutions for a wide class of applied problems. Such problems can
be described by evolutional inequalities with non-coercive multi-valued maps of the
Volterra type. This method based on the conversion from first order problem to the
second order differential-operator inclusion

� "y00
" C y0

" C
�

coAy" 3 f; y".0/ D N0; y0
".T / D N0: (2.1)

Further, when we prove the solvability for the given problem at fixed " > 0; obtain
a priori estimations for solutions and pass "! 0C we obtain solutions of the initial
problem with series of properties.

Now let us prove the theorem on the existence of the generalized solution
for a differential-operator inclusion with nonlinear weakly coercive map of w�-
pseudomonotone type using the scheme developed by Dubinskii. The introduced
theorem allows us not only to obtain a new method of searching of solutions of the
given problem with new a priori estimations but also use it further for the investiga-
tion of differential-operator inclusions and evolutional multivalued inequalities with
noncoercive maps. In this theorem we validate the Dubinskii method for differential-
operator inclusions with C-coercive maps and obtain new a priori estimations for
approximative solutions. This result will be applied for the proof of Theorem 2.3
and its corollaries. As the presented results have an independent value we formulate
them as separate theorem.

Theorem 2.1. Let A W X � X� be C-coercive, radial lower semicontinuous mul-
tivalued map with .X IW /-semibounded variation. Then for each f 2 X� there
exists at least one solution y 2 W of the problem:

hy0; �i C ŒAy; ��C � hf; �i 8� 2 W; y.0/ D N0: (2.2)
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Remark 2.1. Due to density of W in X and from Proposition 2 it follows that
problem (2.2) is equivalent to:

y0 C �
coA.y/ 3 f; y.0/ D N0; y 2 W:

Remark 2.2. In Theorem 2.1 the scheme developed by Dubinskii for evolutionary
equations is generalized to evolutionary inequalities with multi-valued maps with
.X IW /-semi-bounded variation. This scheme is new for the analyzed class of prob-
lems and enables us not only to prove solvability but also to obtain a series of
estimates for the solutions, which is important for the subsequent investigations
of these objects. Thus, the same scheme is considered in [D65, ZMN04] but for
equations. At the same time, the other schemes are used in [DMP03, KMV08],
[VM98]–[VM00] for the differential-operator inclusions with multi-valued maps of
the monotone type taking weakly compact convex values.

Proof. To simplify the proof we assume that S D Œ0; T �. Let us consider the space

WN0 WD fy 2 W j y.0/ D N0g with the normk � kW :

To prove the given Proposition let us use the particulary case of stationary
approximations method. At first, from problem (2.2) we pass to the second order
differential-operator inclusion (2.1).

Let us consider the linear space

eW D fy 2 Lp1
.S IV1/\Lp2

.S IV2/ j y0 2 L2.S IH/ DH ; y.0/ D N0g

with the norm kykeW D kykLp1
.SIV1/CkykLp2

.SIV2/Cky0kH , y 2 eW . Note that
eW � C.S IH/ continuously and moreover, from the assumption maxfr1; r2g � 2
it follows that eW � WN0 � X continuously. If we apply the formula (1.15) to (2.1)
(taking into account y0

".T / D N0 and the assumption y00
" 2H CX�) we obtain

".y0
"; �

0/H C hy0
"; �i C ŒAy"; ��C � hf; �i 8� 2 eW : (2.3)

As solution of problem (2.1) we are going to find an element y" 2 eW , for which
(2.3) is true.

Now we use the coercivity condition on A. For every y 2 eW

".y0; y0/H C hy0; yi C ŒAy; y�C � hf; yi
� .ky.T /k2H � ky.0/k2H /=2C ŒAy; y�C � kf kX�kykX
� ŒAy; y�C � kf kX�kykX � kykX .�A.kykX / � kf kX�/ ;

where �A.r/!C1 as r ! C1. Therefore there exists R1 > 0 such that 8" > 0

".y0; y0/H C hy0; yi C ŒAy; y�C � hf; yi � 0 8y 2 eW W kykX D R1: (2.4)
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Proposition 2.1. Under the conditions of Theorem 2.1, for each " > 0 problem
(2.1) has at least one solution y" 2 eW for wich the following estimate holds true

"ky0
"k2H C ky"kX � k; (2.5)

where k D k.f / does not depend on ".

Proof. Since the space V is separable simultaneously with eW (it is easy to
check, using the proof of Theorem 1.6), let fhngn�1 be the complete system in
eW . Remark that hi .0/ D N0 for i � 1. The approximate solution of (2.1) has to be
searched in the form

y"n D
nX

jD1
˛j;n" hj ;

where the constants ˛j;n" can be found from the following system of inequalities

".y0
"n; h

0/H C hy0
"n; hi C ŒAy"n; h�C � hf; hi 8h 2 Hn; (2.6)

where Hn is the linear span of fhi gniD1. Remark that Hn is finite-dimensional sepa-
rable Banach space with the norm k�kX . Hence, let fvigi�1 � Hn be a dense system
of vectors in Hn.

Proposition 2.2. For each n � 1 problem (2.6) has at least one solution y"n 2 Hn
for which the estimation ky"nkX � R1 holds true.

Proof. We approximate the solutions of (2.6) by a finite systems of algebraic
inequalities

(
".y0

"nm; v
0
i /H C hy0

"nm; vi i C ŒAy"nm; vi �C � hf; vii
".y0

"nm; v
0
i /H C hy0

"nm; vi i C ŒAy"nm; vi �� � hf; vii; i D 1;m;
(2.7)

where m � 1 is arbitrary and y"nm D
mP

jD1
˛
j;n
";mvj .

Proposition 2.3. For each m � 1 problem (2.7) has at least one solution N̨m";n D
.˛
j;n
";m/

m
jD1 2 R

m such that for y"nm. N̨m";n/ D
mP

jD1
˛
j;n
";mvj the estimation ky"nm

. N̨m";n/kX � R1 holds true and the set

G"n.m/ D
˚
y"nm. N̨m";n/ 2 Hn

ˇ
ˇ

y"nm. N̨m";n/ is a solution (2.7);
�
�y"nm. N̨m";n/kX � R1

�

is compact in Hn.
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Proof. For any fixedm � 1 let us consider the multivalued mapB W Rm ! Cv.R
m/

defined in the following way:

8 N̨ 2 R
m B. N̨ / D .Bi . N̨ //miD1;

where for each i D 1;m

Bi . N̨ / D
h
".y0. N̨ /; v0

i /H C hy0. N̨ /; vii C ŒAy. N̨ /; vi �� � hf; vii;
".y0. N̨ /; v0

i /H C hy0. N̨ /; vi i C ŒAy. N̨ /; vi �C � hf; vii
i
2 Cv.R/;

N̨ D .˛i /miD1; y. N̨ / D
mX

iD1
˛ivi ; y0. N̨ / D

mX

iD1
˛iv

0
i :

We consider the norm in R
m

k N̨ kRm D
�
�
�
�
�

mX

iD1
˛ivi

�
�
�
�
�
X

8 N̨ D .˛i /miD1 2 R
m

and paring

h N̨ ; Ňi D
mX

iD1
˛iˇi 8 N̨ D .˛i /miD1 2 R

m; Ň D .ˇi /miD1 2 R
m:

Due to Proposition 1 for each N̨ D .˛i /miD1 2 R
m

ŒB. N̨ /; N̨ �C D sup

(
mX

iD1
bi˛i

ˇ
ˇ
ˇ
ˇ
ˇ
bi 2 Bi . N̨ /; i D 1; n

)

�
mX

iD1

�
".y0. N̨ /; v0

i /H C hy0. N̨ /; vii C ŒAy. N̨ /; vi �C � hf; vi i
�
˛i

D
mX

iD1
".y0. N̨ /; ˛iv0

i /H C hy0. N̨ /; ˛ivi i C ŒAy. N̨ /; ˛ivi �C � hf; ˛ivii

� ".y0. N̨ /; y0. N̨ //H Chy0. N̨ /; y. N̨ /iCŒAy. N̨ /; y. N̨ /�C � hf; y. N̨ /i � 0;

as k N̨ kRm D ky. N̨ /kX D R1. Therefore,

ŒB. N̨ /; N̨ �C � 0 for all N̨ 2 R
m W k N̨ kRm D R1: (2.8)
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Similarly for each N̨ D .˛i /miD1 2 R
m and Ň D .ˇi /miD1 2 R

m

ŒB. N̨ /; Ň�C D sup

(
mX

iD1
biˇi

ˇ
ˇ
ˇ
ˇ
ˇ
bi 2 Bi . N̨ /; i D 1; n

)

D
mX

iD1

�
".y0. N̨ /; v0

i /H C hy0. N̨ /; vii � hf; vii
�
ˇi

C
mX

iD1

�
maxfŒAy. N̨ /; vi �C; ŒAy. N̨ /;�vi �Cg

�
� jˇi j:

The map

R
m 3 N̨ !

mX

iD1

�
".y0. N̨ /; v0

i /H C hy0. N̨ /; vi i � hf; vi i
�
ˇi

is affine and hence continuous. The upper semicontinuity of the map

R
m 3 N̨ ! maxfŒAy. N̨ /; vi �C; ŒAy. N̨ /;�vi �Cg 8i D 1;m

follows from the same statement for

R
m 3 N̨ ! ŒAy. N̨ /; vi �C and R

m 3 N̨ ! ŒAy. N̨ /;�vi �C i D 1;m:

The latter follows from (finite-dimensional) locally boundness and from (X IW )-
semibounded variation of A (Lemma 1.13). Hence for each Ň 2 R

m the map
R
m 3 N̨ ! ŒB. N̨ /; Ň�C is upper semicontinuous. So, in virtue of Castaing Theorem

[AE84], B is upper semicontinuous map on R
m.

Now, due to the relation (2.8) we can apply the analogue of “acute angle”
Lemma (see Corollary 2) for the map B . We obtain that for each m � 1 there
exists at least one solution (2.7) N̨m"n D .˛

j;n
";m/

m
jD1 2 R

m such that k N̨m"nkRm � R1.

Hence, for y"nm D
mP

jD1
˛
j;n
" vj the estimation ky"nmkX � R1 holds true.

The compactness of G"n.m/ obviously follows from the boundness of G"n.m/
and upper semicontinuity of B on R

m. ut
Let us consider the set

G"n D
\

m�1
G"n.m/:

It is not empty, since for each m � 1 G"n.m C 1/ � G"n.m/ and G"n.m/ is a
compact set. So, there exists y"n 2 G"n such that ky"nkX � R1 and

".y0
"n; v

0
i /H C hy0

"n; vii C ŒAy"n; vi �C � hf; vii 8i � 1:

Since fvigi�1 is dense in Hn the validity of (2.6) follows. ut
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From Propositions 2, 3 and (2.6) we obtain that for any " > 0 and n � 1 there

exists d"n 2
�

coAy"n such that

".y0
"n; �

0/H C hy0
"n; �i C hd"n; �i D hf; �i 8� 2 Hn: (2.9)

Substituting in the last relation � D y"n 2 Hn we obtain

"ky0
"nk2H C

1

2
ky"n.T /k2H C hd"n; y"ni D hf; y"ni: (2.10)

Hence
hd"n; y"ni � kf kX�R1 8" > 0; n � 1:

So, due to Proposition 2.2 and Property (˘ ) for A (see. Lemma 1.13) there exists
C > 0 such that

kd"nkX� � C 8" > 0; n � 1: (2.11)

From the estimate (2.10) it follows that

"ky0
"nk2H � .C C kf kX�/R1 8" > 0; n � 1:

Due to this and to Proposition 2.2 the estimation:

"ky0
"nk2H C ky"nkX � k.f / 8" > 0; n � 1 (2.12)

follows. Therefore, we may assume that for the arbitrary " > 0 the sequence
fy"ngn�1 (more exactly, some of its subsequences) is weakly convergent in reflex-
ive Banach space eW to the function y" and consequently y0

"n * y0
" in H and

y".0/ D N0.
In virtue of (2.11) for all " > 0 we may consider that up to a subsequence d"n *

~" in X�. By passing to the limit in (2.9) we obtain

".y0
"; �

0/H C hy0
"; �i C h~"; �i D hf; �i 8� 2 eW : (2.13)

Now, we show that ~" 2
�

coAy". Because of (X IW )-semibounded variation of
A we have that

".y0
"n � � 0; y0

"n � � 0/H C hy0
"n � � 0; y"n � �i C ŒAy"n; y"n � ���

� ŒA�; y"n � ��C � CA.RI ky"n � �k0W / 8� 2 eW ; (2.14)

where k � k0W is a seminorm compact with respect to the norm in W and to the norm
in eW . Here R > 0 such that ky"nkX � R, k�kX � R, k.f / � R.

Since [n�1Hn is dense in eW there exists a sequence v"n 2 Hn such that for
fixed " > 0

v"n ! y" strongly in eW as n!1:
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Hence in virtue of (2.9) and (2.14) we obtain

".y0

"n; y
0

"n�� 0/H Chy0

"n; y"n � �iChd"n; y"n � �i�".� 0; y0

"n � � 0/H �h� 0; y"n��i
D hf; y"n � v"ni C ".y0

"n; v
0

"n � � 0/H C hy0

"n; v"n � �i C hd"n; v"n � �i
� ".� 0; y0

"n � � 0/H � h� 0; y"n � �i
� ".y0

"n � � 0; y0

"n � � 0/H C hy0

"n � � 0; y"n � �i C ŒAy"n; y"n � ���
� ŒA�; y"n � ��C � CA.RI ky"n � �k0W /: (2.15)

Following relations hold true:

hf; y"n � v"ni ! 0; .y0
"n; v

0
"n � � 0/H ! .y0

"; y
0
" � � 0/H ;

hy0
"n; v"n � �i ! hy0

"; y" � �i; hd"n; v"n � �i ! h~"; y" � �i;
.� 0; y0

"n � � 0/H ! .� 0; y0
" � � 0/H ; h� 0; y"n � �i ! h� 0; y" � �i;

lim
n!1

ŒA�; y"n � ��C � ŒA�; y" � ��C;

CA.RI ky"n � �k0W /! CA.RI ky" � �k0W /;
as n!1. Then by passing to the limit in (2.15) as n!1, we have

".y0
"; y

0
" � � 0/H C hy0

"; y" � �i C h~"; y" � �i � ".� 0; y0
" � � 0/H � h� 0; y" � �i

D ".y0
" � � 0; y0

" � � 0/H C hy0
" � � 0; y" � �i C h~"; y" � �i

� ŒA�; y" � ��C � CA.RI ky" � �k0W /: (2.16)

In last inequality we set � D y" � �! where ! 2 eW . Hence

�".!0; !0/H C �h!0; !i C h~"; !i � ŒA.y" � �!/; !�C � 1
�
CA.RI k�!k0W /:

Due to radial lower semicontinuity of A we can pass to the limit as � ! 0C, we
have

h~"; !i � ŒAy"; !�� 8! 2 eW :

So ~" 2
�

coAy" namely y" satisfies inequality (2.3).
Remark also, that from (2.13) and from the definition of the derivative in the

sense of D.S IV �/ it follows that

"y00
" D d1" C d2" y0

".T / D N0 (2.17)

where d1" D ~" � f 2
�

coA.y"/ � f � X� and d2" D y0
" 2 H . Hence y00

" 2
X� CH . ut
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Let " ! 0. Then up to a subsequence y" * y in X . So, in virtue of (2.17) and
due to y0

".T / D N0 we have:

y0
".t/ D �"�1

T�tZ

0

d1".T � �/e�.T�t��/="d�; t 2 S;

where fd1"g is a bounded set in X�. Since "�1 1R

0

e�.�="/d� D 1 then from the

convolution product inequality it follows that fy0
"g is a bounded set inX�. Therefore

we may assume that y" * y in W up to a subsequence.
Using (2.5) we obtain

"j.y0
"; �

0/H j � "ky0
"kH k� 0kH �

p
k
p
"k� 0kH ! 0 as "! 0C :

Then due to (2.13) (remark that ~" 2
�

coAy"),

hy0; �i C h~; �i D hf; �i 8 � 2 eW ; (2.18)

where ~ is a weak limit of the sequence ~" in X�. Note, though, that the equality
(2.18) holds true 8� 2 W . Due to Proposition 2 to prove the Theorem it is sufficient
to show that h~; �i � ŒAy; ��C 8� 2 W . From the inequality (2.16), which is valid
for y", and in virtue of (2.13) the relation

hf; y" � �i � ".� 0; y0
" � � 0/H � h� 0; y" � �i � ŒA�; y" � ��C � CA.RI ky" � �k0W /;

follows and after passing to the limit as "! 0C (due to (2.18)), up to a subsequence
we have that

hy0 � � 0; y � �i C h~; y � �i � ŒA�; y � ��C � CA.RI ky � �k0W /

is valid 8 � 2 W . Setting in it � D y � �!, ! 2 W we find

�h!0; !i C h~; !i � ŒA.y � �!/; !�C � 1
�
CA.RI �k!k0W /:

Hence passing to the limit as � ! 0C due to radial lower semicontinuity of the
operator A and properties of the function CA we obtain the required relation:

h~; !i � ŒA.y/; !�� 8! 2 W:

The Theorem is proved. ut
Remark 2.3. Let in the last Theorem A be Volterra type operator, namely for any
u; v 2 X , t 2 S from the equality u.s/ D v.s/ for a.e. s 2 Œ0; t � it follows that
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ŒA.u/; �t �C D ŒA.v/; �t �C 8�t 2 X : �t .s/ D 0 for a.e. s 2 SnŒ0; t �; Œ��Vi
is some

seminorm on Vi (i D 1; 2), assume that Œy�Xi
D
�R

S

Œy.�/�
pi

Vi
d�
�1=pi

. Obviously

that Œ��Xi
is a seminorm on X . We can obtain the uniform boundness of solutions of

problem (2.6), if instead ofC-coercivity of the operatorA W X � X� the following
condition hold true:

9 �0 > 0; ˇ > 0; �1 > 0; �2 > 0; ˛ 2 R and f 2 X� such that 8y 2 W
hy0; yi C hd.y/; yi � hf; yi for the given d 2 �

coA; (2.19)

Œy�X1
C Œy�X2

C �0kykLp0
.SIH/ � ˇkykX ; (2.20)

hd.y/; yi � �1Œy�p1

X1
C �2Œy�p2

X2
C ˛; (2.21)

where p0 D max fr1; r2g.
Remark that sufficient conditions for (2.19)–(2.21) are following: for each y 2 X

Œy�X1
C Œy�X2

C �0kykLp0
.SIH/ � ˇkykX ; (2.22)

ŒAy; y�� � �1Œy�p1

X1
C �2Œy�p2

X2
C ˛; (2.23)

but the conditions (2.19)–(2.21) are weaker then (2.20), (2.21).

Proof. All the difference lies in the estimation obtaining:

ky"nkX � R1 for each " > 0; n � 1;

since the resolvability of problem (2.6) often follows from the resolvability of alge-
braic inequalities and inclusions theory (in Theorem 2.1 then, firstly, we choose a
bounded set in which solutions will lie and here we show that solutions of problem
(2.6) (if they do exist) are uniformly bounded). Since A is Volterra operator with
semibounded variation on W , then from (2.19) to (2.21) it follows that for each
t;2S

ky.t/k2H � ky.0/k2H
2

C hd.y/; yiXt
� hf; yiXt

for given d 2 A; (2.24)

Œy�X1t
C Œy�X2t

C �0kykLp0
.0;t IH/ � ˇkykXt

; (2.25)

and
hd.y/; yiXt

� �1Œy�p1

X1t
C �2Œy�p2

X2t
C Q̨ (2.26)

where for i D 1; 2 Œy�Xit
D � tR

0

Œy.�/�V pid�
�
1=pi is a seminorm on Xt D

X.Œ0; t �/, h�; �iXt
is paring on X�

t �Xt . Then, using Cauchi and Young inequalities,
and also (2.9), (2.10), (2.24), (2.25), (2.26) and y"n.0/ D N0 we obtain
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1

2
ky"n.t/k2H C �1

tZ

0

Œy"n.�/�
p1

V1
d� C �2

tZ

0

Œy"n.�/�
p2

V2
d�

� 1

2
ky"n.t/k2H C hd"n; y"niXt

� Q̨
� hf; y"niXt

� Q̨ � kf kX�
t
ky"nkXt

� Q̨

� 1

ˇ
kf kX�

t

�
Œy"n�X1t

C Œy"n�X2t
C �0ky"nkLp0

.0;t IH/
�
� Q̨

� C1C �1
2

tZ

0

Œy"n.�/�
p1

V1
d� C �2

2

tZ

0

Œy"n.�/�
p2

V2
d� CC2

�
tZ

0

ky"n.�/kp0

H d�
�2=p0

� C1 C �1

2
Œy"n�

p1

X1t
C �2

2
Œy"n�

p2

X2t
C C2ky"nk2Lp0

.Œ0;t �IH/:

Therefore

ky"n.t/k2H C �1Œy"n�p1

X1t
C �2Œy"n�p2

X2t
� 2C1 C 2C2ky"nk2Lp0

.Œ0;t �IH/;

hence

ky"n.t/kp0

H � C3 C C3
tZ

0

ky"n.�/kp0

H d� for each t 2 S; " > 0 and n � 1:

So, ky"n.t/kp0

H � C4eC4t namely ky"n.t/kH � C5. Then Œy"n�Xit
� C6, i D 1; 2

and ky"nkXt
� C7. The arbitrariness of t 2 S gives us the required estimation. ut

2.2 Brezis Method for W�0-Pseudomonotone Maps

2.2.1 Problem Definition

Let X be the reflexive Banach space, X� be its topologically adjoint,

h�; �iX W X� �X ! R is canonical paring:

We assume that for some interpolation pair of reflexive Banach spacesX1; X2,X D
X1 \ X2: Then due to Theorem 1.3 X� D X�

1 CX�
2 . Remark also that

hf; yiX D hf1; yiX1
C hf2; yiX2

8f 2 X� 8y 2 X;

where f D f1 C f2, fi 2 X�
i , i D 1; 2.



2.2 Brezis Method for W�0 -Pseudomonotone Maps 95

Let L W D.L/ � X ! X� be linear operator, with dense definitional domain,
A W X1 ! Cv.X

�
1 /, B W X2 ! Cv.X

�
2 / are the multivalued maps. We consider the

following problem:

Ly CA.y/C B.y/ 3 f; y 2 D.L/; (2.27)

where f 2 X� is arbitrary fixed.

Remark 2.4. Further we will assume that D.L/ is reflexive Banach space with the
norm

kykD.L/ D kykX C kLykX� 8y 2 D.L/:
The given condition is true through the maximal monotony of L on D.L/

(Corollary 1.8).

2.2.2 Singular Perturbations Method

Let us consider generally speaking the multivalued duality map

J.y/ D ˚� 2 X� j h�; yiX D k�k2X� D kyk2X
� 2 Cv.X

�/ 8y 2 X;

namely
J.y/ D @.k � k2X=2/.y/ 8y 2 X;

which is the corollary of Proposition 8. From Theorem 2 it follows that this map
is defined on the whole space X , and from [AE84] its maximal monotony follows.
Besides, due to [AE84, Theorem 4, p. 202 and Proposition 8, p. 203] for each
f 2 X� the map

J�1.f / D fy 2 X j f 2 J.y/g
D fy 2 X j hf; yiX D kf k2X� D kyk2X g 2 Cv.X/:

�

(2.28)

is also defined on the whole space X and it is the maximal monotone multivalued
map.

We will approximate the inclusion from (2.27) by the following:

"L�J�1.Ly"/C Ly" C A.y"/C B.y"/ 3 f: (2.29)

Definition 2.1. We will say that a solution y 2 D.L/ of problem (2.27) turns out
by Singular perturbations method, if y is a weak limit of a subsequence fy"nk

gk�1
of the sequence fy"n

gn�1 ("n & 0C as n ! 1) in the space D.L/ that for every
n � 1 D.L/ 3 y"n

is a solution of problem (2.29).



96 2 Differential-Operator Inclusions withW�0 -Pseudomonotone Maps

2.2.3 The Main Result

Theorem 2.2. Let X be a reflexive Banach space,

L W D.L/ � X ! X�

be a linear, densely defined, maximal monotone on D.L/ operator, A W X1 !
Cv.X

�
1 / andB W X2 ! Cv.X

�
2 / be finite-dimensionally locally bounded, s-mutually

bounded,�0-pseudomonotone onD.L/ multivalued maps, for which Condition .˘/
is valid. Also let for some f 2 X� there exists R > 0 such that

ŒA.y/; y�C C ŒB.y/; y�C � hf; yiX � 0 8y 2 X W kykX D R: (2.30)

Then there exists at least one solution y 2 D.L/ of problem (2.27).

Proof. Firstly let us show that for each " > 0 problem (2.29) has a solution in the
space D.L/.

For each y; ! 2 D.L/ we set

˘".y; !/ D "
	
L!; J�1.Ly/




C C hLy;!iX
C ŒA.y/; !�C C ŒB.y/; !�C � hf; !iX :

)

(2.31)

Remark that for any y 2 D.L/ the form

D.L/ 3 ! ! ˘".y; !/

is positively homogeneous, convex and lower semicontinuous in the graph norm L

k!kD.L/ D k!kX C kL!kX� 8! 2 D.L/:

Therefore due to Proposition 3 it follows that for each " > 0 there exists a
multivalued map

B".y/ W D.L/! Cv
�
.D.L//�

�
;

such that
˘".y; !/ D ŒB".y/; !�C for any y; ! 2 D.L/: (2.32)

Proposition 2.4. For every " > 0B" W D.L/! Cv
�
.D.L//�

�
is finitedimension-

ally locally bounded, �0-pseudomonotone onD.L/ multivalued map.

Proof. Since for each y 2 D.L/ the form

D.L/ 3 ! ! "ŒL!; J�1.Ly/�C C hLy;!iX
is positively homogeneous, convex and lower semicontinuous on D.L/ then due to
Proposition 3 we define new multivalued map
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M" W D.L/! Cv
�
.D.L//�

�

in the following way:

ŒM".y/; v�C D "ŒLv; J�1.Ly/�C C hLy; viX 8y; v 2 D.L/: (2.33)

Remark that M" has bounded values since for each y; v 2 D.L/ the right side of
the last equality is bounded above.

Lemma 2.1. For every " > 0 the multivalued map M" is monotone, bounded and
upper hemicontinuous on D.L/.

Proof. Firstly let us prove monotony of M". From (2.33) and from Proposition 1
for all y1; y2 2 D.L/ we obtain:

ŒM".y1/; y1 � y2�� D "
	
Ly1 � Ly2; J�1.Ly1/




� C hLy1; y1 � y2iX ;

ŒM".y2/; y1 � y2�C D "
	
Ly1 �Ly2; J�1.Ly2/




C C hLy2; y1 � y2iX :
Since J�1 is a monotone map, and the operator L is positive, then comparing the
last two equalities we have

ŒM".y1/; y1 � y2�� � ŒM".y2/; y1 � y2�C for any y1; y2 2 D.L/:

So monotony of M" on D.L/ is proved.
Now we prove hemicontinuity of M" on D.L/. We will prove the statement by

contradiction. Let ! 2 D.L/, yn ! y in D.L/ and ˇ > 0 such that

8n � 1 ŒM".yn/; !�C � ˇ C ŒM".y/; !�C : (2.34)

Remark that

ŒM".yn/; !�C D hLyn; !iX C "
	
L!; J�1.Lyn/




C 8n � 1:

In virtue of Proposition 3 and the definition of the upper support function, for each
n � 1 the existence of ln D ln.!/ 2 J�1.Lyn/ such that

	
L!; J�1.Lyn/




C D hL!; lniX
follows. Hence similarly for any n � 1 the existence of m"n D m"n.!/ 2M".yn/

such that

hm"n; !iD.L/ D hLyn; !iX C "hL!; lniX D ŒM".yn/; !�C

follows. Due to boundness of J�1 (see (2.28) and Proposition 1.17) we have:

Lyn ! Ly in X� as m!1; (2.35)
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and therefore, in virtue of the Banach–Alaoglu Theorem the existence of a subse-
quence flnm

gm�1 � flngn�1 such that

lnm
* l in X as n!1 for some l 2 X (2.36)

follows. This implies that

lim
m!1

	
L!; J�1.Lynm

/



C D hL!; liX :

Now we prove that l 2 J�1.Ly/. From lnm
2 J�1.ynm

/ and from (2.28) it follows
that for all m � 1

hLynm
; lnm
iX D kLynm

k2X� D klnm
k2X :

Hence by passing to the limit as m!1 in virtue of (2.35) and (2.36) we have:

hLy; liX D kLyk2X� � klk2X ;

but
hLy; liX � kLykX�klkX :

So,
kLyk2X� D klk2X D hLy; liX

and due to (2.28) it implies that l 2 J�1.Ly/.
Finally we have

lim
m!1

	
L!; J�1 .Lynm

/



C D hL!; liX �
	
L!; J�1 .Ly/




C

and

lim
m!1 ŒM" .ynm

/ ; !�C D hLy;!iX C "hL!; liX
� hLy;!iX C "

	
L!; J�1 .Ly/




C D ŒM" .y/ ; !�C :

We obtained the contradiction with (2.34).
All we have to do is to prove boundness of M" on D.L/. In virtue of (2.33) and

(2.28) it implies that for every bounded in D.L/ set D � D.L/ for all y 2 D and
v 2 D.L/

ŒM".y/; v�C � "kLvkX�kJ�1.Ly/kC C kLykX�kvkX
� "kvkD.L/kLykX� C kykD.L/kvkD.L/
� ."C 1/kykD.L/kvkD.L/ � ."C 1/kDkCkvkD.L/ < C1:
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Therefore in virtue of Banach–Steinhaus Theorem

kM".D/kC � ."C 1/kDkC < C1:

Boundedness above is proved. Lemma 2.1 is proved. ut
Since every hemicontinuous monotone on D.L/ multivalued map is

�0-pseudomonotone on D.L/ (see [ZM00, Proposition 6 and Remark 3, c.63])
then the multivalued map M" also is �0-pseudomonotone on D.L/. Hence, due to
Lemma 1.15 and s-mutual bounededness of (A;B) on X the same is valid for B".
Finite-dimensional local boundness of B" follows from the same property for A, B
and M" and from (2.31), (2.32). The Proposition is proved. ut

From Lemma 1.15 and from Remark 1 it follows that the mapAC B W X � X�
is �0-pseudomonotone on D.L/ and satisfies Condition (˘ ) on X .

The relations (2.33) and (2.28) imply for arbitrary " > 0 and y 2 D.L/

ŒM".y/; y�C D "ŒLy; J�1.Ly/�C C hLy; yiX � "kLyk2X� � 0:

Hence, due to Proposition 1 and (2.30) for every " > 0

8
<

:

ŒB".y/; y�C D "
	
Ly; J�1.Ly/




C
ChLy; yiX C ŒA.y/; y�C C ŒB.y/; y�C
�hf; yiX � 0 8y 2 D.L/ W kykX D R:

(2.37)

Proposition 2.5. For every " > 0 there exists at least one solution of the problem

N0 2 B".y"/; y" 2 D.L/; ky"kX � R: (2.38)

Remark 2.5. Remark that k � kX is the norm onD.L/.

Proof. Let F be a filter of all finite-dimensional subspaces of the space D.L/. In
an arbitrary subspace F 2 F let us consider the norm k � kF D k � kX

ˇ
ˇ
F

induced
from the space X to the space F � X . Now we fix an arbitrary " > 0 and prove the
validity of the following Proposition.

Proposition 2.6. For any F 2 F there exists at least one solution y"F 2 F of the
problem

ŒB".y"F /; h�C � 0 8h 2 F (2.39)

for which the estimation ky"F kX � R is true.

Proof. Let a space F 2 F be arbitrary fixed. Since F is finite-dimensional sepa-
rable Banach space with respect to the norm k � kF on F then there exists a vector
system fvigi�1 � F which is dense in F . We will approximate (2.39) by the finite
system of algebraic inequalities
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ŒB".y"Fm/; vi �� � 0 � ŒB".y"Fm/; vi �C i D 1;m; (2.40)

wherem � 1 and the solution y"Fm 2 F are represented in the form of
mP

jD1
˛
j;F
";m vj .

Proposition 2.7. For m � 1 problem (2.40) has at least one solution N̨m";F D
.˛
j;F
";m /

m
jD1 2 R

m such that for

y"Fm. N̨m";F / D
mX

jD1
˛j;F";m vj

the estimation
ky"Fm. N̨m";F /kX � R

holds true. Moreover, the set

G"F .m/ D
n
y"Fm. N̨m";F / 2 F j y"Fm. N̨m";F / satisfies (2.40)

and ky"Fm. N̨m";F /kX � R
o

is compact in F .

Proof. For any fixedm � 1 let us consider the multivalued mapB W Rm ! Cv.R
m/

which is defined in the following way:

8 N̨ 2 R
m B. N̨ / D .Bi . N̨ //miD1;

where for every i D 1;m

Bi . N̨ / D
h
ŒB".y. N̨ //; vi ��; ŒB".y. N̨ //; vi �C

i
2 Cv.R/; N̨ D .˛i /miD1:

In R
m we consider the norm

k N̨ kRm D ky. N̨ /kX D
�
�
�
�
�

mX

iD1
˛ivi

�
�
�
�
�
X

8 N̨ D .˛i /miD1 2 R
m

and the paring

h N̨ ; Ňi D
mX

iD1
˛iˇi 8 N̨ D .˛i /miD1 2 R

m; Ň D .ˇi /miD1 2 R
m:
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Due to Proposition 1 and (2.37) it implies that for each N̨ D .˛i /miD1 2 R
m

ŒB. N̨ /; N̨ �C D sup

(
mX

iD1
bi˛i

ˇ
ˇ
ˇ
ˇ
ˇ
bi 2 Bi . N̨ /; i D 1; n

)

�
mX

iD1
ŒB".y. N̨ //; vi �C˛i D

mX

iD1
ŒB".y. N̨ //; ˛ivi �C

�
"

B".y. N̨ //;
mX

iD1
˛ivi

#

C
D ŒB".y. N̨ //; y. N̨ /�C � 0;

as k N̨ kRm D ky. N̨ /kX D R. Hence,

ŒB. N̨ /; N̨ �C � 0 for all N̨ 2 R
m W k N̨ kRm D R: (2.41)

Similarly for all N̨ D .˛i /miD1 2 R
m and Ň D .ˇi /miD1 2 R

m

ŒB. N̨ /; Ň�C D sup

(
mX

iD1
biˇi

ˇ
ˇ
ˇ
ˇ
ˇ
bi 2 Bi . N̨ /; i D 1; n

)

D
mX

iD1

�
maxfŒB".y. N̨ //; vi �C; ŒB".y. N̨ //;�vi �Cg

�
� jˇi j:

Upper semicontinuity of the map

R
m 3 N̨ ! maxfŒB".y. N̨ //; vi �C; ŒB".y. N̨ //;�vi �Cg 8i D 1;m

follows from the same Proposition for the maps

R
m 3 N̨ ! ŒB".y. N̨ //; vi �C and R

m 3 N̨ ! ŒB".y. N̨ //;�vi �C i D 1;m:
(2.42)

The latter follows from finite-dimensional local boundness and �0-pseudomonotony
of B" on D.L/. Indeed due to Lemma 1.14 and Proposition 2.4 we have that B" is
�-pseudomonotone and locally bounded on F ,and hence, due to [M00, Lemma 1,
p. 1516] and [AE84, Proposition 2, p. 127] for each Ň 2 R

m the map (2.42) is upper
semicontinuous. Therefore,

R
m 3 N̨ ! ŒB. N̨ /; Ň�C

is upper semicontinuous. So, in virtue of Castaing Theorem [AE84, p. 132], B is
upper semicontinuous on R

m. Now, due to (2.41) we can apply the “acute angle”
Lemma for multivalued maps (see Lemma 2) to the map B . The given Lemma
implies that for everym � 1 there exists at least one solution (2.40)

N̨m"F D .˛j;F";m /mjD1 2 R
m such that k N̨m"F kRm � R:
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Hence, for

y"Fm D
mX

jD1
˛j;F" vj

the estimation ky"FmkX � R is valid.
The compactness of G"F .m/ directly follows from boundness of G"F .m/ and

hemicontinuity of B on R
m. Proposition 2.7 is proved. ut

We continue the proof of Proposition 2.6. Let us consider the set

G"F D
\

m�1
G"F .m/:

It is not empty, since for any m � 1

G"F .mC 1/ � G"F .m/;

and G"F .m/ is the compact (namely, the family fG"F .m/gm�1 is centered in F ).
Therefore

9y"F 2 G"F W ky"F kX � R and ŒB".y"F /; vi �C � 0 8 i � 1:

Due to the density of the system fvigi�1 in the space F we have the validity of
(2.39) for y"F 2 F . Proposition 2.6 is proved. ut
We continue the proof of Proposition 2.5. For arbitrary " > 0 and F 2 F let us
consider the nonempty set

G"F D fy"F 2 F j y"F satisfies(2.39) and ky"F kX � R g

and prove its boundness in D.L/ uniformly by F for any fixed " > 0.
From inequality (2.39) and equalities (2.31), (2.32) and (2.28) we obtain that for

any " > 0, F 2 F , y"F 2 G"F
"k.Ly"F /kX� C hLy"F ; y"F iX C ŒA.y"F /; y"F �C C ŒB.y"F /; y"F �C
� hf; y"F iX � 0 � "k.Ly"F /kX� C hLy"F ; y"F iX
CŒA.y"F /; y"F �� C ŒB.y"F /; y"F �� � hf; y"F iX :

Hence due to the definition of upper and lower support functions the existence of

d 0.y"F / 2 A.y"F / and d 00.y"F / 2 B.y"F /;

such that
"kLy"F k2X� C hLy"F ; y"F iX C hd 0.y"F /; y"F iX1

Chd 00.y"F /; y"F iX2
D hf; y"F iX

�

(2.43)
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follows. Due to L � 0 and (2.43) we obtain that

hd 0.y"F /; y"F iX1
C hd 00.y"F /; y"F iX2

� kf kX�R:

Since for the map A C B W X ! Cv.X
�/ Condition (˘ ) is valid, the existence of

C1 > 0 such that

kd 0.y"F /C d 00.y"F /kX� � C1 8" > 0; F 2 F ; y"F 2 G"F (2.44)

follows. In virtue of validity of estimations (2.43) and (2.44) we obtain also that for
each " > 0

"kLy"F k2X� � .C1 C kf kX�/R

for all F 2 F and y"F 2 G"F . Hence, for each fixed " > 0

sup
F 2F

kG"F k.D.L//C � RC 1

"
.C1 C kf kX� /R DW C2; (2.45)

where
kG"F k.D.L//C D sup

y2G"F

kykD.L/:

Remark that C2 depends on " > 0.
From the inequality (2.39) and from Proposition 2 for any " > 0, F 2 F ,

y"F 2 G"F the existence of ˇ.y"F / 2 B".y"F / such that

hˇ.y"F /; hF iD.L/ D 0 8hF 2 F (2.46)

follows. Now we prove boundness of fˇ.y"F /gF2F in the space .D.L//� 8" > 0.
From (2.32), (2.31), (2.28), (2.44), (2.45), from the definitions G"F and k � kD.L/
for all F 2 F , y"F 2 G"F and ! 2 D.L/ it follows that:

hˇ.y"F /; !iD.L/ � ŒB".y"F /; !�C � "kL!kX�kLy"F kX�

CkLy"F kX�k!kX C C1k!kX C kf kX�ky"F kX
� .1C "/k!kD.L/ky"F kD.L/ C C1k!kD.L/ C kf kX�ky"F kD.L/
� .1C "/k!kD.L/kG"F kC C C1k!kD.L/ C kf kX�kG"F kC:

Hence for every ! 2 D.L/

sup
F 2F

sup
y"F 2G"F

hˇ.y"F /; !iD.L/ � sup
F 2F

ŒB".G"F /; !�C

� .1C "/k!kD.L/kG"F kC C C1k!kD.L/ C kf kX�kG"F kC < C1:

Therefore, in virtue of Banach–Steinhaus Theorem there exists C3 > 0 such that

8F 2 F ; y"F 2 G"F kˇ.y"F /k.D.L//� � C3: (2.47)
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Remark that C3 depends on " > 0.
For each F0 2 F we define the following set:

K"F0
D

[

F2F WF�F0

G"F :

Due to (2.45) we have
sup
F 2F

kK"F k.D.L//C � C3

and for any finite set of subspaces fFj gnjD1 � F and any F 2 F such that F 	
Sn
jD1 Fj we have:

; ¤ K"F �
n\

jD1
K"Fj

:

Hence, in virtue of the Banach–Alaoglu Theorem (theD.L/ due to Proposition 1.17
is reflexive) fK!"F gF2F is the centered system of weakly compact sets where K

!

"F

is a weak closure ofK"F inD.L/. So, due to [RS80, Proposition, p. 98] there exists

y0 2
\

F2F

K
!

"F :

Now let us show that y0 is a solution of problem (2.38). We prove this Proposition
by contradiction. Is N0 62 B".y0/ then due to [R73, Theorem 3.4, p. 70] there exists
!0 2 D.L/ such that

ŒB".y0/; !0�� > 0: (2.48)

We take F0 2 F from the condition y0; !0 2 F0. Then there exist subsequences

fyngn�1 � K"F0
and fFngn�1 � F .F0 �

\

n�1
Fn/;

such that
G"Fn

3 yn * y0 in D.L/ as n!1: (2.49)

Due to (2.47) and in virtue of the Banach–Alaoglu Theorem (the space D.L/ is
reflexive due to Proposition 1.17) we can assume that

B".yn/ 3 ˇ.yn/ * ˇ in.D.L//� as n!1 (2.50)

fore some ˇ 2 .D.L//�.
Setting in (2.46) hFn

D yn � y0 2 Fn we obtain

0 D hˇ.yn/; yn � y0iD.L/ ! 0 as n!1:

Therefore, due to (2.49) and (2.50) we can apply �0-pseudomonotony for B"

on D.L/. It implies the existence of subsequences fynm
gm�1 � fyngn�1 and
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fˇnm
gm�1 � fˇngn�1 such that

ŒB".y0/; y0�!�� � lim
m!1

hˇ.ynm
/; ynm

�!iD.L/ � hˇ; y0�!iD.L/ 8! 2 D.L/:

Substituting in the last relation ! D y0 � !0 we obtain:

ŒB".y0/; !0�� � hˇ; !0iD.L/ D lim
m!1hˇ.ynm

/; !0iD.L/ D lim
m!1 0 D 0:

The latter contradicts with (2.48). Hence, y0 2 D.L/ is the solution of problem
(2.38).

To complete the proof let us remark that n � 1 kynkX � R. Due to (2.49) and
the continuity of the embedding ofD.L/ inX it follows that yn * y0 inX . Hence,

R � lim
n!1

kynkX � ky0kX :

Proposition 2.5 is proved. ut
Let us continue the proving Theorem 2.2. Due to (2.31)–(2.33) and Proposition 3
we have that for every " > 0 there exist d 0.y"/ 2 A.y"/, d 00.y"/ 2 B.y"/ and
m".y"/ 2M".y"/ such that

hm".y"/; hiD.L/ C hd 0.y"/; hiX1
C hd 00.y"/; hiX2

� hf; hiX D 0 8h 2 D.L/;
(2.51)

moreover, due to (2.28),

hm".y"/; y"iD.L/ D "kLy"k2X� C hLy"; y"iX :

Hence from (2.51) we obtain:

"kLy"k2X� C hLy"; y"iX C hd 0.y"/; y"iX1
C hd 00.y"/; y"iX2

D hf; y"iX :
(2.52)

Due to L � 0 and (2.52) we have:

hd 0.y"/; y"iX1
C hd 00.y"/; y"iX2

� kf kX�R 8" > 0:

Since the map A (and B respectively) satisfies Condition (˘ ) on X1 (on X2
respectively) then there exist C4 > 0 and C5 > 0 such that

kd 0.y"/kX�

1
� C4; kd 00.y"/kX�

2
� C5 8" > 0: (2.53)

From (2.51) and (2.33) it follows that for any h 2 D.L/

"ŒLh; J�1.Ly"/�C C hLy"; hiX Chd 0.y"/; hiX1
Chd 00.y"/; hiX2

� hf; hiX � 0:
(2.54)
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For every " > 0 due to Proposition 3 (the space X is reflexive)we take h" 2
J�1.Ly"/ from (2.54) such that

"hLh; h"iX C hLy"; hiX C hd 0.y"/; hiX1

Chd 00.y"/; hiX2
� hf; hiX D 0 8h 2 D.L/: (2.55)

The form

D.L/ 3 h! hLh; h"iX D 1

"
.hf; hiX2

� hLy"; hiX
� hd 0.y"/; hiX1

� hd 00.y"/; hiX2
/

is continuous in the topology induced fromX onD.L/. Due to the definition of the
operator L� adjoint with L it follows that

h" 2 D.L�/ and hLh"; h"iX D hL�h"; h"iX :

Hence and from (2.55), specifically, it follows:

"hL�h"; hiX C hLy"; hiX C hd 0.y"/; hiX1
C hd 00.y"/; hiX2

� hf; hiX
D h"L�h" C Ly" C d 0.y"/C d 00.y"/� f; hiX D 0 8h 2 D.L/;

namely, due to density of D.L/ in Y , y" satisfies the inclusion (2.29).
Now we set in (2.55) h D h". Hence we obtain:

"hLh"; h"iX C hLy"; h"iX C hd 0.y"/; h"iX1
C hd 00.y"/; h"iX2

D hf; h"iX :

Due to L � 0, (2.28) and (2.53) we have:

kLy"k2X� � .C4 C C5 C kf kX�/ � kLy"kX� 8" > 0:

Hence, there exists C6 > 0 such that

kLy"kX� � C6 8" > 0:

Therefore due to Proposition 1, estimations (2.53) and previous inequality, in virtue
of the Banach–Alaoglu Theorem we can affirm that up to a subsequence

y" * y0 in D.L/;A.y"/C B.y"/ 3 d 0.y"/C d 00.y"/ DW d.y"/ * d0 in X�
(2.56)

for some y0 2 D.L/ and d0 2 X�. We will denote the given subsequences as fy"g
and fd"g respectively.

Let us prove that
lim
"!0Chd.y"/; y" � y0iX � 0: (2.57)
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Indeed, due to (2.54)–(2.56) (since L � 0) we obtain that

lim
"!0Chd.y"/; y" � y0iX � lim

"!0C 2C6R"C lim
"!0ChLy0; y" � y0iX

C lim
"!0Chf; y" � y0iX � 0:

Now we show that y0 2 D.L/ is a solution of problem (2.27). Due to
�0-pseudomonotony of A C B on D.L/, (2.56) and (2.57) by passing (if it nec-
essary) to the subsequence we obtain:

hd0; y0 � !iX � lim
"!0Chd.y"/; y" � y0iX C lim

"!0Chd.y"/; y0 � !iX
� lim
"!0C

hd.y"/; y" � !iX
� Œ.AC B/.y0/; y0 � !�� 8! 2 D.L/: (2.58)

On the other hand setting in (2.54) h D ! � y0, we obtain:

hd0; y0 � !iX D lim
"!0C

hd.y"/; y0 � !iX
� lim

"!0C
.C6Ck!kX/R"C lim

"!0C
hLy"; ! � y0iX C lim

"!0C
hf; y" � !iX

D hf � Ly0; y0 � !iX 8! 2 D.L/:

Hence, due to (2.58), for any ! 2 D.L/

hf � Ly0; !iX � Œ.AC B/.y0/; !�C:

This means that for any ! 2 D.L/

hLy0; !iX C ŒA.y0/; !�C C ŒB.y0/; !�C � hf; !iX ;

namely, due to density of D.L/ in X , y0 2 D.L/ is a solution of problem (2.27).
The Theorem is proved. ut
Corollary 2.1. Let X be a reflexive Banach space,

L W D.L/ � X ! X�

be a linear, densely defined, maximal monotony onD.L/ operator,AWX1!Cv.X
�
1 /

and BWX2!Cv.X
�
2 / be finite-dimensionally locally bounded, �0-pseudomo-

notone on D.L/ multivalued maps, which satisfy Condition .˘/. We assume that
the embedding of D.L/ in some Banach space Y is compact and dense, and the
embedding of X in Y is dense and continuous, and let N W Y � Y � be locally
bounded multivalued map such that the graph N is closed in Y � Y �

w (namely with
respect to strong topology in Y and weakly star one in Y �) and which satisfies
Condition (˘ ). Moreover, for f 2 X� there exists R > 0 such that
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ŒA.y/; y�C C ŒB.y/; y�C C ŒN.y/; y�C � hf; yiX � 0 8y 2 X W kykX D R:
(2.59)

Then there exists at least one solution of the problem

Ly C A.y/CB.y/CN.y/ 3 f; y 2 D.L/; (2.60)

turned out by the singular perturbations method.

Proof. We set C.y/ D B.y/CN.y/ for any y 2 X � Y . Due to continuity of the
embedding X � Y and Lemma 2 it follows that C satisfies Condition (˘ ) on X .
Finite-dimensional local boundness of C is obvious. In virtue of Proposition 1.26
the map C is �0-pseudomonotone on D.L/. Therefore, we apply Theorem 2.2 to
A, C , L. Consequently, problem (2.60) has at least one solution, turned out by
singular perturbations method. ut
Example 2.1. The symmetrical hyperbolic systems. Let ˝ � R

n be a bounded
domain with the boundary @˝ of the class C 1 and ˝ locally lies on one side of
@˝ . Consider the controlled system

@y

@t
C

nX

iD1
Bi .t; x/

@y

@xi
C U.t; x/y C a.t; x; y/ D u.t; x/ (2.61)

where .t I x/ 2 .0; T /�˝ D Q; y.t; x/ D fy1.t; x/; : : : ; yn.t; x/g, Bi .t; x/ are the
real symmetricalm�m-matrixes of the class C 1.Q/, U.t; x/ is a realm�m-matrix
of the class C 1.Q/. The operator

�.t/ D
nX

i

Bi .t; x/
@

@xi
C U.t; x/

is formally positive, i.e.

U.t; x/C U �.t; x/ �
nX

iD1

@Bi

@xi
.t; x/ � 0; .t; x/ 2 Q:

Consider m � l-matrix L.t; x/ having the constant rank l � m and the boundary
conditions generated by it

L.t; x/y.t; x/ D 0; .t; x/ 2 .0; T / � @˝: (2.62)

Let �.x/ be an external normal to @˝ and suppose that the matrix B�.t; x/ D
nP

iD1
Bi .t; x/�x.x/ is invertible 8.t; x/ 2 .0; T / � @˝ . In addition, let

h�; B�.t; x/�i � 0 8 � 2 Ker L.t; x/
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and the maximality condition is fulfilled: for any subspace E � R
n, strictly

containing Ker L.t; x/, there may be found � 2 E that h�; B�.t; x/�i � 0.
Define X D .Lp.Q//m, the operator

�y D @y

@t
C

nX

iD1
Bi .t; x/

@y

@xi
C U.t; x/y

with the definition domain D.�/ D f� 2 X j�� 2 X�; L.t; x/� D 0 on
P D

.0; T / � @˝ , �.0; x/ D 0 8 x 2 ˝g. In these conditions the differentiable operator
� W D.�/ � X ! X� is maximally monotone for p � 2 [ZM04].

Afterwards suppose that a W .0; T /�˝ �R
n ! R

m is a Caratheodory mapping,
and here

(1) ja.t; x; �/j � C1j�jp�1 C C2, .t; x; �/ 2 .0; T / �˝ � R
m.

(2) .a.t; x; �/; �/ � ˛j�jp C ˇ, .t; x; �/ 2 .0; T / �˝ �R
m.

(3) .a.t; x; �1/� a.t; x; �2/; �1 � �2/ � 0 8 �1; �2 2 R
m; .t; x/ 2 .0; T /�˝ . Here

the constants C1 > 0; ˛ > 0; C2; ˇ 2 R does not depend on .t I xI �/.
For a fixed U the corresponding Nemitskii operator A.y/ for a and � satisfy all

the requirements of Theorem 2.2.

Example 2.2. The nonlinear transfer equation. Let	 be a locally compact space in
R
n with the Radon measure 
 and the following controlled system is considered

@y

@t
C

nX

iD1
�i
@y

@xi
C
Z

�

K.t; x; �; Q�/y.t; x; �/
.d Q�/Ca.t; x; �/ D U.t; x; y/ (2.63)

where � 2 	; .t; x/ 2 .0; T / � ˝ D Q, the kernel K is such that y ! Ky DR

�

K.t; x; �; Q�/y.t; x; Q�/
.d Q�/ is the linear continuous operator in Lp.Q � 	/ D
X . And here the function a satisfies the requirements of the previous example.
Equation (2.63) is studied under the initial-bounded conditions y.t; x; �/D 0 if
.t; x/2P; � 2 	 and

nX

iD1
�i cos.�; xi / < 0; y.0; x; �/ D 0: (2.64)

On the operator�y D @y
@t
C

nP

iD1
�i
@y
@xi
CKy with the definition domain

D.�/ D f� 2 X j�� 2 X� and (2.64) is validg

the closure� is constructed. As it is known [ZM04], the operator� constructed in
such a way is maximally monotone. Therefore, adequately choosing u 2 U � X�
we obtain the conditions of Theorem 2.2.
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Example 2.3. The nonlinear Schrödinger equation (complex case). Consider the
controlled system

@y

@t
� i�y C jyjp�2y D u 2 L3.Q/

with the initial-bounded conditions yj˙ D 0, y.0; x/ D 0, x 2 ˝ . Passing to the
real case we obtain

@y1

@t
C�y2 C jyjp�2y1 D u1;

@y2

@t
��y1 C jyjp�2y2 D u2

where y D y1 C iy2. Suppose X D .Lp.Q//2,

�y D
�
@y1

@t
C y2I @y2

@t
C y1

�

I
A.u; y/ D fjyjp�2y1 � u1I jyjp�2y2 � u2g;
D.�/0 D fy 2 X j�y 2 X�; y10 D y20 D 0; y1˙ D y2˙ D 0g:

The operator �WD.�/ � X ! X� is maximally monotone [ZM04] and it is
easy to describe the subset of the admissible controls for the operator A to satisfy
Theorem 2.2.

2.3 Dubinskii Method for Noncoercive Operators

Differential-operator equations, inclusions and evolutional variational inequalities
have been extensively studied for last several decades. Interest in these objects
is caused, first of all, by their wide applications. As a rule, they are associated
with problems in mathematical physics, partial differential equations the differen-
tial operators of which admit a discontinuity with respect to the phase variable,
differential equations with discontinuous right-hand side, problems in the theory of
control and optimization, etc. In physics and mechanics, applied problems related to
phase transitions, unidirectional conductivity of boundaries of substances, propaga-
tion of electromagnetic, acoustic, vibroacoustic, hydroacoustic, and seismoacoustic
waves, quantum mechanical effects, etc., simulated the investigation of evolution
equations and inclusions [DL76, ZMN04, SY02]. The latest investigations in this
direction have been devoted to quasilinear equations with homogeneous bound-
ary conditions and linearized equations with non-linear conditions on the boundary
of the domain that can be reduced to non-linear operator differential equations
and inclusions. However, linearized objects do not always adequately describe the
investigated processes. For this reason, it is necessary to consider inclusions and
variational inequalities with substantially narrower set of properties. For monotone
noncoercive maps, such objects were studied in [GGZ74]. The differential-operator
inclusions with noncoercive maps of pseudomonotone type multimaps have not
been systematically studied yet.
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In this section we consider the first order evolutional inclusions with non-
coercive maps of the Volterra type. Our aim is to develop a noncoercive theory
for these objects and to obtain new results related to solvability and to validate con-
structive methods of investigation. The results obtained in this section are new for
both evolutional equations and evolutional inclusions.

As before let .V1; k � kV1
/ and .V2; k � kV2

/ be reflexive Banach spaces, con-
tinuously embedded in a Hilbert space .H; .�; �// such that for a numerable set
˚ � V D V1 \ V2

˚ is dense in V; V1; V2 and in H:

After identifyingH � H� we obtain

V1 � H � V �
1 ; V2 � H � V �

2 ;

with continuous and dense embedding, .V �
i ; k � kV �

i
/, i D 1; 2 be the topologically

adjoint with Vi space with respect to the form

h�; �iVi
W V �

i � Vi ! R;

that coincides (onH �˚) with the inner product in H .
Let us consider functional spaces Xi D Lri .S IH/ \ Lpi

.S IVi /, where S is
finite time interval, 1 < pi � ri < C1. The spacesXi are reflexive Banach spaces
with the norms

kykXi
D kykLpi

.SIVi / C kykLri
.SIH/;

X D X1\X2, kykX D kykX1
CkykX2

. LetX�
i (i D 1; 2) be topologically adjoint

with Xi . Then

X� D X�
1 CX�

2 D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /C Lr0

1
.S IH/CLr0

2
.S IH/;

where ri�1 C r 0
i
�1 D pi

�1 C qi�1 D 1 .i D 1; 2/. Let us define the pairing on
X� �X

hf; yi D
Z

S

.f11.�/; y.�//H d� C
Z

S

.f12.�/; y.�//H d� C
Z

S

hf21.�/; y.�/iV1
d�

C
Z

S

hf22.�/; y.�/iV2
d�

D
Z

S

.f .�/; y.�// d�;

where f D f11Cf12Cf21Cf22, f1i 2 Lr0

i
.S IH/, f2i 2 Lqi

.S IV �
i / .i D 1; 2/.

We recall that h�; �i coincides with the inner product in H D L2.S IH/ on H .
Let A W X � X� be the multivalued noncoercive map. We consider solutions in

the class W D fy 2 X j y0 2 X�g of the following problem:
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(
hy0; �i C ŒA.y/; ��C � hf; �i 8� 2 W;
y.0/ D N0;

where f 2 X� is arbitrary, y0 is the derivative of an element y 2 X considered
in the sense of the scalar distributions space D�.S IV �/ D L .D.S/IV �

w /, with
V D V1 \ V2.

On the reflexive Banach space W let us introduce the graph norm kykW D
kykX C ky0kX� , where

kf kX� D inf
f D f11 C f12 C f21 C f22 W

f1i 2 Lr0

i
.SIH/; f2i 2 Lqi .SIV �

i / .i D 1; 2/

max

(

kf11kL
r0

1
.SIH/I

kf12kL
r0

2
.SIH/I kf21kLq1

.SIV �

1
/I kf22kLq2

.SIV �

2
/

)

:

Remark that the embeddingW � C.S IH/ is continuous.
Now let us prove the Theorem about resolvability of differential-operator inclu-

sions with nonlinear noncoercive maps of w�-pseudomonotone type. Theorem 2.3
and its Corollary deal with the solvability of evolutional inequalities with non-
coercive multi-valued Volterra operators with .X IW /-semi-bounded variation. The
proof of these statements is based on the results of Theorem 2.1. For differential-
operator equations, similar results were obtained for monotone single-valued maps
in [GGZ74]. For single-valued maps with semi-bounded variation, the corre-
sponding results are presented in [ZMN04]. For the analysis of the solvability of
differential-operator inclusions and evolutional variational inequalities with coer-
cive multivalued maps, see [D65], [K94]– [VM00]. We remark that there are no
similar results for differential-operator inclusions and evolutional inequalities.

Theorem 2.3. Let maxfr1; r2g � 2; A W X � X� be the radial lower semicontin-
uous multivalued operator and for some � > 0

sup
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �y.t/; y.t/�dt � �.kykX /kykX 8y 2 X; (2.65)

where � W RC ! R is bounded below on bounded in RC sets function such that
�.r/!C1 as r !1, and 8R > 0, 8y; � 2 X : kykX � R; k�kX � R,

inf
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �y.t/; y.t/ � �.t/�dt

� sup
�.�/2A.�/

Z

S

e�2�t �
.�/.t/C ��.t/; y.t/ � �.t/�dt

� CA.RI ky � �kLp0
.SIV0//; (2.66)
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where CA 2 ˚0, p0 D minfp1; p2g, V is compactly embedded in Banach space V0
and V0 � V � is continuous. Then the statement of Theorem 2.1 is valid.

Proof. Let us introduce the following notation: y�.t/ D e��ty.t/, f�.t/ D
e��tf .t/, for any y 2 X the set A�.y�/ 2 Cv.X

�/ is well-defined by the relation

ŒA�.y�/; !�C D ŒA .y/C �y; !��C 8! 2 X

(we remark that the functional ! 7�! ŒA .y/ C �y; !��C is semiadditive, posi-
tively homogenous and lower semicontinuous as supremum of linear continuous
functionals). Then y 2 W is a solution of problem (2.2) if and only if y� satisfies

hy0
�; �i C ŒA�y�; ��C � hf�; �i 8� 2 W; y�.0/ D N0:

Therefore we must make sure that A� satisfies all conditions of Theorem 2.1.
Radial lower semicontinuity is obvious. Further, since ky�kX � kykX and ky�k�1X
ŒA�y�; y��C

� kyk�1X sup
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �y.t/; y.t/�dt � �.kykX /kykX ;

then the operator A� isC-coercive. By definition

ŒA�y�; y� � ���� D inf

.y/2A.y/

Z

S

�
e��t 
.y/.t/C �y.t/e��t ; e��t .y.t/ � �.t//�dt

D inf

.y/2A.y/

Z

S

e�2�t
�

.y/.t/C �y.t/; y.t/ � �.t/�dt

� sup

.�/2A.�/

Z

S

e�2�t
�

.�/.t/C ��.t/; y.t/ � �.t/�dt

�CA.RI ky � �kLp0 .SIV0//

D sup

.�/2A.�/

Z

S

�
e��t 
.�/.t/C ��.t/e��t ; e��t .y.t/ � �.t//�dt

�CA.RI ky � �kLp0 .SIV0// D ŒA���; y� � ���C
�CA.RI ky � �kLp0 .SIV0// (2.67)

Let us consider the weighting space Lp0;�.S IV0/ consisting of measurable func-
tions y� W S ! V0 for which the integral

R

S

e�tp0ky�.t/kp0

V0
dt is finite. Then

ky��kLp0
.SIV0/ D

0

@

Z

S

e�tp0ky�.t/ � ��.t/kp0

V0
dt

1

A

1=p0

D ky����kLp0;�.SIV0/:



114 2 Differential-Operator Inclusions withW�0 -Pseudomonotone Maps

Therefore due to (2.67) we obtain

ŒA�y�; y� � ���� � ŒA���; y� � ���C � CA.RI ky� � ��kLp0;�.SIV0//:

The Proposition about compactness of the embedding W � Lp0;�.S IV0/ com-
pletes the proof of the Theorem. This fact directly follows from continuity of the
embedding

W �
n
y 2 Lp0

.S IV / j y0 2 Lmin fr 0

1
;r0

2
g.S IV �/

o

and from Theorem 1.14 with B0 D V , B D V0, B1 D V �, p0 D p0 and p1 D
min fr 0

1; r
0
2g. ut

Definition 2.2. The set B belongs to the class H .X�/ if and only if, when for
arbitrary n � 1, fdigniD1 � B and Ej � S , j D 1; n: 8j D 1; n Ej is
measurable, [njD1Ej D S , Ei \ Ej D ; 8i ¤ j , i; j D 1; n the element

d.�/ DPn
jD1 dj .�/�Ej

.�/ 2 �
coB where

�Ej
.�/ D

�
1; � 2 Ej ;
0; elsewhere.

We remark that ;; X� 2H .X�/; 8f 2 X� ff g 2H .X�/; if K W S � V � is
a multivalued map, then

ff 2 X� j f .t/ 2 K.t/ for a.e. t 2 Sg 2H .X�/:

On another hand, as for any v 2 V � (v ¤ 0) g.�/ D v � �Œ0IT=2�.�/ … B , then the
convex closed set B D ff 2 X� j f .�/ � ˛v 2 V �; ˛ 2 Œ0; 1�g …H .X�/.

Further let us assume the validity of the following condition for A:

Definition 2.3. The multivalued map A W X � X� satisfies Condition (H ), if for
arbitrary y 2 X A.y/ 2H .X�/.

Definition 2.4. The multivalued map A W X � X� be the Volterra type operator,
if for any u; v 2 X , t 2 S from the equality u.s/ D v.s/ for a.e. s 2 Œ0; t � it follows
that ŒA.u/; �t �C D ŒA.v/; �t �C 8�t 2 X : �t .s/ D 0 for a.e. s 2 SnŒ0; t �.
Corollary 2.2. If max fr1; r2g � 2 and for some � � 0 A C �I W X � X�
is radial lower semicontinuous C-coercive operator of Volterra type with .X IW /-
semibounded variation with k � k0W D k � kLp0

.SIV0/ (p0, V0 satisfy conditions of
Theorem 2.3) and also satisfy Condition (H ). Then the statement of Theorem 2.3 is
valid.

Remark 2.6. In Corollary 2.2 Condition (H ) for A and C-coercivity of AC �I on
X can de replaced by �-coercivity of AC �I on X .

Proof. Let us prove that while the conditions of given corollary hold true the rela-
tions (2.65) and (2.66) are valid. Radial lower semicontinuity is easily verified. We
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prove the semiboundness of variation. Let for all R > 0, y; � 2 X : kykX � R,
k�kX � R the following relation be true:

ŒA.y/ � A.�/C �y � ��; y � ��� C CA.RI ky � �k0W / � 0:

We set OCA.RI �/ D max
�2Œ0;t �

CA.RI �/ for all R; t � 0 ( OCA 2 ˚0),

zt .�/ D
�

z.�/; 0 � � � t;
N0; t < � � T; t 2 S; z 2 X:

Let 
, � 2 A are fixed selectors. SinceA is the Volterra type operator then8t 2 S
tZ

0

�

.y/.�/C �y.�/ � �.�/.�/ � ��.�/; y.�/ � �.�/�d� C OCA

�
RI ky � �k0Wt

�

D
TZ

0

�

.yt /.�/C �yt .�/ � �.�t /.�/ � ��t .�/; yt .�/� �t .�/

�
d�

C OCA
�
RI kyt � �tk0W

�

� Œ.AC �I/.yt /� .AC �I/.�t /; yt � �t �� C OCA.RI kyt � �tk0W / � 0;

since kytkX � kykX and k�tkX � k�kX . Here k � k0Wt
D k � kLp0

.Œ0;t �IV0/.
We set

g.�/ D �
.y/.�/C �y.�/ � �.�/.�/ � ��.�/; y.�/ � �.�/�; � 2 S;

h.t/ D OCA
�
RI ky � �k0Wt

�
; t 2 S:

Remark that the function S 3 t ! h.t/ is monotone nondecreasing and

tZ

0

g.�/d� � �h.t/ 8t 2 S:

Hence,

TZ

0

e�2���
.y/.�/C �y.�/ � �.�/.�/ � ��.�/; y.�/ � �.�/�d�

D
TZ

0

e�2��g.�/d� D e�2�T
TZ

0

g.�/d� C 2�
TZ

0

e�2��
�Z

0

g.s/dsd�
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� �e�2�T h.T / � 2�
TZ

0

e�2��h.�/d� � �h.T /
�

e�2�T C 2�
TZ

0

e�2��d�



D �h.T / D � OCA
�
RI ky � �k0W

�
;

and this implies (2.66).
Let us verify (2.65). For any r > 0 let us set

Q�.r/ D inf
y2X; kykX Dr

sup
d2A.y/

hd C �y; yiX
kykX I Q�.0/ WD 0:

(a) Let us prove that Q�.r/ > �1: If it is not true, then 9fyngn�1 � fy 2
X j kykX D rg; 9fdngn�1 � X�; dn 2 A.yn/ 8n � 1 W

hdn C �yn; yniX
kynkX ! �1 as n! C1:

Then hdn; yniX � hdn; yniXC�kynk2Y D hdnC�yn; yniX D r � hdnC�yn;yniXkynkX
!

�1 as n! C1: Due to the boundedness of A we have that 9c1 > 0 W kdnkX� �
c1 8n � 1: We obtain the contradiction with the assumption. Thus, Q�.r/ > �1:

(b) We remark, that 8y 2 X

ŒA.y/C �y; y�C � Q�.kykX /kykX : (2.68)

Due to the boundednes of A (similarly to the case a) it follows that Q� is lower
bounded on bounded sets.

(c) Let us show that Q�.r/!C1 as r !C1: If it is not true, then 9frngn�1 �
.0;C1/ W rn % C1 as n! C1 and Q�.rn/ � c 8n � 1; where c is not depends
on n � 1: So, 8n � 1 9yn 2 X W kynkX D rn and

ŒA.yn/C �yn; yn�C
kynkX � c C 1 8n � 1:

Due to kynkX ! C1 as n ! C1; then we have the contradiction with C-
coercivity of AC �I:

Finally, ŒA.y/ C �y; y�C � Q�.kykX /kykX 8y 2 X; where Q� W RC ! R is a
lower bounded on bounded in RC sets function such that Q�.r/!C1 as r !C1:
So, inf

r�0 Q�.r/ DW a > �1: For any b > a we consider the nonempty bounded set

Ab D fc � 0 j Q�.c/ � bg: Let cb D supAb; b > a: We remark that 8b1 > b2 > a
cb2
� cb1

< C1 and cb !C1 as b !C1: We set

b�.t/ D
�
a; t 2 Œ0; caC1�;
aC k; t 2 .caCk ; caCkC1�; k � 1:
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Then, b� W RC ! R is a lower bounded on bounded sets nondecreasing function
such thatb�.r/! C1 as r !1 andb�.t/ � Q�.t/ 8t � 0.

Let us fix an arbitrary y 2 X: As A is the Volterra type, then

8t 2 S sup
d2A.y/

tR

0

�
d.�/C �y.�/; y.�/�d�

D sup
d2A.y/

TR

0

�
d.�/C �yt .�/; yt .�/

�
d� �b�.kytkX /kytkX

Db�.kykXt
/kykXt

;

where kykXt
D kytkX ; yt .�/ D

�
y.�/; � 2 Œ0; t �;
N0; elsewhere:

Let for any d 2 A.y/

gd .�/ D
�
d.�/C �y.�/; y.�/�; for a.e. � 2 S;

h.t/ Db�.kykXt
/kykXt

; t 2 S:

We remark that for all t 2 S h.t/ � minfb�.0/; 0gkykX and

8t 2 S sup
d2A.y/

tZ

0

gd .�/d� � h.t/:

Let us show that

sup
d2A.y/

TZ

0

e�2�� .d.�/C �y.�/; y.�//d� � e�2�T sup
d2A.y/

TZ

0

.d.�/C�y.�/; y.�//d�

C sup
d2A.y/

TZ

0

.e�2�� � e�2�T /.d.�/C �y.�/; y.�//d�: (2.69)

Let us set '.�/ D e�2�.T��/; � 2 Œ0; T �; .' 2 .0; 1�/: 8n � 1 'n.�/ D
n�1P
iD0

'. iT
n
/�
Œ iT

n
; .iC1/T

n
/
.�/; � 2 Œ0; T �: Then, 8d1 2 A.y/ 8d2 2 A.y/ 8i D

0; n � 1 '. iT
n
/d1 C .1 � '. iT

n
//d2 2 A.y/: We remark that 8� 2 Œ0; T �

j'n.�/ � '.�/j � 2�T
n
: Due the Condition (H ) we obtain that d D

n�1P
iD0
.'. iT

n
/d1 C

.1 � '. iT
n
//d2/�Œti ;tiC1/.�/ 2 A.y/: So,
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sup
d2A.y/

TZ

0

e�2�� .d.�/C �y.�/; y.�//d� �
TZ

0

.d.�/C �y.�/; y.�/e�2�� /d�

D
TZ

0

'n.�/.d1.�/C �y.�/; y.�/e�2�� /d�

C
TZ

0

.1 � 'n.�//.d2.�/C �y.�/; y.�/e�2�� /d�

� e�2�T
TZ

0

.d1.�/C �y.�/; y.�//d�

C
TZ

0

.e�2�� � e�2�T /.d2.�/C �y.�/; y.�//d�

� 2�T
n

�kA.y/kCkykX C �kyk2Y C kA.y/kCkykX C �kyk2Y
�
:

When n ! C1; taking sup by d1 2 A.y/; d2 2 A.y/ ia last inequality we will
obtain (2.69). From (2.69) it follows that

sup
d2A.y/

TZ

0

e�2�� .d.�/C �y.�/; y.�//d�

� e�2�T h.T /C 2� sup
d2A.y/

TZ

0

e�2�s
sZ

0

gd .�/d�ds

� e�2�T h.T /C 2�T sup
d2A.y/

inf
s2S e

�2�s
sZ

0

.d.�/C �y.�/; y.�//d�:

Let us show that

sup
d2A.y/

inf
s2S e

�2�s
sZ

0

.d.�/C �y.�/; y.�//d� � �c1kykX ;

where c1 D maxf�b�.0/; 0g � 0; that does not depend on y 2 X .
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Let y 2 X be fixed. Let us set

'.s; d/ D e�2�s
sZ

0

�
d.�/C �y.�/; y.�/�d�; a D sup

d2A.y/
inf
s2S '.s; d/;

Ad D fs 2 S j '.s; d/ � ag; s 2 S; d 2 A.y/:

In virtue of the continuity of '.�; d / on S it follows that Ad is nonempty closed set
for any d 2 A.y/. Really let for any fixed d 2 A.y/ there is sd 2 S such that

'.sd ; d / D min
Os2S

'.Os; d / � a:

The closureness of Ad follows from the continuity of '.�; d / on S .
Let us prove that fAd gd2A.y/ is a centered system. For fixed fdigniD1 � A.y/,

n � 1 let us set

 i .�/ D
�
di .�/C �y.�/; y.�/

�
;  .�/ D n

max
iD1  i .�/;

E0 D ;; Ej D
n
� 2 S n

�
[j�1
iD0Ei

�
j j .�/ D  .�/

o
; j D 1; n;

d.�/ D
nX

jD1
dj .�/�Ej

.�/:

We remark that 8j D 1; n Ej is measurable set, [njD1Ej D S , Ei \ Ej D ;
8i ¤ j , i; j D 1; n, d 2 X�. Furthermore,

'.s; di / D e�2�s
sZ

0

 i .�/d� � e�2�s
sZ

0

 .�/d� D '.s; d/; s 2 S; i D 1; n:

So, due to Condition (H ), d 2 A.y/ and for some sd 2 S

'.sd ; di / � '.sd ; d / D min
Os2S

'.Os; d / � a; i D 1; n:

Thus, sd 2 \niD1Adi
¤ ;.

As S is a compact and the family of closed subsets fAd gd2A.y/ is centered, then
9s0 2 S : s0 2 \d2A.y/Ad . This means that
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sup
d2A.y/

inf
s2S e

�2�s
sZ

0

�
d.�/C �y.�/; y.�/�d�

� sup
d2A.y/

e�2�s0
s0Z

0

�
d.�/C �y.�/; y.�/�d�

D e�2�s0 sup
d2A.y/

s0Z

0

gd .�/d� � e�2�s0h.s0/

� e�2�s0 minfb�.0/; 0gkykX � �maxf�b�.0/; 0gkykX D �c1kykX :

So, 8y 2 X

sup
d2A.y/

TZ

0

e�2�� .d.�/C �y.�/; y.�//d� � �e�2�Tb�.kykX / � 2�c1T
�kykX :

If we set �.r/ D e�2�Tb�.r/ � 2�c1T; then we obtain (2.65). ut
Remark 2.7. The condition (2.65) in Theorem 2.3 can be replaced by similar one
(2.20), (2.21), namely for each y 2 X

Œy�X1
C Œy�X2

C �0kykLp0
.SIH/ � ˇkykX ;

inf
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �y.t/; y.t/�dt � �1Œy�p1

X1
C �2Œy�p2

X2
C ˛:

Proof. Indeed (see the proof of Theorem 2.3), kykX � ky�kX and Œy�Xi
� Œy��Xi

,
i D 1; 2. Therefore

ŒA�y�; y��� D inf
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �y.t/; y.t/�dt

� �1Œy�p1

X1
C �2Œy�p2

X2
C ˛ � �1Œy��p1

X1
C �2Œy��p2

X2
C ˛:

Then using the identity of weighting norms it is easy to show the validity of the
inequality

Œy��X1
C Œy��X2

Cb�0ky�kLp0
.SIH/ � b̌ky�kX :

ut
Corollary 2.3. Let V2 D H , r1 � 2, p2 D r2 D 2, �0 > 0, A C �0I W X1 �
X�
1 is C-coercive, radial lower semicontinuous multivalued map with (X1;W )-

semibounded variation, ' W X2 ! R is convex lower semicontinuous functional.
Then for every f 2 X� there exists at least one solution y 2 W of the problem:
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hy0; � � yi C ŒAy; � � y�C C '.�/ � '.y/ � hf; � � yi 8� 2 W; y.0/ D N0;
(2.70)

under the condition that A and @' are operators of Volterra type which satisfy
Condition (H ).

Remark 2.8. In Corollary 2.3 Condition (H ) for A and @' and C-coercivity for
AC �0I can be replaced by �-coercivity for AC �0I on X1.

Remark 2.9. The inequality in (2.70) is equivalent to the following one:

hy0; � � yi C ŒAy; � � y�C C Œ@'.y/; � � y�C � hf; � � yi 8� 2 W; (2.71)

where
@'.y/ D fp 2 X�

2 j '.�/ � '.y/ � hp; � � yi 8� 2 X2g
is a subdifferential of the convex functional '.

The inequality (2.71) follows from the formula: 8u; v 2 X2

DC'.uI v � u/ WD lim
t!0C

'.uC t.v � u// � '.u/
t

D Œ@'.u/; v � u�C:

Remark 2.10. In the last corollary we do not demand coercivity of ' (respectively,
of @') on X2.

Proof. Now we show that the operator C D �I C �0I C A C @' W X � X�
satisfies all conditions of Corollary 2.2 for some � > 0.

To prove this it is sufficient to show the same for the multivalued operator

B.y/ D �y C @'.y/ 8y 2 X2;

where � > 0 is arbitrary fixed. Radial lower semicontinuity follows from upper
semicontinuity of @' on X2. Due to monotony of @' on X2 for each y 2 X2,

ŒB.y/; y�C D Œ.�I C @'/.y/; y�C D �hy; yi C Œ@'.y/; y�C
D �.y; y/H C Œ@'.y/; y � N0�C � �kyk2H C Œ@'.N0/; y � N0�C
� �kyk2X2

� k@'.N0/kCkykX2
:

Hence, for all y 2 X2
ŒB.y/; y�C
kykX2

� �kykX2
� k@'.N0/kC ! C1 as kykX2

!C1:

So, B is C-coercive. From monotony of @', since � > 0 it follows that B is also
monotone and therefore has semibounded variation on W . Hence problem (2.71)
has at least one solution y 2 W such that y.0/ D N0. So y is a solution of (2.70). ut
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2.4 Faedo-Galerkin Method for Differential-Operator
Inclusions

Differential-operator equations and inclusions appear at an analysis and control
of mathematical models of non-linear technological and industrial processes and
fields [ZN96,ZMN04]. Since the monotonous and continuous relationship between
determinative parameters is not natural [P85], we must take into account such non-
linear effects as unsmoothness, unmonotony etc [P85] when studying more exact
geophysical models. All of it leads to the necessity of qualitative and numeri-
cal investigation of models which can be described, in particular, by partial dif-
ferential equations that contain the unmonotony non-linearity in the main part
[S94]. One of the main classes of such operators is the class of operators of w�0

-
pseudomonotone type [CVM04,K91,S94]. The stationary operator inclusions with
such maps were systematically studied in works [KKK08a, KKK08b]. The goal
of the given section is to validate the Faedo-Galerkin method for periodic solu-
tions and Cauchi problem solutions of the class of the evolutional inclusions with
maps of w�0

-pseudomonotone type in infinite-dimensional spaces. This is the new
direction of investigations in comparison with well-known results (see for example
[KKK08a, KM05a, Pap94, P85, S94, ZN96] and references there).

2.4.1 Faedo-Galerkin Method I

2.4.1.1 Problem Definition

Again let .Vi IH IV �
i / – be evolutionary triples such that the space V D V1 \ V2

is continuously and densely embedded in H , fhigi�1 � V – is complete in V
countable vectors system, Hn D spanfhigniD1, n � 1;

X D Lr1.S IH/ \ Lr2.S IH/ \ Lp1
.S IV1/\ Lp2

.S IV2/;
X� D Lq1

.S IV �
1 /C Lq2

.S IV �
2 /C Lr0

2
.S IH/C Lr0

1
.S IH/;

Xi D Lri .S IH/ \Lpi
.S IVi /; X�

i D Lqi
.S IV �

i /C Lr0

i
.S IH/;

W D fy 2 X j y0 2 X�g; Wi D fy 2 Xi j y0 2 X�g i D 1; 2:

with the norms corresponding, we assume that p0 WD maxfr1; r2g < C1 (see
Remark 1.3).

For the multivalued map C W X � X� we consider the problem:

�
y0 C C.y/ 3 f
y.0/ D y0: (2.72)
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Here f 2 X�; y0 2 H is arbitrary fixed, y0 is the derivative of an element y 2 X
considered in the sense of scalar distributions space D�.S IV �/, S D Œ0IT �.

2.4.1.2 Faedo-Galerkin Method

For each n � 1 let us consider Banach spaces

Xn D Lp0
.S IHn/; X�

n D Lq0
.S IHn/; Wn D fy 2 Xn j y0 2 X�

n g;

where 1=p0 C 1=q0 D 1. Let us also remind, that for any n � 1 In – the canonical
embedding of Xn in X , I�

n W X� ! X�
n – is adjoint with In.

Let us introduce the following maps:

Cn WD I�
nCIn W Xn � X�

n ; fn WD I�
n f 2 X�

n :

Let us consider the sequence fy0ngn�0 � H :

8n � 1 Hn 3 y0n ! y0 in H as n! C1: (2.73)

Together with problem (2.72) 8n � 1 we consider the following class of
problems:

�
y0
n C Cn.yn/ 3 fn
yn.0/ D y0n: (2.74)

Definition 2.5. We will say, that the solution y 2 W of (2.72) turns out by Faedo-
Galerkin method, if y is a weak limit of a subsequence fynk

gk�1 from fyngn�1
in W , which satisfies the following conditions:

(a) 8n � 1 Wn 3 yn is a solution of (2.74).
(b) y0n ! y0 in H as n!1.

2.4.1.3 Main Results

Theorem 2.4. Let the multivalued map C W X ! Cv.X
�/ satisfies the following

conditions:

(1) C is �0-pseudomonotone on W .
(2) C is finite-dimensionally locally bounded.
(3) C satisfies Property (˘ ) on X .
(4) C satisfies the following coercive property:

9c > 0 W ŒC.y/; y�C � ckC.y/kC
kykX ! C1 as kykX !1:

Besides, let the system of vectors fhj gj�1 � V1 \ V2 exists, it is complete in V1, V2
and such that for i D 1; 2 the triple .fhj gj�1IVi IH/ satisfies Condition (� ) with
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constant Ci . Then for arbitrary f 2 X�, y0 2 H the set

KH .f / WD
�

y 2 W ˇ
ˇ y is the solution of problem (2.72),

which turns out by Faedo-Galerkin method

�

is nonempty. Moreover the representation

KH .f / D
[

fyongn�1�H satisfies (2.73)

\

n�1

� [

m�n
Km.fm/.y0m/




Xw

; (2.75)

is true, where for each n � 1

Kn.fn/.y0n/ D
n
yn 2 Wn j yn is a solution of problem (2.74)

o
;

Œ � �Xw is closuring operator in the space .X I �.X IX�//.

Proof. Let us consider the arbitrary sequence fy0ngn�1 � H , which satisfies (2.73).
Then 9ı > 0:

sup
n�1
ky0nkH � ı: (2.76)

Proposition 2.8. There exists a sequence fxngn�1 � W such that

(a) 8n � 1 xn 2 Wn � W .

(b) 8n � 1 kxnkX � c, kx0
nkX� � max2fC1IC2g�ı

2c
DW Nı,

where c > 0 is the constant from the condition (4) of Theorem 2.4.
(c) 8n � 1 xn.0/ D y0n.

Proof. Let us fix the arbitrary n � 1 and prove the solvability of the problem:

u0
n C "2J.un/ 3 N0;

un.0/ D y0n;
�

(2.77)

in classW , where u0
n is the derivative of the element un 2 X considered in the sense

of D.S IV �/,

" D ı �maxfC1; C2g
c
p
2

> 0;

Ci , i D 1; 2 are the constants from the condition of Theorem 2.4,

J.u/ D @
�
1

2
k � k2X

�

.u/ D ˚p 2 X� j hp; uiX D kuk2X D kpk2X�

� 2 Cv.X
�/

for all u 2 X (see Proposition 8).
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Lemma 2.2. Problem (2.77) has at least one solution un 2 W such that kunkX �
c

maxfC1;C2g , ku0
nkX� � maxfC1;C2g�ı2

2c
.

Proof. Let us consider the auxiliary problem:

Lvn C "2Zn.vn/ 3 N0;
vn 2 D.L/;

�

(2.78)

where L W D.L/ � X ! X� is taken in the following way:

Lv D v0 8v 2 D.L/ D fv 2 W j v.0/ D N0g;

v0 is the derivative of an element v 2 X considered in the sense of D.S IV �/,

Zn.v/ D J.v � zn/ 2 Cv.X
�/ 8v 2 X; zn.�/ � y0n 2 W:

Let us prove the solvability of problem (2.78) using Theorem 2.2 with

X1 D X2 D X; A D Zn; B � N0; f D N0; L D L; D.L/ D D.L/:

At first let us make sure that maps L and Zn satisfy the following conditions:

.i1/ LWD.L/ � X ! X� is linear maximal monotone on D.L/.

.i2/ ZnWX ! Cv.X
�/ is monotone, radial lower semicontinuous, bounded, coer-

cive.
.i3/ the set D.L/ is dense in X .

Now we consider .i1/. Linearity of L follows from linearity of the set D.L/ and
from linearity of the derivative. Now we prove the monotony. For each y 2 D.L/,
using equality (1.16) we have:

hLy; yiX D hy0; yiX D 1

2
.ky.T /k2H � ky.0/k2H / D

1

2
ky.T /k2H � 0:

Hence and using linearity of L on D.L/ monotony of L on D.L/ follows. Let us
prove maximal monotony of L on D.L/. Let v 2 X , w 2 X� be such that

8u 2 D.L/ hw �Lu; v � uiX � 0:

Firstly we are going to prove that v 2 W and v0 D w. Indeed, let u D h'x 2 D.L/,
where ' 2 D.S/, x 2 H , h > 0. Then

0 � hw� ' 0hx; v � 'hxiX D hw; viX �
�Z

S

.' 0.s/v.s/C '.s/w.s//ds; hx
�

C h' 0hx; 'hxiX
D hw; viX C hhv0.'/� w.'/; xiX ;
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where v0.'/, w.'/ are the values of distribution v0, w on the element ' 2 D.S/.
Therefore,

8' 2 D.S/ 8x 2 X hv0.'/� w.'/; xiX � 0:
Hence,

v0.'/� w.'/ D N0 8' 2 D.S/:

This means that v0 D w 2 X�. To prove that v.0/ D 0 let us take

u.t/ D v.T / � t
T
8t 2 S; u 2 D.L/:

Using (1.16) we obtain, that

0 � hv0 � Lu; v � uiX D hv0 � u0; v � uiX
D 1

2

�
kv.T / � u.T /k2H � kv.0/� u.0/k2H

�

D �1
2
kv.0/k2H � 0:

Hence kv.0/kH D 0. So, v 2 D.L/ and v0 D w.
Let us consider .i2/. Monotony and boundness of Zn on X follow from the

same properties as those ones of J , which in their turn follow from Theorem 2 and
Proposition 8. Let us prove radial lower semicontinuity. Let y; � 2 X be arbitrary
fixed. From Proposition 1

lim
t!0C

ŒZn.y C t�/; ��C � lim
t!0C

ŒZn.y C t�/; ���
D � lim

t!0CŒJ.y � zn C t� � tzn/;���C;

but since J D @ �k � k2X=2
�
, from Theorem 1 and the identity (15) we have:

lim
t!0CŒJ.y � zn C t� � tzn/;���C � ŒJ.y � zn/;���C

D �ŒJ.y � zn/; ��� D �ŒZn.y/; ���:

Therefore, radial lower semicontinuity of Zn on X is proved. At last we prove
coercivity of Zn. From Proposition 1 and identity (15) we have:

8u 2 X W kukX � 2kznkX ŒZn.u/; u�C � ŒJ.u � zn/; u � zn�C
C ŒJ.u � zn/; zn�� � ku � znk2X � ku � znkXkznkX
� ku � znkX .kuXk � 2kznkX / � .kukX � kznkX /.kukX � 2kznkX /
D kuk2X � 3kznkXkukX C kznk2X � kukX .kukX � 3kznkX /:
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Hence, for all u 2 X W kukX � 2kznkX
ŒZn.u/; u�C
kukX � kukX � 3kznkX !C1 as kukX ! C1:

Coercivity of Zn on X is proved.
Let us prove .i3/. From Proposition 1.8 it is sufficient to prove that for each n � 1

the set D.L/ \Xn is dense in Xn.

Lemma 2.3. For each n � 1

D.L/ \ Xn D fy 2 Wn j y.0/ D N0g DW ˝n:

Proof. “�” Let y 2 D.L/\Xn � Xn. Then from Proposition 1.9 and Corollary 1.2
we have:

y0 D .Pny/0 D Pny0 2 PnX� D I�
nX

� D X�
n :

Hence, y 2 Wn and y.0/ D N0.
“	” Let y 2 Wn: y.0/ D N0. This means that y 2 Xn, y0 2 X�

n � X� and
y.0/ D N0, namely y 2 D.L/ \Xn. Lemma 2.3 is proved. ut
Let us continue proving the condition .i3/. From [GGZ74, Lemma VI.1.5, p. 249] it
is sufficient to approximate an arbitrary function fromC 1.S IHn/ by functions from
˝n by the norm of the space k � kXn

. Let y 2 C 1.S IHn/ be an arbitrary function,

c WD max
t2S
ky.t/kHn

Cmax
t2S
ky0.t/kHn

:

For each m � 1 let us set

ym.t/ D
8
<

:

	
my0.1=m/�m2y.1=m/
 t2
C Œ2my.1=m/� y0.1=m/� t; t 2 Œ0; 1=m�;

y.t/; t 2 .1=m; T �:

Note that ym 2 ˝n. Indeed,

ym.0/ D N0; ym.1=m�/ D y.1=m/; y0
m.1=m�/ D y0

m.1=mC/ D y0
m.1=m/:

From the fact that for each m � 1

ky � ymkXn
D

0

B
@

1=mZ

0

ky.t/ � ym.t/kp0

H dt

1

C
A

1=p0

� c

m1=p0
C mc Cm2c

m2C1=p0
C 2mc C c
m1C1=p0

� 6c

m1=p0
! 0 as m!1;

the validity of .i3/ follows.
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From the properties .i1/–.i3/ it follows that all conditions of Theorem 2.2 hold
true, and therefore the auxiliary problem (2.78) has at least one solution vn 2 W :
vn.0/ D N0. Hence, keeping in mind the substitution u D v C zn (noticing that
Lzn D N0) we have that yn WD vn C zn 2 W is a solution of problem (2.77).
Therefore the solvability of problem (2.77) is proved.

Now let un 2 W be one of the solutions of problem (2.77). Then from Proposi-
tion 1, Proposition 8 and formula (1.16) we obtain:

ı2

2
� ky0nk

2
H

2
�
�kun.0/k2H

2
� kun.T /k

2
H

2

�

D h�u0
n; uni � "2ŒJ.un/; un��

D "2kunk2X D "2kJ.un/k2C.�/ D
1

"2
ku0
nk2X� :

Hence,

kunkX � c

maxfC1IC2g ; ku
0
nkX� � maxfC1; C2g � ı2

2c
:

Lemma 2.2 is proved. ut
Let us continue proving Proposition 2.8. We take un 2 W from the Lemma just
proved and set xn.�/ D Pnun.�/. From Proposition 1.6 it follows that xn.0/ D y0n.
From Proposition 1.6 and Lemma 2.2 it follows that xn 2 Wn and

kxnkX D kPnun.�/kX � maxfC1; C2gkunkX � c:

From Proposition 1.5 and Lemma 2.2 it follows that xn 2 Wn and

kx0
nkX� D kPnu0

n.�/kX� � maxfC1; C2gku0
nkX� � maxfC1; C2g2 � ı2

2c
D Nı:

From arbitrariness of n � 1 it follows that Proposition 2.8 is proved. ut
Let us continue to prove Theorem 2.4. From Proposition 2.8 for each n � 1 we

take xn 2 Wn in such way that xn.0/ D y0n, kxnkX � c and kx0
nkX� � Nı. We use

the coercivity condition (4). Let � W RC 7! R be defined in the following way:

�.r/ D inf
kykX Dr

kyk�1X � .ŒC.y/; y�C � ckC.y/kC/ 8r � 0:

From condition (4) of the current Theorem it follows that

�.r/ �! C1 as r �! C1;

also from Proposition 1 for all n � 1 and y 2 X it follows:
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ŒC.y C xn/ � f C x0
n; y�C

� ŒC.y C xn/; y C xn�C C hx0
n � f; yiX C ŒC.y C xn/;�xn��

� ŒC.y C xn/; y C xn�C �
�kx0

nkX� C kf kX�

� kykX �kC.y C xn/kCkxnkX
� ŒC.y C xn/; y C xn�C �

� Nı C kf kX�

� kykX � ckC.y C xn/kC:

Therefore, for all y 2 X : kykX > c

ŒC.y C xn/� f C x0

n; y�C

kykX � ŒC.y C xn/; y C xn�C � ckC.y C xn/kC
kykX � Nı � kf kX�

� �.ky C xnkX/kykX � ckykX � kf kX� � Nı !C1

uniformly on n � 1 as kykX ! C1, since ky C xnkX � kykX � c. Hence, there
exists r0 > ı such that

ŒC.y C xn/ � f C x0
n; y�C � 0 8n � 1; y 2 X W kykX � r0: (2.79)

We set R D 3r0. Then 8z 2 B Nı.0/ � Br0.0/, in particular for z D xn,

Br0.0/ � B2r0.z/ D
n
y 2 X

ˇ
ˇ
ˇ
ˇ ky � zkX � 2r0

o
� BR.0/: (2.80)

Resolvability of approximating problems

Lemma 2.4. For each n � 1 there exists a solution yn 2 Wn of problem (2.74)
such that kynkX � R.

Proof. Let for every n � 1

Dn.�/ WD Cn. � C xn/ W Xn � X�
n :

Given maps satisfy the following properties (see. [KM05a, p. 115–117]:

.i1/ Cn;Dn W Xn ! Cv.X
�
n /.

.i2/ Cn;Dn is �0-pseudomonotone on Wn, locally finite-dimensionally bounded;
Moreover,

.i3/ ŒDn.y/ � fn C x0
n; y�C � 0 8y 2 Xn W kykXn

D 2r0.
.i4/ Dn satisfies Property .˘/ on Xn.

Simultaneously with problem (2.74) we consider the following one:

�
z0
n CDn.zn/ 3 fn � x0

n

zn.0/ D 0: (2.81)

to find a solution zn in Wn.
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Let us introduce the operatorLn W D.Ln/ � Xn ! X�
n with definitional domain

D.Ln/ D fy 2 Wn j y.0/ D 0g D W 0
n ;

that maps by the rule:
8y 2 W 0

n Lny D y0;

where the derivative y0 is considered in the sense of distributions space D�.S IHn/.
Note that Ln well-defined, since W 0

n � Wn.

Lemma 2.5. [KM05a, Lemma 5, p. 117] For the operator Ln the following prop-
erties take place:

.i5/ Ln is linear.

.i6/ 8y 2 W 0
n hLny; yi � 0.

.i7/ Ln is maximal monotone.

Let us get back to the proof of Lemma 2.4. To prove the solvability of prob-
lem (2.81) we apply Theorem 2.2 with X1 D X2 D X D Xn, A D Dn, B � 0,
L D Ln, D.L/ D W 0

n , f D fn � x0
n, R D 2r0. Due to properties .i1/–.i7/ The

existence of a solution zn 2 Wn of problem (2.81) follows: kznkX � 2r0.
To complete the proof of Lemma 2.4 it is necessary to note that

yn WD zn C xn 2 Wn
is a solution of problem (2.74), if

zn 2 Wn W kznkX � 2r0
is a solution of problem (2.81). From kznkX � 2r0, due to (2.80), it follows that
kynkX � R. Lemma 2.4 is proved. ut
Passing to limit Due to Lemma 2.4 we have a sequence of Galerkin approximate
solutions fyngn�1, that satisfies following conditions:

(a) 8n � 1 W kynkX � R: (2.82)

(b) 8n � 1 W yn 2 Wn � W; y0
n C Cn.yn/ 3 fnI (2.83)

(c) 8n � 1 W yn.0/ D y0n ! y0 in H as n!1: (2.84)

From inclusion (2.83) we have that

8n � 1 9dn 2 C.yn/ W I�
n dn DW d 1n D fn � y0

n 2 Cn.yn/ D I �
nC.yn/: (2.85)

Lemma 2.6. From sequences fyngn�1; fdngn�1, that satisfy (2.82)–(2.85), subse-
quences fynk

gk�1 � fyngn�1 and fdnk
gk�1 � fdngn�1 can be isolated in such

way that for some y 2 W; d 2 X�; z 2 H following types of convergence will take
place:
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.1/ ynk
* y in X as k !1I (2.86)

.2/ y0
nk
* y0 in X� as k !1I (2.87)

.3/ dnk
* d in X� as k !1I (2.88)

.4/ ynk
.T / * z in H as k !1: (2.89)

Moreover in (2.86)–(2.89):

(i) y.0/ D y0; (ii) z D y.T /: (2.90)

Proof. 1ı. Let us prove boundness of fdngn�1 in X�. Due to (2.85), (1.16) and
(2.76), 8n � 1

C1 > kf kX�R � kf kX�kynkX � hf; yni D hfn; yni
D hy0

n; yni C hd 1n ; yni �
1

2

�

kyn.T /k2H � kyn.0/k2H
�

C hdn; yni

Therefore, 8n � 1

hdn; yni � kf kX�RC ı2=2 DW c2 < C1:

From here, and also from the estimate (2.82) and Property (˘ ) for C it follows that

9c4 > 0 W 8n � 1 kdnkX� � c4: (2.91)

2ı. Let us prove boundness of fy0
ngn�1 in X�. Due to (2.85) it follows that 8n � 1

y0
n D I�

n .f � dn/, and therefore keeping in mind (2.82), (2.91), we have:

kynkX� � kynkW � RCmaxfC1; C2g .kf kX� C c4/ DW c5 < C1; (2.92)

where Ci � 1 are the constant from Condition .�/. Hence from the continuity of
the embeddingW in C.S IH/ (Corollary 1.1) the existence of c6 > 0 follows:

8n � 1 foe all t 2 S kyn.t/kH � c6 < C1;

In particular,
8n � 1 kyn.T /kH � c6: (2.93)

3ı. From estimates (2.92), (2.91) and (2.93), due to the Banach–Alaoglu Theorem
(Theorem 1.2), keeping in mind reflexivity of X , the existence of subsequences

fynk
gk�1 � fyngn�1; fdnk

gk�1 � fdngn�1

and of elements y 2 W , d 2 X� and z 2 H , for which consequence types (2.86)–
(2.89) follows.
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4ı. Let us prove that
y0 D f � d: (2.94)

Let ' 2 D.S/; n 2 N and h 2 Hn. Then 8k W nk � n we have:

�Z

S

'.�/.y0
nk
.�/C dnk

.�//d�; h

�

D
Z

S

�

'.�/.y0
nk
.�/C dnk

.�//; h

�

d�

D
Z

S

�

y0
nk
.�/C dnk

.�/; '.�/h

�

d�

D hy0
nk
C dnk

;  i;

where  .�/ D h � '.�/ 2 Xn � X .
Note that we use the property of Bochner’s integral here [GGZ74, Theorem

IV.1.8, c.153]. Since for nk � n Hnk
	 Hn, then

hy0
nk
C dnk

;  i D hy0
nk
C dnk

; Ink
 i D hI�

nk
.y0
nk
C dnk

/;  i
D hy0

nk
C d 1nk

;  i D hfnk
;  i:

Due to Proposition 1.5 we have:

8k � 1 .nk � n/hfnk
;  i D hf; Ink

 i

D
Z

S

.f .�/; '.�/h/d� D
Z

S

.'.�/f .�/; h/d� D
0

@

Z

S

'.�/f .�/d�; h

1

A :

Therefore, for all k W nk � n
0

@

Z

S

'.�/y0
nk
.�/d�; h

1

A D
0

@

Z

S

'.�/.f .�/ � dnk
.�//d�; h

1

A

D
Z

S

�
.f .�/ � dnk

.�//; '.�/h
�
d� D hf � dnk

;  i

! hf � d; i D
0

@

Z

S

'.�/.f .�/ � d.�//d�; h
1

A as k !1: (2.95)

The latter follows from the weak convergence of dnk
to d in X�.

From convergence (2.87) we have:

 
R

S

'.�/y0
nk
.�/d�; h

!

!
 
R

S

'.�/y0.�/d�; h
!

D �y0.'/; h
�

as k ! C1;
(2.96)



2.4 Faedo-Galerkin Method for Differential-Operator Inclusions 133

where

8' 2 D.S/ y0.'/ D �y.' 0/ D �
Z

S

y.�/' 0.�/d�

is the derivative of an element y considered in the sense of D�.S; V �/.
Hence, due to (2.95) and (2.96) it follows that

8' 2 D.S/ 8h 2
[

n�1
Hn

�
y0.'/; h

� D
0

@

Z

S

'.�/.f .�/ � d.�//d�; h
1

A :

Since
S

n�1
Hn in dense in V then

8' 2 D.S/ y0.'/ D
Z

S

'.�/.f .�/ � d.�//d�:

So, y0 D f � d .
5ı. Let us prove that y.0/ D y0. Let h 2 Hn; ' 2 D.S/; n 2 N,  .�/ WD
.T � �/h 2 Xn. From (2.94) it follows:

hy0;  i D
Z

S

.y0.�/;  .�//d� D
Z

S

.f .�/ � d.�/;  .�//d�

D lim
k!1

Z

S

.f .�/ � dnk
.�/;  .�//d� D lim

k!1
hf � dnk

; Ink
 i

D lim
k!1
hI�
nk
.f � dnk

/;  i D lim
k!1
h.fnk

� d 1nk
/;  i D lim

k!1
hy0
nk
;  i:

Now we use the formula (1.15). Noting that  0.�/ D �h, � 2 S , we obtain:

lim
k!1
hy0
nk
;  i D lim

k!1
˚ � h 0; ynk

i C �ynk
.T /;  .T /

� � �ynk0; T h
� �

D lim
k!1

� Z

S

.ynk
.�/; h/d� � �ynk0; T h

�
�

D lim
k!1

Z

S

.ynk
.�/; h/d� � lim

k!1
�
ynk0; T h

�

D
Z

S

.y.�/; h/d� � .y0; T h/ D �h 0; yi � .y0; T h/ :

The latter holds true due to ynk
* y in X and ynk0 ! y0 in H . Again we apply

the formula (1.15) to the last expression:
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�h 0; yi � .y0; T h/ D hy0;  i � .y.T /;  .T //C .y.0/;  .0// � .y0; T h/
D hy0;  i C T .y.0/� y0; h/:

Hence, 8h 2 S

n�1
Hn

hy0;  i D hy0;  i C T .y.0/� y0; h/, .y.0/ � y0; h/ D 0:

Due to density of
S

n�1
Hn in H it follows that y.0/ D y0, and the statement (i)

from (2.90) is proved.
6ı. To complete the proof we must show that y.T / D z. The proof is similar to that
of 5ı. Indeed, we take  � h 2 S

n�1
Hn. Hence  2 Xn0

for some n0. Again we

use the formula (1.15):

.y.T / � y.0/; h/ D
Z

S

.y0.�/; h/d� D lim
k!1

Z

S

.y0
nk
.�/; h/d�

D lim
k!1

.ynk
.T / � ynk

.0/; h/ D .z � y.0/; h/:

The last equality holds true due to (2.89) and (i) from (2.90). Therefore,

8h 2
[

n�1
Hn .y.T / � z; h/ D 0;

that is equivalent to y.T / D z.
Lemma 2.6 is proved. ut
Now, to prove that y is a solution of problem (2.72) it is necessary to show that

y satisfies the inclusion from (2.72). Due to identity (2.94), it is sufficient to prove
that d 2 C.y/.

At first let us make sure that

lim
k!1
hdnk

; ynk
� yi � 0: (2.97)

Indeed, due to (2.94), 8k � 1 we have:

hdnk
; ynk

� yi D hdnk
; ynk
i � hdnk

; yi D hd 1nk
; ynk

� yi � hdnk
; yi

D hfnk
� y0

nk
; ynk
i � hdnk

; yi
D hfnk

; ynk
i � hy0

nk
; ynk
i � hdnk

; yi
D hf; ynk

i � hdnk
; yi C 1

2

�kynk
.0/k2H � kynk

.T /k2H
�
: (2.98)
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The latter is obtained from (1.16). Further in left and right sides of the equality
(2.98) we pass to upper limit as k !1. We have:

lim
k!1
hdnk

; ynk
� yi � lim

k!1
hf; ynk

i C lim
k!1
hdnk

;�yi

C lim
k!1

1

2

�kynk
.0/k2H � kynk

.T /k2H
�

� hf; yiX � hd; yi C
1

2

�ky.0/k2H � ky.T /k2H
�

D hf � d; yi � hy0; yi D hy0 � y0; yi D 0:

The latter holds true due to Lemma 2.6, formulas (1.16), (2.94), the inequality

lim
k!1

.�kynk
.T /kH / � �ky.T /kH ;

due to [GGZ74, Lemma I.5.3], (2.89) and (ii) from (2.90). The inequality (2.97) is
proved.

From the conditions (2.86), (2.87), (2.88), (2.97) and �0-pseudomonotony of C
on W it follows that there exist fdmg � fdnk

gk�1, fymg � fynk
gk�1, such that

8! 2 X lim
m!1

hdm; ym � !i � ŒC.y/; y � !�� : (2.99)

If we prove that
hd; yi � lim

m!1hdm; ymi; (2.100)

hence from (2.99) and from convergence of (2.91) we will have:

8! 2 X ŒC.y/; y � !�� � hd; y � !i;

and using Proposition 2 we obtain that this is equivalent to the inclusion y 2 C.y/.
Therefore, y is a solution of problem (2.72).

Let us prove (2.100):

lim
m!1hdm; ymi D lim

m!1hdm; Imymi D lim
m!1hd

1
m; ymi D lim

m!1hfm � y
0
m; ymi

� lim
m!1hfm; ymi C lim

m!1.�hy
0
m; ymi/ D lim

m!1hf; ymi

C 1
2

lim
m!1

�kym.0/k2H � kym.T /k2H
� � hf; yi

� 1
2

�ky.T /k2H � ky.0/k2H
� D hf; yi � hy0; yi D hd; yi:

So, y 2 W is a solution of problem (2.72).
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The representation (2.75) follows immediately from passing to limit of the
current Theorem, from the property of upper topological limits [K66, Property
2.29.IV.8] and from Definition 2.5.

The Theorem is proved. ut

2.4.2 Faedo-Galerkin Method II

2.4.2.1 Problem Definition

Again let .Vi IH IV �
i / be evolutionary triples such that the space V D V1 \ V2

is continuously and densely embedded in H , fhigi�1 � V – is complete in V
countable vectors system, Hn D spanfhigniD1, n � 1;

X D Lr1.S IH/ \ Lr2.S IH/ \ Lp1
.S IV1/\ Lp2

.S IV2/;
X� D Lq1

.S IV �
1 /C Lq2

.S IV �
2 /C Lr0

2
.S IH/C Lr0

1
.S IH/;

Xi D Lri .S IH/ \Lpi
.S IVi /; X�

i D Lqi
.S IV �

i /C Lr0

i
.S IH/;

W D fy 2 X j y0 2 X�g; Wi D fy 2 Xi j y0 2 X�g i D 1; 2:

with the norms corresponding, we assume that p0 WD maxfr1; r2g < C1 (see
Remark 1.3).

For the multivalued mapA W X � X� and linear dense defined mapL W D.L/ �
X ! X� we consider the problem:

�
Ly C A.y/ 3 f
y 2 D.L/: (2.101)

Here f 2 X� is arbitrary fixed. On D.L/ we consider the graph norm

kykD.L/ D kykX C kLykX� 8y 2 D.L/:

2.4.2.2 Faedo-Galerkin Method

Foe each n � 1 let us consider Banach spaces

Xn D Lp0
.S IHn/; X�

n D Lq0
.S IHn/; Wn D fy 2 Xn j y0 2 X�

n g;

where 1=p0 C 1=q0 D 1. Let us also remind, that for any n � 1 In – the canonical
embedding of Xn in X , I�

n W X� ! X�
n – is adjoint with In.

Let us introduce the following maps: An WD I�
nAIn W Xn � X�

n ,

Ln WD I�
nLIn W D.Ln/ D Xn \D.L/ � Xn � X�

n ; fn WD I�
n f 2 X�

n :
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Together with problem (2.101) 8n � 1 we consider the following class of
problems:

�
Lnyn C An.yn/ 3 fn
yn 2 D.Ln/: (2.102)

Definition 2.6. We will say, that the solution y 2 W of (2.101) turns out by the
Faedo-Galerkin method, if y is the weak limit of a subsequence fynk

gk�1 from
fyngn�1 in D.L/, where for each n � 1 yn is a solution of problem (2.102).

2.4.2.3 Main Results

Theorem 2.5. Let L W D.L/ � X ! X� be a linear operator, A W X1 ! Cv.X
�
1 /

and B W X2 ! Cv.X
�
2 / be multivalued maps such that

(1) L is maximal monotone on D.L/ and satisfies

	 Condition L1: for each n � 1 and xn 2 D.Ln/ Lxn 2 X�
n .

	 Condition L2: for each n � 1 the set D.Ln/ is dense in Xn.
	 Condition L3: for each n � 1 Ln is maximal monotone on D.L/.

(2) There exist Banach spaces W1 and W2 such that W1 � X1, W2 � X2 and
D.L/ � W1 \W2 with continuous embedding.

(3) A is �0-pseudomonotone on W1 and satisfies Condition .˘/.
(4) B is �0-pseudomonotone on W2 and satisfies Condition .˘/.
(5) The sum C D ACB W X!!X� is finite-dimensionally locally bounded and

weakly C-coercive.

Furthermore, let fhj gj�1 � V be a complete vectors system in V1, V2, H such
that 8i D 1; 2 the triple

�fhj gj�1IVi IH
�

satisfies Condition (� ).
Then for each f 2 X� the set

KH .f / WD
˚
y 2 D.L/ ˇˇ y is the solution of (2.101);

obtained by Faedo-Galerkin method g

is nonempty and the representation

KH .f / D
\

n�1

h[

m�n
Km.fm/

i

Xw

(2.103)

is true, where for each n � 1

Kn.fn/ D fyn 2 D.Ln/ j yn is the solution of (2.102)g

and Œ � �Xw is the closure operator in the space X with respect to the weak topology.
Moreover, if the operator AC B W X!!X� is �-coercive, thenKH .f / is weakly

compact in X and in D.L/ concerning the graph norm.
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Remark 2.11. The sufficient condition to get the weak C-coercivity of A C B is
that: A is C-coercive and it satisfies Condition (�) on X1, B is C-coercive and it
satisfies Condition (�) on X2 (see Lemma 1).

Remark 2.12. From Condition L2 on the operator L and from Proposition 1.8 it
follows that L is dense defined.

Proof. By Lemma 1.15 and Lemma 2 we consider the �0-pseudomonotone on
W1 \ W2 (and hence on D.L/), finite-dimensionally locally bounded, weakly
C-coercive map

X 3 y ! C.y/ WD A.y/C B.y/ 2 Cv.X
�/;

which satisfies Condition .˘/.
Let f 2 X� be fixed. Now let us use the weak C-coercivity condition for C .

There exists R > 0 such that

ŒC.y/ � f; y�C � 0 8y 2 X W kykX D R: (2.104)

Resolvability of Approximating Problems

Lemma 2.7. For each n � 1 there exists a solution of problem (2.102) yn 2 D.Ln/
such that kynkX � R.

Proof. Let us prove that for each n � 1

Cn WD An C Bn D I�
n .ACB/ W Xn ! Cv.X

�
n /

satisfies the next hypothesis:

.i1/ Cn satisfies Condition .˘/.

.i2/ Cn is �0-pseudomonotone on D.Ln/, locally finite-dimensionally bounded.

.i3/ ŒCn.yn/ � fn; yn�C � 0 8yn 2 Xn W kynkXn
D R.

Let us consider .i1/. Let B � Xn be some nonempty bounded subset, k > 0 be
a constant and dn D I�

n d 2 Cn (where d 2 C is a selector) is such that

hdn.y/; yi � k for each y 2 B:

Since for each y 2 Xn hdn.y/; yi D hI�
n d.y/; yi D hd.y/; yi then

hd.y/; yi � k for each y 2 B:

Since C satisfies Condition .˘/ there exists K > 0 such that

kd.y/kX� � K for all y 2 B:
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Consequently,

sup
y2B
kdn.y/kX� � KkI�

n kL .X�IX�

n /
< C1:

Now we consider .i2/. Since the boundness of

In 2 L .XnIX/; I�
n 2 L .X�IX�

n /

and the locally finite-dimensional boundness of C W X ! Cv.X
�/ then the locally

finite-dimensional boundness of Cn on Xn follows.
Now we prove the �0-pseudomonotony ofCn onD.Ln/. Let fymgm�0 � D.Ln/

be an arbitrary sequence such that

ym * y0 in D.Ln/; dn.ym/ D I �
n d.ym/ 2 Cn.ym/ * d 2 X�

n as m! C1;

where d.ym/ 2 C.ym/ is a selector, and inequality (1.55) holds. Since D.Ln/ �
D.L/ with continuous embedding then

ym * y0 in D.L/ as m!C1: (2.105)

Since 8m � 1
hI�
n d.ym/; ym � y0i D hd.ym/; ym � y0i

then

lim
m!1hd.ym/; ym � y0i D lim

m!1hdn.ym/; ym � y0i � 0: (2.106)

Hence

lim
m!1hd.ym/; ymi� lim

m!1hdn.ym/; ym�y0iC lim
m!1hdn.ym/; y0i�hd; y0i < C1:

Since C satisfies Condition (˘ ) we have that the sequence fd.ym/gm�1 is bounded
in X�. Hence, up to a subsequence

d.ym/ * g in X� as m!1

for some g 2 X�. Consequently from (2.105) and (2.106), we get the existence of
the subsequence fymk

gk�1 � fymgm�1 such that 8w 2 X

lim
k!1
hd.ymk

/; ymk
� wi � ŒC.y0/; y0 � w��:
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This means that for each w 2 Xn
lim
k!1
hdn.ymk

/; ymk
� wi � ŒCn.y0/; y0 � w��:

So, Cn is �0-pseudomonotone onD.Ln/.
The condition .i3/ holds thanks to (2.104).
Now let us continue the proof of the given Lemma. From Theorem 2.2 with

V D W D X D Xn, A D Cn, B � 0, L D Ln, D.L/ D D.Ln/, f D fn, r D R
and with the properties .i1/–.i3/ for Cn, L2 � L3 for Ln, it follows that problem
(2.102) has at least one solution yn 2 D.Ln/ such that kynkX � R.

Let us remark that under condition (˘ ) on Cn it is easy to find the next estimate
(2.109) from which it is possible to use the �0-pseudomonotony for C on D.Ln/.

The Lemma is proved. ut

Passing to Limit

Due to Lemma 2.7 we have a sequence of Galerkin’s approximate solutions fyngn�1
that satisfies the next conditions

8n � 1 kynkX � RI (2.107)

8n � 1 yn 2 D.Ln/ � D.L/; Lnyn C dn.yn/ D fn; (2.108)

where dn.yn/ D I �
n d.yn/, d.yn/ 2 C.yn/ is a selector.

In order to prove the given Theorem we need to obtain the next important

Lemma 2.8. Let for some subsequence fnkgk�1 from the natural scale the sequence
fynk
gk�1 satisfy the next conditions:

	 8k � 1 ynk
2 D.Lnk

/ D D.L/ \ Xnk
.

	 8k � 1 Lnk
ynk
Cdnk

.ynk
/ D fnk

, dnk
.ynk

/ D I �
nk
d.ynk

/, d.ynk
/ 2 C.ynk

/.
	 ynk

* y in X as k !C1 for some y 2 X .

Then, y 2 KH .f /.
Proof. From the definitions of Lnk

, dnk
and fnk

for each k � 1

hdnk
.ynk

/; ynk
i D hfnk

� Lnk
ynk

; ynk
i D hf �Lynk

; ynk
i

� kf kX� sup
k�1
kynk
kX DW K1 < C1;

where K1 is a constant which does not depend on k � 1. Hence, due to Property
(˘ ) for operator C it follows that there exists K2 > 0 such that for each k � 1

kd.ynk
/kX� � K2 < C1: (2.109)
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Since Condition L1 for L and Proposition 1.7 it follows that for all k � 1

sup
k�1
kLynk

kX� D sup
k�1
kLnk

ynk
kX�

� maxfC1; C2g.D C kf kX� / DW C3 < C1:

9
=

;
(2.110)

where K3 is a constant which does not depend on k � 1. Hence, for each k � 1

kynk
kD.L/ D kynk

kX C kLynk
kX� � sup

k�1
kynk
kX CK3 DW K4 < C1;

where K4 is a constant which does not depend on k � 1. Consequently, due to
(2.109), Corollary 1.8 and the Banach–Alaoglu Theorem there exists a subsequence
fymg from fynk

g such that for some y 2 D.L/ and d 2 X� the next convergence
takes place:

ym * y in D.L/; d.ym/ * d in X�: (2.111)

(a) Let us prove that

lim
m!1hLym C d.ym/; ym � yi D 0: (2.112)

Since the set
S

n�1
Xn is dense in X then for each m there exists um 2 Xm (for

example um 2 argmin
vm2Xm

ky � vmkX ) such that um ! y in X . So, due to (2.110),

(2.109) we obtain that for each m

jhLym C d.ym/; ym � yij � jhLym C d.ym/; ym � umij C jhLym C d.ym/; um � yij
� jhf; ym � umij C .K3 CK2/ � ky � umkX ! jhf; y � yij D 0:

(b) Now we obtain that

lim
m!1 hd.ym/; ym � yi � 0: (2.113)

From (2.112), (2.111) and from the monotony of L we have

lim
m!1 hd.ym/; ym�yi
D lim
m!1 hLymCd.ym/; ym�yi� lim

m!1
�hLym�Ly; ym�yi C hLy; ym � yi

�

� 0C lim
m!1

� � hLym�Ly; ym�yi
�C lim

m!1 hLy; y�ymi � 0:

From (2.111) and (2.113) we can use the �0-pseudomonotony of C on D.L/.
Hence, there exists a subsequence fykgk from fymgm such that
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8! 2 X lim
k!1

hd.yk/; yk � !i � ŒC.y/; y � !��: (2.114)

In particular, from (2.113) and (2.114) it follows that

lim
k!1

hd.yk/; yk � yi D 0:

(c) Let us prove that

8u 2 D.L/
\�[

n�1
Xn
� hf � d � Ly CLu; ui � 0: (2.115)

In order to prove (2.115) it is necessary to obtain that

8u 2 D.L/
\�[

n�1
Xn
�

lim
k!1

hLyk � Ly C Lu; ui � 0: (2.116)

From the monotony of L and from (2.111), for each u 2 D.L/T� S
n�1

Xn
�

we have

lim
k!1

hLyk � Ly C Lu; ui � lim
k!1

hLyk � Ly; ui D 0:

Further let u 2 D.L/T� S
n�1

Xn
�

be arbitrary fixed. Then there exists n0 � 1 such

that u 2 D.L/ \Xn0
and for each k � n0

8m � n0 hLym; uiX D hLmym; uiXm
D hfm � I�

mdm; uiXm

D hf � dm; uiX ! hf � d; uiX :
�

(2.117)

So, (2.115) directly follows from (2.116) and (2.117).
(d) Now we prove that Ly D f � d . Let us use (2.115). We obtain that for each
t > 0 and u 2 D.L/T� S

n�1
Xn
�

hf � d �Ly; t � ui � �ht � Lu; t � ui:

that is equivalent to
hf � d �Ly; ui � �t � hLu; ui:

Hence,
8u 2 D.L/

\�[

n

Xn
� hf � d �Ly; ui � 0

and, by Proposition 1.8, the last relation is equivalent to Ly D f � d:
(e) In order to prove that y 2 D.L/ is the solution of (2.101) it is enough to show
that d 2 C.y/. Since (2.113), (2.114) and (2.111) it follows that for each ! 2 X
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ŒC.y/; y � !�� � lim
k!1

hd.yk/; yk � !i

� lim
k!1

hd.yk/; yk � yi C lim
k!1

hd.yk/; y � !i � hd; y � !i;

that is equivalent to the required statement. So, y 2 KH .f /.
The Lemma is proved. ut
Since (2.107), (2.108), Lemma 2.8, the Banach–Alaoglu Theorem and the topo-

logical property of the upper limit [K66, Property 2.29.IV.8] it follows that

; ¤
\

n�1

h[

m�n
Km.fm/

i

Xw

� KH .f /:

The converse inclusion is obviously; it follows from the same topological property
of upper limit and fromD.L/ � X with continuous embedding.

Now let us prove that KH .f / is weakly compact in X and in D.L/ under the �
-coercivity condition on the operator C D A C B W X ! Cv.X

�/. Since (2.103)
andD.L/ � X with continuous embedding it is enough to show that the given set is
bounded in D.L/. Let fyngn�1 � KH .f / be an arbitrary sequence. Then for some
dn 2 C.yn/

Lyn C d.yn/ D f:
If fyngn�1 is such that

kynkX ! C1 as n!1;

we obtain the contradiction

C1 1

kynkX ŒC.yn/; yn�� �
1

kynkX hd.yn/; yni

� 1

kynkX hLyn C d.yn/; yni

D 1

kynkX hf; yni � kf kX� < C1: (2.118)

Hence, for some k > 0
kynkX � k 8n � 1: (2.119)

Due to Condition (˘ ) for C , from (2.118) to (2.119) it follows the existence of
K > 0:

kdnkX� � K:
Hence,

kLynkX� � K C kf kX� and kynkD.L/ � k CK C kf kX� :

The Theorem is proved. ut
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2.4.3 On Searching the Periodic Solutions
for Differential-Operator Inclusions
by Faedo-Galerkin Method

Let A W X1 ! Cv.X
�
1 / and B W X2 ! Cv.X

�
2 / be multivalued maps. We consider

the next problem:
�
y0 CA.y/C B.y/ 3 f;
y.0/ D y.T /; (2.120)

in order to find the solutions by FG method in the class

W D fy 2 X j y0 2 X�g;

where the derivative y0 of an element y 2 X is considered in the sense of scalar
distributions space D�.S IV �/ D L .D.S/IV �

w /, with V D V1 \ V2, V �
w equals to

V � with the topology �.V �; V / [RS80]. We consider the norm on W

kykW D kykX C ky0kX� for each y 2 W:

We also consider the spaces Wi D fy 2 Xi j y0 2 X�g, i D 1; 2.

Remark 2.13. It is clear that the space W is continuously embedded in C.S IV �/.
Hence, the condition from (2.120) has sense.

In parallel with problem (2.120) we consider the next class of problems in order
to search the solutions in Wn D fy 2 Xn j y0 2 X�

n g:
�
y0
n C An.yn/C Bn.yn/ 3 fn;
y.0/ D y.T /; (2.121)

where the maps An, Bn, fn were introduced later, the derivative y0
n of an element

yn 2 Xn is considered in the sense of D�.S IHn/.
Let

Wper WD
˚
y 2 W ˇ

ˇ y.0/ D y.T / � ;
let us introduce the map

L W D.L/ D Wper � X ! X�

in such way Ly D y0 for each y 2 Wper.
From the main resolvability Theorem it follows the next Corollary:

Corollary 2.4. LetA W X1! Cv.X
�
1 / andB W X2 ! Cv.X

�
2 / be multivalued maps

such that

(1) A is �0-pseudomonotone on W1 and it satisfies Condition .˘/.
(2) B is �0-pseudomonotone on W2 and it satisfies Condition .˘/.
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(3) The sum C D ACB W X!!X� is finite-dimensionally locally bounded and
weakly C-coercive.

Furthermore, let fhj gj�1 � V be a complete vector system in V1, V2, H such
that as i D 1; 2 the triple

�fhj gj�1IVi IH
�

satisfies Condition (� ).
Then for each f 2 X� the set

K
per
H .f / WD ˚y 2 W ˇ

ˇ y is the solution of (2.120);
obtained by Faedo-Galerkin method g

is nonempty and the representation

K
per
H .f / D

\

n�1

h[

m�n
Kper
m .fm/

i

Xw

is true, where for each n � 1

Kper
n .fn/ D fyn 2 Wn j yn is the solution of (2.121)g :

Moreover, if the operatorAC B W X!!X� is �-coercive, thenKper
H .f / is weakly

compact in X and in W .

Proof. At first let us prove the maximal monotony ofL onWper. For v 2 X , w 2 X�
such that for each u 2 Wper hw � Lu; v � ui � 0 is true, let us prove that v 2 Wper

and v0 D w. If we take u D h'x 2 Wper with ' 2 D.S/, x 2 V and h > 0 we get

0 � hw� ' 0hx; v � 'hxi D hw; vi �
�Z

S

.' 0.s/v.s/C '.s/w.s//ds; hx
�

Ch' 0hx; 'hxi
D hw; vi C hhv0.'/ � w.'/; xi;

where v0.'/ and w.'/ are the values of the distributions v0 and w on ' 2 D.S/.
So, for each ' 2 D.S/ and x 2 V hv0.'/ � w.'/; xi � 0 is true. Thus we obtain
v0.'/ D w.'/ for all ' 2 D.S/. It means that v0 D w 2 X�. Now we prove
v.0/ D v.T /. If we use [GGZ74, Theorem VI.1.17] with u.t/ � v.T / 2 Wper, we
obtain that

0 � hv0 � Lu; v � ui D hv0 � u0; v � ui

D 1

2

�
kv.T / � v.T /k2H � kv.0/� v.T /k2H

�

D �1
2
kv.0/� v.T /k2H � 0

and then v.0/ D v.T /.
In order to prove the given Proposition, it is enough to show that L satisfies

Conditions L1–L3. Condition L1 follows from Proposition 1.9.
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Condition L2 follows from [GGZ74, Lemma VI.1.5] and from the fact that the
set C 1.S IHn/ is dense in Lp0

.S;Hn/ D Xn. ConditionL3 follows from [GGZ74,
Lemma VI.1.7] with V D H D Hn and X D Xn. ut

2.4.4 On the Solvability for One Cauchi Problem by FG Method

Let A W X1 ! Cv.X
�
1 / and B W X2 ! Cv.X

�
2 / be multivalued maps. We consider

the next problem:
�
y0 CA.y/C B.y/ 3 f;
y.0/ D N0; (2.122)

in order to find the solutions by FG method in the class

W D fy 2 X j y0 2 X�g;

where the derivative y0 of an element y 2 X is considered in the sense D�.S IV �/.
We consider the norm onW

kykW D kykX C ky0kX� for each y 2 W:

We also consider the spaces Wi D fy 2 Xi j y0 2 X�g, i D 1; 2.

Remark 2.14. It is clear that the space W is continuously embedded in C.S IV �/.
Hence, the condition (2.122) has sense.

In parallel with problem (2.122) we consider the next class of problems in order
to search the solutions in Wn D fy 2 Xn j y0 2 X�

n g:
�
y0
n C An.yn/C Bn.yn/ 3 fn;
y.0/ D N0; (2.123)

where the maps An, Bn, fn were introduced latter, the derivative y0
n of an element

yn 2 Xn is considered in the sense of D�.S IHn/.
Let

WN0 WD
˚
y 2 W ˇ

ˇ y.0/ D N0 � ;
let us introduce the map

L W D.L/ D WN0 � X ! X�

in such way Ly D y0 for each y 2 WN0.
From the main resolvability Theorem it follows the next

Corollary 2.5. LetA W X1! Cv.X
�
1 / andB W X2 ! Cv.X

�
2 / be multivalued maps

such that
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(1) A is �0-pseudomonotone on W1 and it satisfies Condition .˘/.
(2) B is �0-pseudomonotone on W2 and it satisfies Condition .˘/.
(3) The sum C D ACB W X!!X� is finite-dimensionally locally bounded and

weakly C-coercive.

Furthermore, let fhj gj�1 � V be a complete vector system in V1, V2, H such
that as i D 1; 2 the triple

�fhj gj�1IVi IH
�

satisfies Condition (� ).
Then for each f 2 X� the set

K
N0
H .f / WD

˚
y 2 W ˇ

ˇ y is the solution of (2.122);
obtained by Faedo-Galerkin method

�

is nonempty and the representation

K
N0
H .f / D

\

n�1

h[

m�n
K

N0
m.fm/

i

Xw

is true, where for each n � 1

K
N0
n.fn/ D fyn 2 Wn j yn is the solution of (2.123)g :

Moreover, if the operator AC B W X!!X� is �-coercive, thenK N0
H .f / is weakly

compact in X and in W .

Proof. At first let us prove the maximal monotony of L on WN0. For v 2 X , w 2
X� such that for each u 2 WN0 hw � Lu; v � ui � 0 is true, let us prove that
v 2 WN0 and v0 D w. By the analogy with the proof of Corollary 2.4, we obtain
v0 D w 2 X�. Now we prove v.0/ D N0. If we use [GGZ74, Theorem IV.1.17] with
u.t/ D v.T / t

T
2 WN0, we obtain that

0 � hv0 � Lu; v � ui D hv0 � u0; v � ui

D 1

2

�
kv.T / � v.T /k2H � kv.0/k2H

�
D �1

2
kv.0/k2H � 0

and then v.0/ D N0.
In order to prove the given Proposition, it is enough to show that L satisfies

Conditions L1–L3. It follows from the proof of Lemma 2.2. ut
Example 2.4. Let us consider the bounded domain ˝ � R

n with rather smooth
boundary @˝ , S D Œ0; T �, Q D ˝ � .0IT /, �T D @˝ � .0IT /. Let, as i D 1; 2,
mi 2 N,N i

1(respectivelyN i
2) the number of the derivatives respect to the variable x

of order � mi � 1 (respectively mi ) and
˚
Ai˛.x; t; �; �/

�

j˛j
mi
be a family of real

functions defined in Q � R
N i

1 � R
N i

2 . Let
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Dku D fDˇu; jˇj D kg be the differentiations by x;

ıiu D fu;Du; : : : ;Dmi �1ug;
Ai˛.x; t; ıiu;D

mi v/ W x; t ! Ai˛.x; t; ıiu.x; t/;D
mi v.x; t//:

Let  W R ! R be some locally Lipschitzean real function and its Clarke
generalized gradient˚ D @Cl W R � R satisfies the growth condition

9p3 � 2; C > 0 W k˚.t/kC � C.1C jt jp3�1/ 8t 2 R: (2.124)

Let us consider the next problem with Dirichlet boundary conditions:

@y.x; t/

@t
C

X

j˛j
m1

.�1/j˛jD˛.A1˛.x; t; ı1y;D
m1y//

C
X

j˛j
m2

.�1/j˛jD˛.A2˛.x; t; ı2y;D
m2y//C ˚.y.x; t// 3 f .x; t/ in Q;

(2.125)

D˛y.x; t/ D 0 on �T as j˛j � mi � 1 and i D 1; 2 (2.126)

and y.x; 0/ D 0 in ˝: (2.127)

Let us assume for i D 1; 3 qi > 1: p�1
i C q�1

i D 1, H D L2.˝/, V3 D
Lp3

.˝/ and Vi D W
mi ;pi

0 .˝/ with pi > 1, mi D 0; 1; 2; : : : such that Vi � H

with continuous embedding, i D 1; 2. Consider the function ' W Lp3
.Q/ ! R

defined by

'.y/ D
Z

Q

 .y.x; t//dxdt 8y 2 Lp3
.Q/:

Using the growth condition (2.124) and Lebourgs mean value Theorem, we note that
the function ' is well-defined and Lipschitz continuous on bounded sets inLp3

.Q/,
thus locally Lipschitz so that Clarkes generalized gradient @Cl' W Lp3

.Q/ �
Lq3

.Q/ is well-defined. Moreover, the Aubin–Clarke Theorem (see [C90, p. 83])
ensures that, for each y 2 Lp3

.Q/ we have

p 2 @Cl'.y/ ) p 2 Lq3
.Q/ with p.x; t/ 2 @Cl .y.x; t// for a.e. .x; t/ 2 Q:

Under suitable conditions on the coefficients Ai˛, the given problems can be
written again:

y0 C A1.y/C A2.y/C @Cl'.y/ 3 f; y.0/ D N0; (2.128)

where

f 2 X� D Lq1
.S IW �m1;q1.˝//C Lq2

.S IW �m2;q2.˝//CLq3
.Q/:
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Each element y 2 W that satisfies (2.128) is called a generalized solution of
problem (2.125)–(2.127).

Choice of basis. We assume that there is a complete vectors system fhj gj�1 �
W
m1;p1

0 .˝/\W m2;p2

0 .˝/ such that the triples

�fhj gj�1IW mi ;pi

0 .˝/IL2.˝/
�
; i D 1; 2

satisfy Condition .�/.
For example, when n D 1 as fhj gj�1 we may take the “special” basis for the

pair (Hmaxfm1Im2gC"
0 .˝/IL2.˝/) with a suitable " � 0 [KMP06a,KMT06]. As it is

well-known, the triple .fhj gj�1ILp.˝/IL2.˝// satisfies Condition .�/ for p > 1.
Then, using (for example) the results [KMP06a, KMT06], we obtain the necessary
condition.

Definition of operators Ai . Let Ai˛.x; t; �; �/, defined inQ�R
N i

1 �R
N i

2 , satisfy
the conditions

for almost each x; t 2 Q the map �; � ! Ai˛.x; t; �; �/ is continuous on R
N i

1 �
R
N i

2 ;

for all �; � the map x; t ! Ai˛.x; t; �; �/ is measurable on Q; (2.129)

for all u; v 2 Lpi .0; T IVi / DW Vi Ai˛.x; t; ıiu;D
mi u/ 2 Lqi .Q/: (2.130)

Then for each u 2 Vi the map

w! ai .u;w/ D
X

j˛j
mi

Z

Q

Ai˛.x; t; ıiu;D
mi u/D˛wdxdt;

is continuous on Vi and then

there exists Ai .u/ 2 V �
i such that ai .u;w/ D hAi .u/;wi: (2.131)

Conditions on Ai : Similarly to [L69, Sects. 2.2.5, 2.2.6, 3.2.1] we have

Ai .u/ D Ai .u; u/; Ai .u; v/ D Ai1.u; v/C Ai2.u/;

where

hAi1.u; v/;wi D
X

j˛jDmi

Z

Q

Ai˛.x; t; ıiu;D
mi v/D˛wdxdt;

hAi2.u/;wi D
X

j˛j
mi �1

Z

Q

Ai˛.x; t; ıiu;D
mi u/D˛wdxdt:
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We add the next conditions:

hAi1.u; u/; u � vi � hAi1.u; v/; u� vi � 0 8u; v 2 Vi I (2.132)

if uj * u in Vi ; u0
j * u0 in V �

i and if hAi1.uj ; uj / �Ai1.uj ; u/; uj � ui ! 0;

then Ai˛.x; t; ıuj ;D
mi uj / * Ai˛.x; t; ıu;D

mi u/ inLqi .Q/I (2.133)

“coercivity”: (2.134)

Remark 2.15. Similarly to [L69, Theorem 2.2.8] the sufficient conditions to get
(2.132), (2.133) are:

X

j˛jDmi

Ai˛.x; t; �; �/�˛
1

j�j C j�jpi �1 ! C1 as j�j ! 1

for almost each x; t 2 Q and j�j bounded;

X

j˛jDmi

.Ai˛.x; t; �; �/ � Ai˛.x; t; �; ��//.�˛ � � �̨/ > 0 as � ¤ ��

for almost each x; t 2 Q and 8�.
The next condition lets the coercivity:

X

j˛jDmi

Ai˛.x; t; �; �/�˛ � cj�jpi for rather large j�j:

A sufficient condition to get (2.130) (see [L69, p. 332]) is:

jAi˛.x; t; �; �/j � cŒj�jpi �1 C j�jpi �1 C k.x; t/�; k 2 Lqi
.Q/: (2.135)

By analogy with the proof of [L69, Theorem 3.2.1] and [L69, Proposition 2.2.6]
we get the next

Proposition 2.9. Let operator Ai W Vi ! V �
i (i D 1; 2), defined in (2.131), satisfy

(2.129), (2.130), (2.132), (2.133) and (2.134). Then Ai is pseudomonotone on Wi
(in classical sense). Moreover it is bounded if (2.135) holds.

Under the listed above conditions for each f 2 X� there exists a generalized
solution of problem (2.125)–(2.127) y 2 W .
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2.5 The Method of Finite Differences for Differential-Operator
Inclusions in Banach Spaces

In the analysis of mathematical models of nonlinear processes and fields in physics,
chemical kinetics, and geophysics, mathematical objects such as operator dif-
ferential equations occur in problems of optimal control theory. In physics and
mechanics, studying evolution equations and inclusions of second order was initi-
ated by applied problems dealt with phase transitions and unilateral conductivity of
boundaries of substances, propagation of electromagnetic, acoustic, vibro-, hydro-,
and seismoacoustic waves, and quantum-mechanical effects. Studying equations
that describe wave processes with “nonlinear friction” is rather difficult and needs
a special technique [SY02]. Recent related studies cover quasilinear equations with
homogeneous boundary conditions and linearized equations with nonlinear bound-
ary conditions reduced to nonlinear differential-operator equations and inclusions.
However, linearized objects not always adequately describe the process under study.
Therefore, a need arises to consider evolution inclusions and variational inequali-
ties with a much narrower set of properties. Recent developments on this subject
are concerned with operator differential equations and inclusions with nonmono-
tonic nonlinearity globally bounded in the phase variable. We will develop the finite
differences method for solutions of evolution inclusion with �0-pseudomonotonic
mappings. The purpose of the study is to derive new theorems on the resolvability
and substantiation of constructive methods for the approximation of such solu-
tions. The results can be applied, for example, to analyze processes in the structural
dynamics of a system of knowledge accumulated by large groups of people during
purposeful learning [KZY09].

2.5.1 Setting of the Problem

Let ˚ be a separable locally convex linear topological space, ˚� be the topolog-
ically adjoint with ˚ . By .f; �/ we denote the canonical pairing of f 2 ˚� and
� 2 ˚ .

Let the spaces V ; H and V � be given. Moreover

˚ � V � ˚�; ˚ �H � ˚�; ˚ � V � � ˚�; (2.136)

with continuous and dense embeddings. We assume that H is a Hilbert space with
the scalar product .h1; h2/H and norm khkH , V is a reflexive separable Banach
space with norm kvkV , V � is the adjoint with V with the norm kf kV � associated
with the bilinear form .�; �/H .

If �;  2 ˚ , then .�;  / D .�;  /H ; i.e., it coincides with the scalar product
in H .
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Let V D V 1 \ V2 and k � kV D k � kV �

1
C k � kV �

2
, where .Vi ; k � kVi

/, i D 1; 2,
are reflexive separable Banach spaces and the embeddings ˚ � Vi � ˚� and
˚ � V �

i � ˚� are dense and continuous. The spaces .V �
i ; k � kV �

i
/, i D 1; 2; are

the topologically adjoint with .Vi ; k � kVi
/. Then V � D V �

1 C V �
2 .

Let A W V1 � V �
1 , B W V2 � V �

2 be a multivalued maps with nonempty convex
closed bounded values, � W V ! V � be an unbounded operator with domain
D.�IV ;V �/. We consider the following problem

u 2 D.�IV ;V �/; (2.137)

�uCA .u/CB.u/ 3 f; (2.138)

where f 2 V � is a fixed element.
Our aim consists in proving the existence of solutions by the method of finite

differences (see [L69, Chap. 2.7]).

2.5.2 Preliminary Results

Let us assume that the space ˚ is dense in .V \ V �; kvkV C kvkV �/. From this
assumption it follows that

V \ V � �H : (2.139)

In fact, if � 2 ˚ , then kvk2H � kvkV �kvkV , so that (2.139) follows.

Remark 2.16. If V � H , it is possible to avoid the space ˚ . Identifying H and
H � we obtain the following embeddings:

V �H � V �: (2.140)

Definition 2.7. The family of maps fG.s/gs�0 is said to be a semigroup of class C0
in a Banach space X if G.s/ 2 L .X IX/, for any s � 0, G.0/ D Id , G.s C t/ D
G.s/ ıG.t/; 8s; t � 0, and G.t/x ! x as t ! 0C; for all x 2 X .

Let the family of maps fG.s/gs�0 be a semigroup of class C0 on V , H , V �, that
is, there are three semigroups, defined in the spaces V ; H ; and V �, respectively,
which coincide on ˚ . Each of them will be denoted by fG.s/gs�0. Moreover, we
assume the following:

fG.s/gs�0 is a nonexpansive semigroup on H ;

i.e. kG.s/kL .H IH / � 1; 8s � 0: (2.141)

Further let �� be the infinitesimal generator of the semigroup fG.s/gs�0 with
D.�IV / (resp. D.�IH / or D.�IV �/) in V (resp. H or V �). It is well known
[R73] that such generator exists. Moreover, it is a densely defined closed linear
operator in the space V (resp. in H or V �).
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Let fG�.s/gs�0 be the semigroup adjoint withG.s/. Let��� be the infinitesimal
generator of the semigroup fG�.s/gs�0 with domain D.��IV / in V , D.��IH /

in H andD.��IV �/ in V �. The operator�� in H (resp. in V 2 or V �) is adjoint
with the operator� in H (resp. in V or V �).

Lemma 2.9. The sets D.�IV �/ \ V and D.��IV �/ \ V are dense in V .

Proof. In fact, for any u 2 V and " > 0 there exists � 2 ˚ such that ku� �kV < ":

Then �n WD .I � 1
n
�/�1� 2 D.�IV �/\ V , �n ! � in V as n!1. ut

Now we shall define� as an unbounded operator, which operates from V in V �
with domainD.�IV ;V �/. Let us put

D.�IV ;V �/ D

8
ˆ̂
<

ˆ̂
:

v 2 V

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

the form w! .v; ��w/
is continuous in D.��IV �/\ V

with respect to the topology
induced by the space V :

9
>>=

>>;

(2.142)

Then there is a unique element �v 2 V � such that hv; ��wiV D h�v;wiV . If v 2
D.�IV �/ \ V , then �v D �v. Thus, generally speaking we can put �v D �v,
whence

hv; ��wiV D h�v;wiV ; 8w 2 D.��IV �/\ V : (2.143)

Defining on D.�IV ;V �/ the norm kvkV Ck�vkV � , we obtain Banach space. We
define the space D.��IV ;V �/ in a similar way.

Remark 2.17. If V �H , then

D.�IV ;V �/ D V \D.�IV �/ and D.��IV ;V �/ D V \D.��IV �/:

In the case when V is not contained in H , we shall assume that

V \D.�IV �/ is dense in D.�IV ;V �/;
V \D.��IV �/ is dense in D.��IV ;V �/: (2.144)

Remark 2.18. It is known [L69, Chap. 2] that

h�v; viV � 0, 8v 2 D.�IV ;V �/; h��v; viV � 0, 8v 2 D.��IV ;V �/:

2.5.3 Method of Finite Differences

The natural approximation of inclusion (2.138) is the inclusion

I �G.h/
h

uh CA .uh/CB.uh/ 3 f .h > 0/: (2.145)
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However, if V is not contained in H , then (2.145), generally speaking, has not
solutions, and it is necessary to modify the given inclusion in an appropriate way.
We shall choose a sequence �h 2 .0; 1/ such that

1 � �h
h
! 0 as h! 0: (2.146)

We put �h D 1 if V �H . Further, we define

�h D I � �hG.h/
h

and replace (2.145) by the inclusion

�huh CA .uh/CB.uh/ 3 f: (2.147)

Definition 2.8. We will say, that the solution u of (2.137)–(2.138) turns out by finite
differences method, if u is the weak limit of a subsequence fuhnk

gk�1 from fuhn
gn�1

(hn & 0C as n!1) in V , where for each n � 1 uhn
2 V is a solution of problem

(2.147).

2.5.4 Main Result

Let us validate the finite differences method for the class of differential-operator
inclusions with C-coercive �0-pseudo-monotone maps. This method is the impor-
tant method for the numerical investigation of such problems.

Theorem 2.6. Assume the following conditions:

1. A W V1 ! Cv.V �
1 / is a bounded, �-pseudomonotone on V1 operator, which

satisfies theC-coerciveness condition on V1;
2. B W V2 ! Cv.V �

2 / is �0-pseudomonotone on V2 operator, which satisfies the
C-coerciveness condition on V2 and Condition .˘/

3. The operator� satisfies all the conditions given in (2.141)–(2.144).

Then for any f 2 V � there exists u 2 V satisfying (2.137)–(2.138).

Remark 2.19. If V �H , inclusion (2.137) implies that u 2 V \D.�IV �/.

Proof. Let us use the coercitivity condition. From Lemma 1 it follows that
A CB W V � V � isC-coercive on V . Let us define � W RC 7! R as

�.r/ D inf
kykX Dr

kyk�1V � ŒA .y/CB.y/; y�C 8r � 0;
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at that,
�.r/ �! C1 as r �! C1;

and for each y 2 V

ŒA .y/CB.y/ � f; y�C � .�.kykV /� kf kV �/kykV :

Hence, there exists R > 0 such that for all u 2 V satisfying kukV D R we get

ŒA .y/CB.y/ � f; y�C � 0: (2.148)

Lemma 2.10. Inclusion (2.147) has a solution uh 2 V
T

H such that kuhkV �R.

Proof. Let us consider the map

Dh D �h CA WH \ V1 ! Cv.H C V �
1 /;

and also the following inclusion:

Dh.uh/CB.uh/ 3 f:

The existence of a solution uh 2 V
T

H of this inclusion such that kuhkV � R
follows from Theorem 2.2 with V DH \V1,W D V2, A D Dh, B D B, L � 0,
D.L/ D V , f D f , R D R, and the following Lemma.

Lemma 2.11. The operatorDh satisfies the following conditions:

ŒDh.u/CB.u/; u�C � 0 8u 2 V such that kukV D RI (2.149)

Dh is �-pseudomonotone on H \ V1I (2.150)

Dh is bounded on H \ V1: (2.151)

Proof. As G.s/ is nonexpansive on H , it follows that for any v 2H ,

.�hv; v/H D 1

h

�

v � �hG.h/v; v
�

� 1

h

�

kvk2H � �hkG.h/vkH kvkH
�

� 1 � �h
h
kvk2H : (2.152)

From here it follows theC-coercitivity for �h on H .
Using (2.148), (2.152) and Proposition 1, we get (2.149).
For (2.151) note that the boundness of Dh on H \V1 follows from the boundness

of �h on H and the boundness of A on V1. The boundness of �h on H follows
immediately from the definition of �h and estimate (2.141). Hence, it follows also
that Dh satisfies the property .�/C.
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Finally let us prove the �-pseudomonotonicity ofDh on H \V1: For this purpose
Lemma 1.15 with A D �h on V D H and B D A on W D V1 is used. From
here, since A is �-pseudomonotone and has bounded values on V1, it is enough to
prove the �-pseudomonotonicity of �h on H . Let us prove it. Indeed, let

yn * y in H ; lim
n!1.�hyn; yn � y/H � 0:

Then, from estimate (2.152), we have

lim
n!1

.�hyn; yn�y/H � lim
n!1

.�hyn��hy; yn�y/H C lim
n!1

.�hy; yn�y/H � 0:

Hence, lim
n!1.�hyn; yn � y/H D 0. Further, for any u 2H , s > 0 let

w WD y C s.u � y/:

Then from

.�hw ��hyn; yn � y/H D .�hw ��hyn; yn � w/H

C .�hw ��hyn;w � y/H � s.�hw ��hyn; u � y/H

we have

s.�hyn; y � u/H � �.�hyn; yn � y/H C .�hw; yn � y/H
�s.�hw; u � y/H ; 8n � 1;

and

s lim
n!1

.�hyn; y � u/H � �s.�hw; u � y/H , lim
n!1

.�hyn; y � u/H

� �.�hw; u � y/H :

Let s ! 0C. Then

lim
n!1.�hyn; y � u/H � �.�hy; u � y/H D .�hy; y � u/H

and

lim
n!1

.�hyn; yn � u/H � lim
n!1

.�hyn; yn � y/H C lim
n!1.�hyn; y � u/H

� .�hy; y � u/H ; 8u 2H :

Thus we have the required statement. Lemma 2.11 is proved. ut
Now Lemma 2.10 is also proved. ut
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Now we continue the proof of Theorem 2.6. We shall pass to the limit as h! 0C.
From Lemma 2.10 for arbitrary h > 0 it follows the existence of uh 2 H \ V ,
d 0
h
2 A.uh/ and d 00

h
2 B.uh/ such that

�huh C d 0
h C d 00

h D f (2.153)

and
kuhkV � R; for any h > 0: (2.154)

From estimate (2.154) and the boundness of the operator A on V1 it follows that

A .uh/ is bounded in V �
1 as h! 0: (2.155)

Let us prove that
d 00
h are bounded in V �

2 as h! 0: (2.156)

First, from (2.152), (2.153), estimate (2.154), the boundness of the operator A and
Proposition 1 we obtain that for any fhng � .0;C1/ such that hn ! 0, as n!1,
we have

sup
n

˝
d 00
hn
; uhn

˛

V2
� sup

n

˝
f; uhn

˛

V2
C sup

n

˝�d 0
hn
; uhn

˛

V2
C sup

n

˝��hn
uhn

; uhn

˛

V2

� kf k0V sup
n
kuhn
kV C sup

n
kuhn
kV sup

n
kA .uhn

/kC < C1:

Hence, due to Condition .˘/ for B estimate (2.156) follows.
From equality (2.153), estimates (2.154)–(2.156), using the Banach–Alaoglu

Theorem, we obtain the existence of subsequences fuhn
gn�1�fuhgh>0, fd 0

hn
gn�1�

fd 0
h
gh>0, fd 00

hn
gn�1 � fd 00

h
gh>0, .0 < hn ! 0/, denoted again by fuhgh>0, fd 0

h
gh>0,

fd 00
h
gh>0, and u 2 V , d 0 2 V1, d 00 2 V2, such that

uh * u in V , d 0
h * d 0 in V �

1 ; d 00
h * d 00 in V �

2 ; �huh * �u in V �.

From here, in particular, it follows that

vh WD d 0
h C d 00

h * d 0 C d 00 DW w in V �: (2.157)

Let us introduce the following map: C .v/ D A .v/ C B.v/ W V ! Cv.V �/.
We shall prove that this map satisfies Property .M/. For this it is enough to show
the �-pseudomonotonicity of C on V . Indeed, if C is �-pseudomonotone on V and
fyngn�0 � V , dn 2 C.yn/; 8n � 1; be such that

yn * y0 in V ; dn * d0 in V � and lim
n!1 hdn; yniV � hd0; y0iV ;
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then

lim
n!1 hdn; yn � y0iV � lim

n!1 hdn; yniV C lim
n!1 hdn;�y0iV

� hd0; y0iV � hd0; y0iV D 0:

Hence, thanks to the �-pseudomonotocity of C it follows the existence of
fynk
gk�1 � fyngn�1; fdnk

gk�1 � fdngn�1, such that

lim
k!1

˝
dnk

; ynk
� w

˛

V
� ŒC .y0/; y0 � w� D Œ �

co C .y0/; y0 � w� , 8w 2 V :

From here

ŒC .y0/; y0 � w�� � lim
k!1

˝
dnk

; ynk
� w

˛

V
� lim
n!1 hdn; yn � wiV

� hd0; y0 � wiV ; 8w 2 V :

Hence, Proposition 1 and C .y/ 2 Cv .V �/ imply d0 2 C .y0/. Thus, C satis-
fies Property .M/ on V . Further, since A is a �-pseudomonotone operator with
bounded values on V1 and B is �-pseudomonotone on V2, Lemma 1.15 implies
that C is �-pseudomonotone.

We use the fact that C satisfies Property .M/ on V . Take v from V
T
D.��IV �/.

From (2.153) and (2.157) it follows that

˝
uh; �

�
hv
˛

V
C hvh; viV D .f; v/: (2.158)

But

��
hv D I �G.h/�

h
vC 1 � �h

h
G.h/�v;

and, by (2.146), ��
h
v ! ��v in V �: Consequently, passing to the limit in (2.158)

as h! 0 we shall obtain that

hu; ��viV C hw; viV D hf; viV ; 8v 2 V \D.��IV �/;

and then by (2.141), (2.142) we get u 2 D.�;V ;V �/ and

�uC w D f;

The proof of Theorem 2.6 will be finished if we can show that

w 2 C .u/: (2.159)
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From (2.153) and (2.157) for v 2 V \D.�IV �/ �H we have

hvh; uh � viV D hf; uh � viV � h�hv; uh � viV � h�h.uh � v/; uh � viV
� hf; uh � viV � h�hv; uh � viV ;

as �h � 0 in L .H ;H /. From here

lim hvh; uhiV � hw; viV C hf; u � viV � h�v; u � viV ; 8v 2 V \D.�IV �/:

But, by (2.144), the same inequality is fulfilled for any v 2 D.�IV ;V �/, and,
putting v D u, we get

lim hvh; uhiV � hw; uiV ;
and (2.159) follows, as C is an operator of type .M/.

Theorem 2.6 is proved. ut
In this section we shall apply our main Theorem to some particular equations.

Example 2.5. Let ˝ � R
n be a bounded region with regular boundary @˝ , S D

Œ0; T � be a finite time interval,Q D ˝�.0IT /, �T D @˝�.0IT /. The operator A
is defined by .Au/.t/ D A.u.t//, where

A .u/ D �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@u

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@u

@xi

�

C jujp�2u (2.160)

(see [L69, Chap. 2.9.5]). Let V be a closed subspace in the Sobolev spaceW 1;p.˝/,
p > 1; such that

W
1;p
0 .˝/ � V � W 1;p.˝/: (2.161)

We define the space
H WD L2.˝/

and
V1 D Lp.0; T IV /; H D L2.0; T IH/; V2 D L2.0; T IH/:

The operator A W V1 ! V �
1 is bounded,C-coercive and pseudomonotone (see

[L69, Chap. 2]). Thus, it is also �-pseudomonotone.
Let us consider a convex lower semicontinuous functional  W R ! R. Assume

the existence of constantsM;C > 0 such that

 .s/ �Ms2 C C , 8u; (2.162)

and also that  .u/ 2 L1 ..0; T / �˝/, for all u 2 H . Denote by ˚ W R � R its
subdifferential. It is well known [B76, p. 61] that ' W V2 ! R defined by

' .u/ D
Z T

0

Z

˝

 .u .x// dx
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is a convex, lower semicontinuous function in V2. Moreover, w 2 @' .u/ if and only
if w .x/ 2 ˚ .u .x//, a.e. on .0; T /�˝; and wi 2 V2: It follows easily from (2.162)
that B D @' isC-coercive.

Putting V D V1\V2 (and then V � D Lq.0; T IV �/CL2.0; T IL2.˝//), where
1
p
C 1

q
D 1, we have that (2.140) holds if p � 2. For 1 < p < 2 we can take

˚ D D.0; T IV / (see [L69]).

In our case �D dy
dt

is the derivative in the sense of scalar distributions

D�.0; T IV �/ and

D.�IV ;V �/ WD W D fy 2 V \H W y0 2H C V �; y.0/ D 0g;
G.s/u.t/ WD

�
u.t � s/ for t � s;
0 for t � s:

The map � satisfies conditions (2.141)–(2.144) [L69, Sect. 2.9].
Then all conditions of Theorem 2.6 are satisfied, so that the problem

Z

Q

dy.x; t/

dt

�
v.x; t/ � y.x; t/

�
dxdt

C
nX

iD1

Z

Q

ˇ
ˇ
ˇ
ˇ
@y.x; t/

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@y.x; t/

@xi

�@v.x; t/

@xi
� @y.x; t/

@xi

�

dxdt

C
Z

Q

jyjp�2y.v � y/dxdt C
Z

Q

 .v.x; t//dxdt �
Z

Q

 .y.x; t//dxdt

�
Z

Q

f .v � y/dxdt C
Z

	T

g.v � y/dxdt; 8v 2 V ; (2.163)

y.x; 0/ D 0 a.e. on ˝; (2.164)

has a solution y 2 W , obtained by the method of difference approximations. Note
that in (2.163)–(2.164) f 2 L2 .Q/, g 2 L2 .�T / are fixed elements.

Example 2.6. Let n � 1, k � 1; A � R
k be a nonempty compact set, ˝�R

n

be a bounded region with boundary @˝ . Let us also consider a family maps
U˛ W Rn ! R, where ˛ 2 A, that satisfies the following conditions:

1. The map R
n � A 3 .�; ˛/! U˛.�/ 2 R is continuous.

2. R
n 3 � ! U˛.�/ 2 R is convex for all ˛ 2 A.

3. there exist a > 0, b > 0 such, that k@U˛.�/kC � aC bk�k 8� 2 R
n, 8˛ 2 A.

Together with fU˛.�/g˛2A let us consider the function U.�/ WD max
˛2A U˛.�/ W

R
n ! R and the multivalued map with compact values A.�/ WD f˛ 2 A j U˛.�/ D

U.�/g, where x 2 ˝ , � 2 R
n. Assume also the next coercitivity condition:
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4. there exist constantsM;C > 0 such that

U .�/ �M k�k2 C C;8�:

Let us consider the following problem:

y0.t; x/ �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@y.t; x/

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@y.t; x/

@xi

�

�
nX

iD1

@

@xi
co

0

@
[

˛2A.ry.t;x//
@U˛.ry.t; x//

1

A 3 f .t; x/; (2.165)

y.t; x/
ˇ
ˇ
@˝
D 0; (2.166)

y.0; x/ D 0: (2.167)

From [Ps80, Theorem II.3.14] and conditions (1) and (2) it follows that inclusion
(2.165) is equivalent to

y0.t; x/ �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@y.t; x/

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@y.t; x/

@xi

�

�
nX

iD1

@

@xi
@U.ry.t; x// 3 f .t; x/:

(2.168)
Integrating by parts we obtain the next differential-operator inclusion

y0 CA .y/C L�@'.Ly/ 3 f; y.0/ D 0; (2.169)

where

A W Lp.0; T IH 1
0 .˝//! Lq.0; T IH�1.˝//;

L W H 1
0 .˝/! L2;n.˝/ .Lv D rv; 8v 2 H 1

0 .˝//;

L� W L2;n.˝/! H�1.˝/ .L�v D �div v; 8v 2 L2;n.˝//;
' W L2.0; T IL2;n.˝//! R;

'.y/ D
Z

Q

U.y.t; x//dtdx; 8y 2 L2.0; T IL2;n.˝///;

f 2 L2.0; T IH�1.˝//C Lq.0; T IH�1.˝//;

and V1 D Lp.0; T IH 1
0 .˝//, H D L2.0; T IL2.˝//, V2 D L2.0; T IH 1

0 .˝//.
Hence, inclusion (2.169) is equivalent to

y0 CA .y/C @.' ı L/.y/ 3 f; y.0/ D 0
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(see [ET99]). So, in a similar way as in the previous example, from conditions
(1)–(4) we obtain that problem (2.165)–(2.167)has a solution y 2 L2.0; T IH 1

0 .˝//

\Lp.0; T IH 1
0 .˝//.

2.6 On Solvability for the Second Order Evolution Inclusions
with the Volterra Type Operators

The progress in the investigation of nonlinear boundary problems for the partial
differential equations became possible thanks to the intensive development of the
nonlinear analysis methods which found their application in the different sections of
mathematics. It has recently become natural to reduce these problems to the study of
nonlinear operator and differential-operator equations and inclusions in functional
spaces. At such approach the results for the concrete systems are obtained as the
rather simple consequences of operator Theorems [L69, GGZ74].

The evolution differential equations and inclusions are studied rather strongly.
To prove the properties of the resolving operator (nonemptyness, compactness,
connectedness) the method of monotony, the method of compactness and their
combinations are often used.

Here we are studing the solvability problem for the evolution inclusion of the sort

y00 C A.y0/C B.y/ 3 f:

with multivalued noncoercive maps, that is important for the applications.
The latest investigations, concern this direction enveloped the class of problems

with strongly monotone operator A and multivalued operator B that can be pre-
sented as the sum of the single-valued linear self-adjoint monotone operator and the
multivalued demiclosed bounded operator. These problems are coercive. They were
considered for example by N.S. Papageorgiou, N. Yannakakis [Pap94,PY06]. More
partial cases of evolution inclusions were considered by N.U. Ahmed., S. Kerbal
[AK03], L. Gasinski, M. Smolka [GS02], A. Kartsatos, L. Markov [KM01],
S. Migorski [M95] and others.

Our goal is to extend the given approach for wider class of problems, namely
for problems with the multivalued noncoercive nonmonotone operator A and the
multivalued operator B , that satisfies the similar conditions.

The idea on passing to the subsequences in the classical definition of single-
valued pseudomonotone operator was presented by I.V. Scrypnik [S94]. It was
developed for the first order differential-operator equations and inclusions in infinite
dimensional spaces with C-coercive W�0

-pseudomonotone maps by V.S. Melnik,
M.Z. Zgurovskiy, A.N. Novikov [ZMN04, ZM04] and P.O. Kasyanov [KK03a]–
[KMY07]. This gave the possibility to investigate the substantially wider class of
applied problems. Particularly, the given methodology combined with the non-
coercive theory [GGZ74, ZMN04, KMY07], that we try to apply to the second
order evolution inclusions, allows sufficiently extend the class of “noncoercive,”
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“nonmonotone” problems with sufficiently multivalued maps, for which we can
obtain the solvability. In virtue of the operators are multivalued, the extending faced
with the principle difficulties, which are not typical for the differential-operator
equations. Here the proof of the solvability is based on the method of singular pertur-
bations [L69, KMY07]. This fact allows us to obtain important a priori estimations
for the solutions. It gives the possibility to study the properties for the obtained
solutions (for example, dynamics). As the example illustrating offered approach we
consider the class of problems with nonlinear operators. The obtained results are
new for the inclusions as well as for the equations.

We remark that such type second order evolution inclusions arises during the
studying evolution problems which describe the dynamic contact of a viscoelastic
body and a foundation (see for example [DM05, DMP03] and citations there). The
contact is modeled by a general normal compliance condition and a friction law
which are nonmonotone, possibly multivalued and of the subdifferential form while
the damping operator is assumed to be coercive and generalized pseudomonotone.
They derive a formulation of the model in the form of a multidimensional second
order evolution inclusion. Then they establish the a priori estimates and the existence
of weak solutions by using an abstract surjectivity result. Their approach has some
disadvantages. At first, they claim rather strong uniformly�-coercivity condition for
damping. The other summands complied to the nonlinear damping. At the second,
they approach is not constructive. Here we try to develop the constructive scheme
for investigation of such problem with nonlinear noncoercive (even notC-coercive)
damping operator.

2.6.1 Setting of the Problem

LetH be the real Hilbert space with the inner product .�; �/, V1 and V2 are some real
reflexive separable Banach spaces that continuously embedded in H and

V WD V1 \ V2 is dense in spaces V1; V2 and H:

We consider that one of the embeddings Vi � H is compact. Let us note, that we
identify topologically adjoint space with H (with regard to the bilinear form .�; �/)
with H . Then we obtain

V1 � H � V �
1 ; V2 � H � V �

2

with continuous and dense embeddings, where .V �
i ; k � kV �

i
/ is topologically adjoint

space with Vi with regard to the canonical bilinear form

h�; �iVi
W V �

i � Vi ! R
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(i D 1; 2), that coincides onH�V with the inner product .�; �/ inH . Let us consider
reflexive functional spaces

Xi D Lri .S IH/ \ Lpi
.S IVi /; Y D L2.S IH/;

where S D Œ0; T �, 1 < pi � ri < C1, i D 1; 2, maxfr1I r2g � 2.
Let us consider the reflexive Banach space X D X1 \ X2 with norm kykX D

kykX1
C kykX2

. Let us note, that the space X that continuously and densely
embedded in Y , that is the norm k � kY is continuous with regard to k � kX on X .

Let us identify spaces Lqi
.S IV �

i /C Lr0

i
.S IH/ and X�

i . Similarly,

X� D X�
1CX�

2 � Lq1
.S IV �

1 /CLq2
.S IV �

2 /CLr0

1
.S IH/CLr0

2
.S IH/; Y ��Y;

where ri�1 C r 0
i
�1 D pi�1 C qi�1 D 1.

Let us determine on X� �X the form of duality:

hf; yi D
Z

S

.f11.�/; y.�//H d� C
Z

S

.f12.�/; y.�//H d� C
Z

S

hf21.�/; y.�/iV1
d�

C
Z

S

hf22.�/; y.�/iV2
d� D

Z

S

.f .�/; y.�// d�;

where f D f11 C f12 C f21 C f22, f1i 2 Lr0

i
.S IH/, f2i 2 Lqi

.S IV �
i /. Let us

consider
W D fy 2 X j y0 2 X�g;

where the derivative y0 of the element y 2 X is considered in the sense of scalar
distributions spaces D�.S IV �/ D L .D.S/IV �

w /, with V D V1 \ V2, V �
w is the

space V � with topology �.V �; V /. Let us introduce the graph norm on W :

kykW D kykX C ky0kX� for any y 2 W:

Let us note that the reflexive Banach space W is compactly embedded in Y , at that
the norm k � kY is compact with regard to k � kW onW .

Let A;B W X � X� are the multivalued maps of the pseudomonotone type.
Let us consider the Cauchy problem about the solvability for differential-operator
inclusions with noncoercive multivalued maps of W�0

-pseudomonotone type.

�
y00 C Ay0 C By 3 f;
y.0/ D a0; y0.0/ D N0; y 2 C.S IV /; y0 2 W; (2.170)

where a0 2 V and f 2 X� are arbitrary fixed elements.
We consider more precise conditions on operators A and B in Theorem 2.7 and

Corollary 2.6.
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Remark 2.20. It is obviously, that the space W is continuously embedded in
C.S IV �/. So, initial conditions make sense.

Further we will suggest that the next condition is true for A W X � X�:

Definition 2.9. Multivalued map A W X � X� satisfies Condition (H ), if for any
y 2 X , n � 1, fdigniD1 � A.y/ and Ej � S , j D 1; n: 8j D 1; n Ej is

measurable,[njD1Ej D S ,Ei\Ej D ; 8i ¤ j , i; j D 1; n element d 2 �
coA.y/,

where

d.�/ D
nX

jD1
dj .�/�Ej

.�/; and�Ej
.�/ D

�
1; � 2 Ej ;
0; else.

Let us consider multivalued duality map

J.y/ D ˚� 2 X� j h�; yiX D k�k2X� D kyk2X
� 2 Cv.X

�/ 8y 2 X:

In consequence of [AE84, Theorem 4, p. 202 and Statement 8, p. 203] for any
f 2 X� map

J�1.f / D fy 2 X j f 2 J.y/g
D fy 2 X j hf; yiX D kf k2X� D kyk2X g 2 Cv.X/:

is also defined on the whole space X and it is maximal monotone multivalued map.
We will approximate the inclusion from (2.170) by the next:

� " d
dt
J�1

�
d

dt

� d

dt
y"
�

�

�

C d 2

dt2
y" C A

�
d

dt
y"

�

C B.y"/ 3 f: (2.171)

Definition 2.10. We will say,that y 2 X with d
dt
y 2 W is the solution of problem

(2.170) is obtained by the method of singular perturbations, if
n
y; d

dt
y
o

– the weak

limit of some subsequence
n
y"nk

; d
dt
y"nk

o

k�1 of some sequence
n
y"n

; d
dt
y"n

o

n�1
("n & 0C as n ! 1) in the space X � W , that for every n � 1 y"n

2 X with
d
dt
y"n
2 W is the solution of problem (2.171).

2.6.2 Results

Theorem 2.7. Let �A � 0 is fixed, I W X ! X� is the identical motion,
p0 D minfp1; p2g, the space V is compactly embedded in Banach space V0 and the
embedding V0 � V � is continuous. Let us suggest, that A C �AI W X ! Cv.X

�/
is C-coercive, r.l.s.c. multivalued operator of the Volterra type with .X IW /-s.c.v.
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with k � k0W D k � kLp0
.SIV0/, that satisfies Condition (H ); B W Y ! Cv.Y

�/ is
multivalued operator of the Volterra type, that satisfies Condition (H ), the growth
condition:

9c1; c2 � 0 W kBykC � c1kykY C c2 8y 2 Y (2.172)

the condition of continuity:

dH .B.z/; B.z0//! 0; if z! z0; (2.173)

where dH .� I �/ is the Hausdorf metric in Cv.Y
�/, i.e.

dH .C ID/ D maxfdist.C ID/; dist.D;C /g; C;D 2 Cv.Y
�/:

Then for any a0 2 V and f 2 X� there exists at last one solution of problem
(2.170) u 2 X , that is obtained by the method of singular perturbations, moreover
u0 2 W .

Remark 2.21. The inclusion u00 C Au0 C Bu 3 f we will consider as the inclusion
in the space D�.S IV �/. If u 2 C.S IV / with u0 2 X satisfies this inclusion, then
u00 2 f � Au0 � Bu � X�. This means, that u0 2 W � C.S IH/. From this it
follows, that the conditions u0.0/ D N0 2 H and u0 2 W are true.

Proof. Similarly to [GGZ74, Theorem VII.1.1] let us reduce the evolution inclusion
from (2.170) to the first order inclusion. Let R W X ! X (Y ! Y respectively) be
the operator of the Volterra type, that is defined by the relation

.Rv/.t/ D a0 C
tZ

0

v.s/ds 8v 2 X; 8t 2 S:

R is Lipschitz-continuous operator from X to X (from Y to Y respectively). If u
is the solution of problem (2.170): u0 2 W , then v D u0 will be the solution of the
problem

�
v0 C A.v/C B.Rv/ 3 f;
v.0/ D N0; v 2 W: (2.174)

Vice versa, if v 2 W is the solution of problem (2.174), then u D Rv 2 X is the
solution of problem (2.170) such, that u0 2 W � X .

Let us consider the multivalued operator

A WD AC B ıR W X ! Cv.X
�/

and I W X ! X � X� is identical motion, � D �A C �B , �B D 1 C c1 � c3, c3
is the Lipschitzean constant for the operator R W Y ! Y . For any y 2 X and a.a.
t 2 S let us set

y�.t/ D e��ty.t/; f�.t/ D e��tf .t/; .A�y�/.t/ D e��t .A y/.t/C �y�.t/:
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i.e. .d� 2 A�.y�// , .8w 2 X hd�;wiX � ŒA.y/ C �y;w��C/: Let us note,
that A�.y�/ is nonempty, as 9d� 2 A�.y�/; that we can choose so:

d�.t/ D e��td.t/C �y�.t/ for a.e. t 2 S; d 2 A :

Then A� W X ! Cv.X
�/ and v 2 W is the solution of problem (2.174) if and

only if v� 2 W satisfies the next:

v0
� C A�v� 3 f�; v�.0/ D N0: (2.175)

Let us check, that A� W X ! Cv.X
�/ satisfies such conditions:

(˛1) A� isC-coercive on X .
(˛2) A� is �0-pseudomonotone onW .
(˛3) A� is locally bounded on X .
(˛4) A� satisfies Condition (˘ ) on X .

Let us check (˛1). Let us fix y 2 X . As ky�kX � kykX , then

ky�k�1X ŒA�y�; y��C � kyk�1X sup
�.y/2A.y/

R

S

e�2�t �
.y/.t/C �Ay.t/; y.t/
�
dt

Ckyk�1X inf
�.y/2B.Ry/

R

S

e�2�t �
.y/.t/C �By.t/; y.t/
�
dt:

At first let us estimate the first term. Let us note, that

Œ.AC �AI /y; y�C � �.kykX /kykX 8y 2 X;

where � W RC ! R is bounded from bellow function on bounded in RC sets such,
that �.r/! C1 as r !1 (it is obviously follows fromC-coercivity AC �AI ).
From here, inf

s�0 �.s/ D a > �1. For any b > a let us consider nonempty bounded

in RC set Ab D fc � 0 j �.c/ � bg. Let cb D supAb for any b > a. Let us note,
that 8b1 > b2 > a;C1 > cb1

� cb2
and cb ! C1 as b ! C1. Let us set

O�.t/ D
�
a; t 2 Œ0; caC1�;
aC k; t 2 .caCk ; caCkC1�; k � 1:

Then, O� W RC ! R is bounded from bellow nondecreasing function on bounded in
RC sets such, that O�.r/ ! C1 as r ! 1 and �.t/ � O�.t/ 8t � 0. As A is the
operator of the Volterra type, then for fixed y 2 X

8t 2 S sup

2A

tR

0

�

.y/.�/C �Ay.�/; y.�/

�
d�

D sup

2A

TR

0

�

.yt /.�/C �Ayt .�/; yt.�/

�
d�

� O�.kytkX/kytkX D O�.kykXt /kykXt ;
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where kykXt
D kytkX . Let

g� .�/ D
�

.y/.�/C �Ay.�/; y.�/

�
; 
 2 A; � 2 S;

h.t/ D O�.kykXt
/kykXt

; t 2 S:

For all t 2 S h.t/ � minf O�.0/; 0gkykX and

sup
�2A

tZ

0

g� .�/d� � h.t/ 8t 2 S;

For any y 2 X in consequence of Condition (H )

sup
�2A

TZ

0

e�2���
.y/.�/C �Ay.�/; y.�/
�
d�

D e�2�T sup
�2A

TZ

0

g� .�/d� C sup
�2A

TZ

0

�

e�2�� � e�2�T



g� .�/d�

� e�2�T h.T /C 2� sup
�2A

TR

0

e�2�s sR

0

g� .�/d�ds

� e�2�T h.T /C 2�T sup
�2A

inf
s2S e

�2�s sR

0

�

.y/.�/C �Ay.�/; y.�/

�
d�:

Let us prove that for all y 2 X

sup
�2A

inf
s2S e

�2�s
sZ

0

�

.y/.�/C �Ay.�/; y.�/

�
d� � �C1kykX ;

where C1 D maxf� O�.0/; 0g � 0 does not depend on y 2 X .
Indeed, let y 2 X be fixed. Let us set

'.s; d/ D e�2�s
sZ

0

�
d.�/C �Ay.�/; y.�/

�
d�; a D sup

d2A.y/
inf
s2S '.s; d/;

Ad D fs 2 S j '.s; d/ � ag; s 2 S; d 2 A.y/:

From the continuity of '.�; d / on S it follows, that Ad is nonempty closed set for
any d 2 A.y/. Indeed, for fixed d 2 A.y/ there exists sd 2 S such, that

'.sd ; d / D min
Os2S

'.Os; d / � a:

The closure of Ad follows from the continuity of '.�; d / on S .
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Now let us prove, that the system fAd gd2A.y/ is centralized. For fixed fdigniD1 �
A.y/, n � 1, let us set

 i .�/ D
�
di .�/C �Ay.�/; y.�/

�
;  .�/ D n

max
iD1  i .�/; � 2 S a.e.,

E0 D ;; Ej D
n
� 2 S n

�
[j�1
iD0Ei

�
j j .�/ D  .�/

o
; j D 1; n;

d.�/ D
nX

jD1
dj .�/�Ej

.�/; �Ej
.�/ D

�
1; � 2 Ej ;
0; else.

Let us note, that 8j D 1; n Ej is measurable,[njD1Ej D S ,Ei \Ej D ; 8i ¤ j ,

i; j D 1; n, d 2 X�. Moreover,

'.s; di / D e�2�s
sZ

0

 i .�/d� � e�2�s
sZ

0

 .�/d� D '.s; d/; s 2 S; i D 1; n:

Therefore, thanks to Condition (H ) for A, d 2 A.y/ and for some sd 2 S

'.sd ; di / � '.sd ; d / D min
Os2S

'.Os; d / � a; i D 1; n:

So, sd 2 \niD1Adi
¤ ;.

As S is compact, and the system of closed sets fAd gd2A.y/ is centralized, then
9s0 2 S : s0 2 \d2A.y/Ad [RS80]. This means, that

sup
�2A

inf
s2S e

�2�s
sZ

0

�

.y/.�/C �Ay.�/; y.�/

�
d�

� sup
�2A

e�2�s0
s0Z

0

�

.y/.�/C �Ay.�/; y.�/

�
d�

D e�2�s0 sup
�2A

s0Z

0

g� .�/d� � e�2�s0h.s0/

� e�2�s0 minf O�.0/; 0gkykX � �maxf� O�.0/; 0gkykX D �C1kykX :

So,

kyk�1X sup
�2A

TZ

0

e�2�� �
.y/.�/C �Ay.�/; y.�/
�
d�

� e�2�T O�.kykX /� 2�C1T; (2.176)
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where O� W RC ! R is bounded from bellow nondecreasing function on bounded in
RC sets such, that O�.r/! C1 as r !1, C1 � 0 does not depend on y 2 X .

Let us estimate the second term. Similarly to the first case, asBıR is the operator
of the Volterra type, then 8t 2 S

inf
�2BıR

tZ

0

�

.y/.�/C �By.�/; y.�/

�
d�

D inf
�2BıR

TZ

0

�

.yt /.�/C �Byt .�/; yt .�/

�
d�

� �Bkytk2Y � kB.Ryt /kCkytkY
� .1C c1 � c3/kytk2Y � c2kytkY � c1kRytkY kytkY
� kytk2Y � .c2 C c1kR N0kY /kytkY � �.c2 C c1kR N0kY /c4kykX > �1;

where c4 > 0 such, that k � kY � c4k � kX . Let

g� .�/ D
�

.y/.�/C �By.�/; y.�/

�
; 
 2 B ıR; � 2 S:

Then,

inf
�2BıR

TZ

0

e�2�� �
.y/.�/C �By.�/; y.�/
�
d�

� e�2�T h.T /C 2� inf
�2BıR

TZ

0

e�2�s
sZ

0

g� .�/d�ds

� �e�2�T .c2 C c1kR N0kY /c4kykX

C 2�
TZ

0

e�2�s inf
�2BıR

sZ

0

�

.y/.�/C �By.�/; y.�/

�
d�ds

� �.c2 C c1kR N0kY /c4kykX 8y 2 X:

So, with the help of (2.176), it follows, that

ky�k�1X ŒA�y�; y��C � e�2�T O�.kykX /� 2�C1T � .c2 C c1kR N0kY /c4
� e�2�T O�.ky�kX / � 2�C1T � .c2 C c1kR N0kY /c4 8y 2 X;

as kykX � ky�kX . So, A� W X ! Cv.X
�/ isC-coercive.
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Let us check (˛2). For any y 2 X and a.a. t 2 S let us set

.A1�y�/.t/ D e��t .Ay/.t/C�Ay�.t/; .A2�y�/.t/ D e��t .B.Ry//.t/C�By�.t/:

Let us note, that A1
�
.y�/C A2�.y�/ D A�.y�/ 8y 2 X .

At first let us show, that A1
�

is r.l.s.c. operator with (X IW )-s.b.v. It is to check the
radial lower semicontinuity. Let us prove the semiboundness of variation. In view
of the conditions of the Theorem for all R > 0, y; � 2 X : kykX � R, k�kX � R
the next inequality is true

ŒA.y/ � A.�/C �Ay � �A�; y � ��� C CA.RI ky � �k0W / � 0:

Let us set OCA.RI �/ D max
�2Œ0;t �

CA.RI �/ for all R; t � 0 ( OCA 2 ˚),

zt .�/ D
�

z.�/; 0 � � � t;
N0; t < � � T; t 2 S; z 2 X:

Let 
, � 2 A are fixed selectors. As A is the operator of the Volterra type, then
8t 2 S
tZ

0

�

.y/.�/C �Ay.�/ � �.�/.�/ � �A�.�/; y.�/ � �.�/

�
d� C OCA

�
RI ky � �k0Wt

�

D
TZ

0

�

.yt /.�/C�Ayt .�/ � �.�t /.�/ � �A�t .�/; yt .�/ � �t .�/

�
d�

C OCA
�
RI kyt � �tk0W

� � Œ.AC �AI /.yt /� .AC �AI /.�t /; yt � �t ��
C OCA.RI kyt � �tk0W / � 0;

because kytkX � kykX and k�tkX � k�kX . Here k � k0Wt
D k � kLp0

.Œ0;t �IV0/.
Let us set

g.�/ D �

.y/.�/C �Ay.�/ � �.�/.�/ � �A�.�/; y.�/ � �.�/

�
; � 2 S;

h.t/ D OCA
�
RI ky � �k0Wt

�
; t 2 S:

Let us note, that function S 3 t ! h.t/ is monotone nondecreasing function and

tZ

0

g.�/d� � �h.t/ 8t 2 S:
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So,

TZ

0

e�2���
.y/.�/C �Ay.�/ � �.�/.�/ � �A�.�/; y.�/ � �.�/
�
d�

D
TZ

0

e�2��g.�/d� D e�2�T
TZ

0

g.�/d� C 2�
TZ

0

e�2��
�Z

0

g.s/dsd�

� �e�2�T h.T / � 2�
TZ

0

e�2��h.�/d� � �h.T /
�

e�2�T C 2�
TZ

0

e�2��d�



D �h.T / D � OCA
�
RI ky � �k0W

�
:

Consequently,

ŒA1�y�; y� � ���� D inf
�.y/2A.y/

Z

S

�
e��t
.y/.t/C �Ay.t/e��t ; e��t .y.t/� �.t//�dt

D inf
�.y/2A.y/

Z

S

e�2�t �
.y/.t/C �Ay.t/; y.t/ � �.t/
�
dt

� sup
�.�/2A.�/

Z

S

e�2�t �
.�/.t/C �A�.t/; y.t/ � �.t/
�
dt

� OCA.RI ky � �kLp0
.SIV0//

D sup
�.�/2A.�/

Z

S

�
e��t
.�/.t/C �A�.t/e��t ; e��t .y.t/� �.t//�dt

� OCA.RI ky � �kLp0
.SIV0//

D ŒA1���; y� � ���C � OCA.RI ky � �kLp0
.SIV0//: (2.177)

Let us consider weight space Lp0;�.S IV0/, that consists of measurable functions
y� W S ! V0, for which integral

R

S

e�tp0ky�.t/kp0

V0
dt is finite. Then

ky��kLp0
.SIV0/ D

0

@

Z

S

e�tp0ky�.t/ � ��.t/kp0

V0
dt

1

A

1=p0

D ky����kLp0;�.SIV0/:

So from (2.177) we will have

ŒA1�y�; y� � ���� � ŒA1���; y� � ���C � OCA.RI ky� � ��kLp0;�.SIV0//:
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The fact, that embedding W � Lp0;�.S IV0/ is compact is finishes the proof
(X IW )-s.b.v. for A1

�
W X ! Cv.X

�/. It is the direct consequence of the continuity
of embedding

W �
n
y 2 Lp0

.S IV / j y0 2 Lmin fr 0

1
;r0

2
g.S IV �/

o

and Lemma about compactness with B0 D V , B D V0, B1 D V �, p0 D p0 and
p1 D min fr 0

1; r
0
2g.

As arbitrary r.l.s.c. multivalued operator with (X IW )-s.b.v. is �0-
pseudomonotone on W [KMY07, Proposition 1.2.23], then we have required
Proposition for A1

�
.

Now let us consider A2
�

. At first we will show, that A2
�

is r.u.s.c. operator with
N -s.b.v. on W . It is easy to check the radial upper semicontinuity. Let us prove the
semiboundness of variation.

At first let us prove that if B W Y ! Cv.Y
�/ is continuous in the sense of (2.173)

multivalued operator. Then .B ıR/ W X ! Cv.X
�/ is the operator with N -s.b.v. on

W with k � k0W D k � kY .
Let us build the function C.R; t/. For all R � 0 and t � 0 let

C.R; t/ D t � sup
z1; z2 2 X W kzi kX � R;

kz1 � z2kY � t; i D 1; 2

dH .B.Rz1/IB.Rz2// DW t � c.R; t/:

Let us check, that this map is defined correctly, i.e.

8R; t � 0 c.R; t/ < C1: (2.178)

Let it be not so. Then for some R > 0 and t > 0 C.R; t/ D C1. This means, that
there exist sequences fzni gn�1 � X , i D 1; 2 such, that kzni kX � R, kzn1 � zn2kY � t8n � 1 and

dH .B.Rzn1/IB.Rzn2//! C1 as n! C1:
From the continuity of embedding X � X� and from global property of Lipschitz
of the operator R W X ! X it follows the boundness of the sequences fRzn1gn�1
and fRzn2gn�1 in W , and, so, from the compactness of embeddingW in Y , and that
fact, that the given sequences are precompact in Y .

So, within subsequences,

Rzni ! �i in Y and dH .B.Rzni /IB.�i //! 0; i D 1; 2

for some �i 2 Y . So,

0 � limdH .B.Rzn1/IB.Rzn2// � dH .B.�1/IB.�2// < C1:

The correctness of the definition of function C in the sense of (2.178) is checked.
Let us note, that for all R � 0 and t � 0 c.R; 0/ � c.0; t/ � 0.
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Let us choose norm k�k0W WD k�kY that is compact with regard to k�kW onW and
continuous with regard to k � kX on X . Let us note, that for all R � 0, y1; y2 2 X
such, that kyikX � R and di 2 B.Ryi /, i D 1; 2

hd1; y2 � y1iX � hd2; y2 � y1iX � kd1 � d2kY �ky1 � y2kY :

So,

ŒB.Ry1/; y2 � y1�C � ŒB.Ry2/; y2 � y1�C
� dist.B.Ry1/IB.Ry2//ky1 � y2kY � dH .B.Ry1/IB.Ry2//ky1 � y2kY ;
ŒB.Ry1/; y1 � y2�� � ŒB.Ry2/; y1 � y2��
� �dH .B.Ry1/IB.Ry2//ky1 � y2kY � �C.RI ky1 � y2kY /:

So, to finish the proof of the given Proposition it remains to prove:

	 C.R;t/
t
DW c.R; t/! 0 as t ! 0C;

	 8R � 0 function Œ0;C1/ 3 t ! C.R; t/ is continuous.

(1) Let us check, that for all R > 0 c.R; t/ ! 0 as t ! 0C. In order to do that
let us apply the method from the opposite. Let us suggest, that there exist " > 0,
tn & 0C, zn1 2 X and zn2 2 X such, that for all i D 1; 2 and n � 1

kzni kX � R; kzn1 � zn2kY � tn; dH .B.Rzn1/IB.Rzn2// � ":

From the continuity of embedding X � X� and from the global property of Lips-
chitz of operator R W X ! X it follows the boundness of sequences fRzn1gn�1 and
fRzn2gn�1 inW , and, so, from the compactness of embeddingW in Y , it follows that
fact, that the given sequences are precompact in Y . From here, within subsequences,

Rzmi ! �i in Y and dH .B.Rzmi /IB.�i //! 0; i D 1; 2

for some �i 2 Y , i D 1; 2. And from the global property of Lipschitz of the operator
R W Y ! Y with constant of Lipschitz K > 0 it follows, that:

k�1 � �2kY  kRzm1 � Rzm2 kY � K � kzm1 � zm2 kY � K � tm ! 0

and �1 D �2 DW �. From the continuity of operator B W Y ! Y � we will have, that
for big m � 1

0 D dH .B.�1/IB.�2// dH .B.Rzm1 /IB.Rzm2 // � " > 0:

We have the contradiction.
(2) Now let us check, that 8R � 0 function Œ0;C1/ 3 t ! C.R; t/ is

continuous. For this it is enough to check the continuity of Œ0;C1/ 3 t ! c.R; t/.
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The case, when t D 0 follows from the previous point. So, we will suggest, that
t > 0. In order to check this we will apply the method from the opposite. Let there
exist such R > 0, t0 > 0, tn ! t0 as n! C1 and "� > 0, that

jc.R; tn/� c.R; t0/j � "� 8n � 1: (2.179)

Without losing generality, we will suggest, that or tn ! t0 from bellow, or tn ! t0
from above as n! C1.

(2.1) Let tn ! t0 from above as n !1. From the view of function c.R; t/ we
can see, that for all R � 0 and t1 � t2 > 0 c.R; t1/ � c.R; t2/. So, from (2.179) it
follows

8n � 1 c.R; tn/ � "� C c.R; t0/:
And this means, that for every n � 1 and i D 1; 2 there exist zn1 2 X and zn2 2 X
such, that kzni kX � R, kzn1 � zn2kY � tn and

dH .B.Rzn1/IB.Rzn2// �
"�

2
C c.R; t0/: (2.180)

From the continuity of embedding X � X� and from the global property of Lips-
chitz of operatorR W X ! X it follows the boundness inW of sequences fRzn1gn�1
and fRzn2gn�1, and so, from the compactness of embedding W in Y it follows that
fact, that the given sequences are precompact in Y . And so, within subsequences,

Rzmi ! �i inY and dH .B.Rzmi /IB.�i //! 0; i D 1; 2

for some �i 2 Y , i D 1; 2. Moreover, as spaces X , X�, Y , Y � are reflexive and
separable spaces, then, without losing generality, we can suggest:

zmi ! 
i weakly in X; zmi ! 
i weakly in Y;

k
ikX � R; k
1 � 
2kY � t0 and R
i D �i :
From the continuity of operator B W Y ! Y � it is follows, that passing to the limit
in (2.180) as m!C1, we will obtain

c.R; t0/ � dH .B.R
1/IB.R
2// � "�

2
C c.R; t0/:

We obtained the contradiction.
(2.2) Now we consider the case, when tn ! t0 from bellow as n ! 1. From

(2.179) it follows, that

c.R; tn/C "� � c.R; t0/ � dH .B.Rz1/IB.Rz2//C "�

2
;
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where zi 2 X such, that kzikX � R and kz1 � z2kY � t0. For arbitrary n � 1 and
i D 1; 2 let zni WD tn

t0
zi ! zi inX (in Y , inW respectively) as n!1, kzni kX � R,

kzn1 � zn2kY � tn and Rzni ! Rzi in Y as n!1, i D 1; 2. And so,

dH .B.Rz1/IB.Rz2//C "�

2
 dH .B.Rzn1/IB.Rzn2//C "�

2

� c.R; tn/C "�

2
� c.R; t0/� "�

2
� dH .B.Rz1/IB.Rz2//:

We obtained the contradiction again. So, function RC 3 t ! C.R; t/ D t � c.R; t/
is continuous for every R � 0.

For some CB 2 ˚ and for all R > 0, y; � 2 X : kykX � R, k�kX � R it is
follows:

ŒB.Ry/C �By; y � ��� � ŒB.R�/C �B�; y � ��� C CB.RI ky � �kY / � 0:

Let us set OCB.RI �/ D max
�2Œ0;t �

CB.RI �/ for all R; t � 0 ( OCB 2 ˚),

zt .�/ D
�

z.�/; 0 � � � t;
N0; t < � � T; t 2 S; z 2 X:

As B ıR is the operator of the Volterra type, then 8t 2 S

inf
�2BıR

tZ

0

�

.y/.�/C �By.�/; y.�/ � �.�/

�
d�

� inf

2BıR

tZ

0

�
�.�/.�/ � �B�.�/; y.�/ � �.�/

�
d� C OCB .RI ky � �kYt

/

D inf
�2BıR

TZ

0

�

.yt /.�/C �Byt .�/; yt .�/ � �t .�/

�
d�

� inf

2BıR

TZ

0

�
�.�t /.�/C �B�t .�/; yt .�/� �t .�/

�
d� C OCB .RI ky � �kYt

/

D ŒB.Ryt /C �Byt ; yt � �t �� � ŒB.R�t /C �B�t ; yt � �t ��
C OCB.RI kyt � �tkY / � 0;

because kytkX � kykX and k�tkX � k�kX . Here k � kYt
D k � kL2.Œ0;t �IH/.

Let us set

g� .�/ D
�

.�/; y.�/ � �.�/�; 
 2 X�; � 2 S;

h.t/ D OCB .RI ky � �kYt
/ ; t 2 S:
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Let us note, that function S 3 t ! h.t/ is monotone nondecreasing and

inf
�2B.Ry/C�By

tZ

0

g� .�/d� � inf

2B.R�/C�B�

tZ

0

g
.�/d� � �h.t/ 8t 2 S:

So, for fixed 
 2 B.Ry/C �By
TR

0

e�2���
.�/; y.�/ � �.�/�d� � inf

2B.R�/C�B�

TR

0

e�2����.�/; y.�/ � �.�/�d�

D sup

2B.R�/C�B�

TR

0

e�2�� �
.�/� �.�/; y.�/ � �.�/�d�:

For arbitrary y 2 X , t 2 S as the consequence of condition .H/ we have

sup

2B.R�/C�B�

TZ

0

e�2���
.�/ � �.�/; y.�/ � �.�/�d�

D e�2�T sup

2B.R�/C�B�

TZ

0

�

.�/ � �.�/; y.�/ � �.�/�d�

C sup

2B.R�/C�B�

TZ

0

�

e�2�� � e�2�T


�

.�/ � �.�/; y.�/ � �.�/�d�

� �e�2�T h.T /C 2� sup

2B.R�/C�B�

TZ

0

e�2�s
sZ

0

�

.�/ � �.�/; y.�/ � �.�/�d�ds

� �e�2�T h.T /C 2�T sup

2B.R�/C�B�

inf
s2S e

�2�s
sZ

0

�

.�/ � �.�/; y.�/ � �.�/�d�:

Let us prove that for all y 2 X

sup

2B.R�/C�B�

inf
s2S e

�2�s
sZ

0

�

.�/ � �.�/; y.�/ � �.�/�d� � �h.T /:

Let us set

'.s; d/ D e�2�s sR

0

�
d.�/; y.�/ � �.�/�d�; a D sup

d2E
inf
s2S '.s; d/;

Ad D fs 2 S j '.s; d/ � ag; s 2 S; d 2 E WD 
.�/ � B.R�/ � �B�:
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From the continuity of '.�; d / on S it is follows, that Ad is nonempty closed set for
arbitrary d 2 A.y/. Indeed, for fixed d 2 A.y/ there exists sd 2 S such, that

'.sd ; d / D min
Os2S

'.Os; d / � a:

The closure of Ad follows from continuity '.�; d / on S .
Let us prove now, that the system fAd gd2A.y/ is centralized. For fixed fdigniD1� E , n � 1, let us set

 i .�/ D
�
di .�/; y.�/ � �.�/

�
;  .�/ D n

max
iD1  i .�/; � 2 S a.e.,

E0 D ;; Ej D
n
� 2 S n

�
[j�1
iD0Ei

�
j j .�/ D  .�/

o
; j D 1; n;

d.�/ DPn
jD1 dj .�/�Ej

.�/; �Ej
.�/ D

�
1; � 2 Ej ;
0; else.

Let us note, that 8j D 1; n Ej is measurable,[njD1Ej D S ,Ei \Ej D ; 8i ¤ j ,

i; j D 1; n, d 2 X�. Moreover,

'.s; di / D e�2�s
sZ

0

 i .�/d� � e�2�s
sZ

0

 .�/d� D '.s; d/; s 2 S; i D 1; n:

So, thanks to Condition (H ) for B , d 2 E and for some sd 2 S

'.sd ; di / � '.sd ; d / D min
Os2S

'.Os; d / � a; i D 1; n:

Thus, sd 2 \niD1Adi
¤ ;.

As S is compact, and the system of closed sets fAd gd2E is centralized, then
9s0 2 S : s0 2 \d2EAd [RS80]. This means, that

sup

2B.R�/C�B�

inf
s2S e

�2�s
sZ

0

�

.�/ � �.�/; y.�/ � �.�/�d�

� sup

2B.R�/C�B�

e�2�s0
s0Z

0

�

.�/ � �.�/; y.�/ � �.�/�d�

D e�2�s0 sup

2B.R�/C�B�

s0Z

0

�

.�/ � �.�/; y.�/ � �.�/�d�
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D e�2�s0
2

4

s0Z

0

�

.�/; y.�/ � �.�/�d� � inf


2B.R�/C�B�

s0Z

0

�
�.�/; y.�/ � �.�/�d�

3

5

� �e�2�s0h.s0/ � �h.T /:

Therefore,

inf
�2B.Ry/C�By

TZ

0

e�2�� �
.�/; y.�/ � �.�/�d�

� inf

2B.R�/C�B�

TZ

0

e�2�� ��.�/; y.�/ � �.�/�d�

� �e�2�T h.T / � 2�T h.T / D �
h
e�2�T C 2�T

i
� OCB .RI ky � �kY / :

Let us set eCB .RI t/ D
	
e�2�T C 2�T 
 � OCB.RI t/, R; t � 0 (eCB 2 ˚). Then,

ŒA2�y�; y� � ���� � ŒA2���; y� � ����

D inf
�2B.Ry/C�By

TZ

0

e�2�� �
.�/; y.�/ � �.�/�d�

� inf

2B.R�/C�B�

TZ

0

e�2�� ��.�/; y.�/ � �.�/�d�

� �eCB .RI ky � �kY / D �eCB.RI ky � �kL2.SIH//: (2.181)

Let us consider the weight space L2;�.S IH/, that consists of measurable functions
y� W S ! H , for which the integral

R

S

e2�tky�.t/k2Hdt is finite. Then

ky � �kL2.SIH/ D
�Z

S

e2�tky�.t/ � ��.t/k2Hdt
�1=2

D ky� � ��kL2;�.SIH/:

Therefore from (2.181) we will obtain

ŒA2�y�; y� � ���� � ŒA2���; y� � ���� � eCB.RI ky� � ��kL2;�.SIH//:

The proof of N -s.b.v. for A2
�
W X ! Cv.X

�/ finishes that fact, that the embed-
ding W � L2;�.S IH/ is compact. It is the direct sequence of the compactness of
embeddingW � Y .
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Let us check now �0-pseudomonotony A2
�

on W . Let us y�;n ! y� weakly in
W (therefore y�;n ! y� in Y� WD L2;�.S IH/), A2�.y�;n/ 3 d�;n ! d� 2 X�
weakly in X� and

lim
n!1hd�;n; y�;n � y�i � 0:

Using the property of N -semibounded variation on W for the operator A2
�

, we
conclude, that for every v� 2 X

lim
n!1
hd�;n; y�;n � v�i � lim

n!1
ŒA2�.y�;n/; y�;n � v���

� lim
n!1

ŒA2�.v�/; y�;n � v��� � eCB .RI ky� � v�ky�
/: (2.182)

At first let us estimate the first term of the right part in (2.182). Let us prove, that
function Y� 3 h� 7! ŒA2

�
.v�/; h��� is continuous8v� 2 X � Y�. Let z�;n ! z� in

Y�, then for any n � 1 9��;n 2 A2�.v�/ such, that

ŒA2�.V�/; z�;n�� D h��;n; z�;ni:

From the sequence f��;nI z�;ng let us choose the subsequence f��;mI z�;mg such, that

lim
n!1

ŒA2�.v�/; z�;n�� D lim
n!1
h��;n; z�;ni D lim

m!1h��;m; z�;mi

and in view of the weak compactness of the set A2
�
.v�/ in Y� we find, that ��;m !

�� weakly in Y �
�

with �� 2 A2�.v�/. Therefore

lim
n!1

ŒA2�.v�/; z�;n�� D lim
n!1h��;m; z�;mi D h��; z�i D ŒA

2
�.v�/; z���;

and this proves the continuity of function Y� 3 h� 7! ŒA2
�
.v�/; h���.

Therefore from (2.182) we obtain

lim
n!1
hd�;n; y�;n � v�i � ŒA2�.v�/; y� � v��� � eCB.RI ky� � v�kY�

/:

Then, substituting v� for y� in the last inequality, we have

hd�;n; y�;n � y�i ! 0;

and therefore

lim
n!1
hd�;n; y�;n � v�i � ŒA2�.v�/; y� � v��� � eCB.RI ky� � v�kY�

/ 8v� 2 X:

Substituting in the last inequality v� for tw�C .1� t/y�, where w� 2 X , t 2 Œ0; 1�,
then dividing the result by t and passing to the limit as t ! 0C, thanks to the radial
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semicontinuity from above for A2
�

, we obtain

lim
n!1
hd�;n; y�;n � w�i � ŒA2�.y�/; y� � w��� 8w� 2 X:

Therefore, �0-pseudomonotonyA2
�

on W is proved.
In order to prove the �0-pseudomonotony of A� on W we note, that the pair of

maps (A1
�
; A2

�
) is s-mutually bounded, as A2

�
is bounded as the consequence of the

(2.172) and the boundness of identical motion.
Conditions (˛3/ and (˛4/ are clear.
In order to prove the solvability for problem (2.174) we will use Theorem 2.2.

Let L W WN0 � X ! X� is linear densely defined operator (Ly� D y0
�

, D.L/ D
WN0 D fy 2 W j y.0/ D N0g), A� W X ! Cv.X

�/ is multivalued map. The next
problem is being considered:

Ly� C A�.y�/ 3 f�; y� 2 WN0: (2.183)

Remark 2.22. Let us note, that D.L/ D WN0 is reflexive Banach space with regard
to the graph norm of the derivative. The closure of the graph of derivative in the
sense of distributions on the space WN0 provides the given condition.

Therefore, there exists at last one solution of problem (2.174) v 2 W , that is
obtained by the method of singular perturbations.

The Theorem is proved. ut
Corollary 2.6. Let p2 � 2. Let �A � 0 is fixed, I W X ! X� is identical motion,
p0 D minfp1; p2g, space V is compactly embedded in Banach space V0 and
embedding V0 � V � is continuous. Let us suggest, that AC �AI W X ! Cv.X

�/ is
C-coercive, r.l.s.c. multivalued operator of the Volterra type with .X IW /-s.b.v. with
k � k0W D k � kLp0

.SIV0/, that satisfies Condition (H ); B W Y ! Cv.Y
�/ is multival-

ued operator of the Volterra type, that satisfies Condition (H ), the growth condition
(2.172) and the continuity condition (2.173); C W X ! X� is the operator with
such property:

.Cu/.t/ D C0u.t/ 8u 2 X; 8t 2 S;
where C0 W V2 ! V �

2 is linear, bounded, self-adjoint, monotone operator.
Then for arbitrary a0 2 V and f 2 X� there exists at last one solution of the

problem
�
y00 C Ay0 C By C Cy 3 f;
y.0/ D a0; y0.0/ D N0; y 2 C.S IV /; y0 2 W; (2.184)

y 2 X , that is obtained by the method of singular perturbations, at that y0 2 W .

Proof. Let again R is the operator of the Volterra type, that is defined by relation

.Rv/.t/ D a0 C
tZ

0

v.s/ds 8v 2 X; 8t 2 S:
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Let as set OA D A C C ı R;B is the operator from condition. Let us note, that in
view of the properties of operator C0 we have, that the next conditions are true:

(1) For v 2 X in view of that p2 � 2 � q2 and boundness C0 we have

kC vkX� D
0

@

Z

S

kC0v.t/kq2

V �

2

dt

1

A

1
q2

� K1
0

@

Z

S

kv.t/kq2

V2
dt

1

A

1
q2

� K2
0

@

Z

S

kv.t/kp2

V2
dt

1

A

1
p2

D K2kvkX ;

where K1 and K2 are the constants, which don’t depend on v: From here and from
Lipschitz-continuity ofR W X ! X it follows the continuity of the operatorC ıR W
X ! X�I

(2) For v;w 2 X we have

hCRv � CRw; v � wi D
Z

S

.C0.Rv �Rw/.t/; .Rv �Rw/0.t//dt

D 1

2
.C0.Rv � Rw/.T /; .Rv �Rw/.T // � 0

i.e. the operator CR W X ! X� is monotone;
(3) From the definition of operator R we have, that

hCRv; vi � �1
2
.C0a0; a0/:

Therefore

lim
kvkX !1

1

kvkX hCRv; vi > �1:

Thus, in view of these conditions and conditions on the operatorAC�AI we have,
that the operator OA C �AI satisfies the conditions of Theorem 2.7. Therefore the
problem

�
y00 C OAy0 C By 3 f;
y.0/ D a0; y0.0/ D N0; y 2 C.S IV /; y0 2 W;

has a solution. But, as .Ry/0 D y, then the same is true for problem (2.184) too. ut

2.6.3 Examples

Example 2.7. Let ˝ from R
n is bounded region with regular boundary @˝ , S D

Œ0IT �, Q D ˝ � S , �T D @˝ � S , 1 < p D p1 D p2, ˚ W R! R is continuous
function, that satisfies the growth condition:
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for some c1; c2 2 R j˚.t/j � c1jt j C c2 8t 2 R (2.185)

and the sign condition:

9c3 > 0 W .˚.t/ � ˚.s//.t � s/ � �c3.s � t/2 8t; s 2 RI (2.186)

S � R 3 .t; y/ ! �i .t; y/ 2 RC; i D 1; 2 are single-valued continuous functions,
which satisfy such condition:

9c1; c2 � 0 W �c2.1C jxj/ � �1.t; x/

� �2.t; x/ � c1.1C jxj/ 8t 2 S; x 2 R (2.187)

For arbitrary f 2 X� D L2.S IL2.˝// C Lq.S IW �1;q.˝/ C L2.˝// let us
consider the problem:

@2y.x; t/

@t2
�

nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@2y.x; t/

@xi @t

ˇ
ˇ
ˇ
ˇ

p�2
@2y.x; t/

@xi @t

�

C
ˇ
ˇ
ˇ
ˇ
@y.x; t/

@t

ˇ
ˇ
ˇ
ˇ

p�2
@y.x; t/

@t
C ˚

�
@y.x; t/

@t

�

C Œ�1.t; y.x; t//I �2.t; y.x; t//� 3 f .x; t/ a.e. on Q; (2.188)

y.x; 0/ D 0; @y.x; t/

@t

ˇ
ˇ
ˇ
tD0 D 0 a.e. on˝;

y.x; t/ D 0 a. e. on @˝:

As the operatorA W Lp.S IW 1;p
0 .˝/\L2.˝//! Lq.S IW �1;q.˝/CL2.˝// let

us take .Au/.t/ D A.u.t// [ZK07, Z06], where

A.'/ D A1.'/C A2.'/ 8' 2 C 20 . N̋ /;

A1.'/ D �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@'

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@'

@xi

�

C j'jp�2'; A2.'/ D ˚.'/;

and as the operator B W L2.Q/! L2.Q/ let us take

B.u/ D fv 2 L2.Q/ j �1.t; u.x; t// � v.x; t/ � �2.t; u.x; t// for a.e. .x; t/ 2 Qg:

Let us set H D L2.˝/, V1 D V2 D V D W 1;p
0 .˝/\ L2.˝/ and consider

X D Lp.S IV / \L2.S IH/; X� D Lq.S IV �/C L2.S IH/;
Y D L2.S IH/ D L2.Q/:
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Then problem (2.188) has the solution y 2 X; y0 2 C.S IV /; y00 2 X�; that is
obtained by the method of singular perturbations.

Example 2.8. Let ˝ from R
n is bounded region with regular boundary @˝ , S D

Œ0IT �, Q D ˝ � S , �T D @˝ � S , p D p1 D p2 � 2, ˚ W R! R is continuous
function, that satisfies the growth condition (2.185) and the “sign condition” (2.186);
S � R 3 .t; y/ ! �i .t; y/ 2 RC; i D 1; 2 are single-valued continuous functions,
which satisfy the condition (2.187).

For arbitrary f 2 X� D L2.S IL2.˝//CLq.S IW �1;q.˝// let us consider the
problem:

@2y.x; t/

@t2
�

nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@2y.x; t/

@xi @t

ˇ
ˇ
ˇ
ˇ

p�2
@2y.x; t/

@xi @t

�

C
ˇ
ˇ
ˇ
ˇ
@y.x; t/

@t

ˇ
ˇ
ˇ
ˇ

p�2
@y.x; t/

@t

C˚
�
@y.x; t/

@t

�

��y.x; t/

C Œ�1.t; y.x; t//I �2.t; y.x; t//� 3 f .x; t/ a.e. onQ; (2.189)

y.x; 0/ D 0; @y.x; t/

@t

ˇ
ˇ
ˇ
tD0 D 0 a.e. on ˝;

y.x; t/ D 0 a. e. on @˝:

As the operatorAWLp.S IW 1;p
0 .˝//! Lq.S IW �1;q.˝// let us take .Au/.t/ D

A.u.t// [ZK07, Z06], where

A.'/ D A1.'/C A2.'/ 8' 2 C 20 . N̋ /;

A1.'/ D �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@'

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@'

@xi

�

C j'jp�2'; A2.'/ D ˚.'/I

as the operator B W L2.Q/! L2.Q/ let us take

B.u/ D fv 2 L2.Q/ j �1.t; u.x; t// � v.x; t/ � �2.t; u.x; t// for a.e. .x; t/ 2 Qg;

and as the operator C W L2.S IH 1
0 .˝//! L2.S IH�1.˝// let us take the operator

with such property

.Cu/.t/ D C0u.t/; where C0.v/ D ��v; v 2 H 1
0 .˝/:

Let us set H D L2.˝/, V1 D W 1;p
0 .˝/; V2 D H 1

0 .˝/ and consider

X D Lp.S IV1/\ L2.S IH/ \L2.S IV2/; X� D Lq.S IV �
1 /C L2.S IH/;

Y D L2.S IH/ D L2.Q/:
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Then problem (2.189) has the solution y 2 X; y0 2 X; y00 2 X�; that is obtained
by the method of singular perturbations.

2.7 The Practical Experience of the Modelling of Harmful
Impurities Expansion Process in the Atmosphere
Taking into Account the “Heat Island” Effect

The elaboration of mathematical methods for the processes of harmful impurities
expansion in the atmosphere is the necessary stage for the mathematical formal-
ization of physical processes of the environment pollution. The use of the method
of mathematical physics is the natural approach to the description of physical pro-
cesses of harmful ingredients expansion. The models of atmospheric diffusion and
transfer of impurities [M82] based on these methods were worked up and how they
are widespread.

According to the approach of mathematical physics, the problems of atmospheric
diffusion and transfer are formulated as variation principles which are reduced to
boundary value problems for partial differential equations if there are no additional
requirements for the solution [M82]. If it is necessary to take into account the addi-
tional conditions for the solutions of problem then, according to practice, the models
of processes, which are under consideration, are being expanded at the expense of
relations, which describe these conditions or correct the original model [M82]. That
is why the mentioned additional relation often have empiric character.

Let us take into account of additional conditions for the solution of the problem
on the stage of its variation definition. The more substantial way of the working
up of models of processes, which are under consideration. Such approach leads to
variation inequalities, which are introduced and developed in [DL76,P85,F64,S33].

Let us characterize the problem that is being considered. Meteorological factors
as well as physical–chemical properties of impurities have the substantial influence
on the processes of harmful impurity transfer in the atmosphere. The influence of
many factors as, for example, wind, temperature and others, are taken into account
in the context of traditional variation definitions and can be formalized in the con-
text of boundary value problems for the partial differential equations. At the same
time the influence of some meteorological factors (inverse stratification – inversion,
temperature anomalies of atmosphere), physical–chemical properties of impurities
and other factors leads to the appearance of specific effects of unidirectional con-
duction of boundary and effects of obstacle inside the boundary. The equations of
diffusion and transfer in this case are not the best form of introduction for the pro-
cesses which are under consideration [ANW67]. Let us consider several varieties of
the process of harmful impurities expansion in the atmosphere which appear under
the influence of mentioned factors. Let us formulate these processes in the form of
variation inequalities, propose algorithms of their numerical realization and give the
results of calculations.
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Let us consider the problem of modeling the process of harmful impurities expan-
sion in the atmosphere taking into account the “heat island” effect. As the example
let us consider the problem of short-term prediction of processes of impurities
expansion over some city under the condition of mentioned anomaly.

Heat anomalies over big settlements which appear under the action of meteoro-
logical and anthropogenic factors lie in systematical excess of the atmosphere air
temperature in the centers of mentioned settlements over the temperature of the
neighbourings ones. The sequence of this anomaly is the ascending air movement
and the convergence of air current in the horizontal plane. We can point out the
situation when as a result of action, for example, of elevated inversion the ascend-
ing air remains in the inversion layer, at that the horizontal convergence is being
going on. As investigations showen, the wind velocity, caused by the “heat island”
is small (within 1 m/s) [VLM91]. The spatio-temporal characteristics of the action
of boundary conditions are unknown as in the previous example.

The influence of “heat island” on the processes of impurity expansion in the
atmosphere leads to different anomalies, particularly to the accumulation of harm-
ful impurity in the area of “heat island” activity. Let us work up the mathematical
model of the processes of harmful impurity expansion in the atmosphere taking
into account the “heat island” effect and propose the calculating procedure of its
realization.

In order to solve this problem we will use the variation inequalities theory
[VLM91] that takes into account the nonlinear effects of boundary unidirectional
conduction.

Let y.t; x/ be the concentration of harmful impurity in the atmosphere defined
on the bounded open set˝ of the space R

3 with the smooth bound � D �L [�R [
�U[�D[�F[�T and on the interval of time .0; tk/ for tk <1; Q D ˝ � .0; tk/;
˙ D � � .0; tk/ and it is the solution of the variation inequality [DL76]:

�
@y

@t
; v � y

�

C .A.�/y; v/C  i .v/�  i .y/ � .f; v � y/ in Q;

i D 1; 2 8v 2 H 1.˝/ D V (2.190)

with the initial condition
yjtD0 D y0 in Q; (2.191)

where .f; g/ is the action of functional f 2 .H 1.˝//� on the element g 2
.H 1.˝//� and the operator A.�/ W V ! V � is defined by bilinear form

.A.�/y; �/ D �
3X

iD1

Z

˝

�

k.x/
@y

@xi

@�

@xi
� ci .x/ @y

@xi
�

�

dx

C
Z

˝

d.x/y�dx 8 � 2 H 1.˝/ (2.192)
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if f; g 2 L2.˝/, the operation .f; g/ coincides with the inner product in L2.˝/,
i.e. .f; g/ D R

˝

f .x/g.x/dx; k.x/ is the coefficient of turbulent diffusion, x D
.x1; x2; x3/; ci .x/ for i D 1; 2; 3 the wind axillary parameters on x1, x2 and x3
respectively; d.x/ is the impurity absorption coefficient. The variable f .t; x/ D
kP

jD1
qj .t/ı.x�xj / is the force function of the process; qj .t/ is the sources function

operated in subspaces ˝j 2 ˝; j D 1; : : : ; KI K is the number of external action
points: ı.x � xj / is the characteristic function. Let us set up that parameters � D˚
k.x/; cj .x/; d.x/

�
and the force function of the process f have the technological

restrictions.
We will take the system (2.190), (2.191) as the mathematical description of

the processes of harmful impurities expansion in the atmosphere which progress
under the “heat island” influence. Physical conditions provide the fulfilment of the
next conditions on the lateral surface �s D �l [ �r [ �f [ �t of the consider-
ing spatial region ˝: if yext.s/ > y.t; x/j	s , where y.t; x/j	s and yext.s/ are the
concentrations of harmful impurity on the bound �s and its external side then the
bound is open and the impurity penetrates from outside into considering region.
When y.t; x/j	s � yext.s/ then the capacity of the bound �s has zero values and
the bound is being closed. The formulated physical conditions are satisfied by the
system (2.190), (2.191), if the functional  1 is defined by

 1.y/ D
�
1
2
�.t; s/ .y.t; x/j	s � yext.s//

2
; y.t; x/j	s < yext.s/;

0; y.t; x/j	s � yext.s/;
(2.193)

where �.t; s/ is the capacity of the bound �s. Let us define � by � 2 L1.Q/;
then the space of parameters � is defined by T D L1.Q/ with the norm k�kT D
k�kL1.Q/ : The admissible parameters set Tadm has the form Tadm D f� 2 T j�max �
� � 0 a.e.g

Taking into account (2.193) the function '1.y/ satisfying the semiimpenetrabil-
ity conditions (thick side) will have the form:

'1.y/ D
�
�.t; s/Œy.t; x/j	s � yext.s/�; y.t; x/j	s < yext.s/;

0 y.t; x/j	s � yext.s/

or '1.y/ D �.yI t; s/y.t; x/j	s

�.yI t; s/ D
�
�.t; s/; y.t; x/	s < yext.s/;

0; y.t; x/	s � yext.s/;
(2.194)

where �.t; s/ is known. So, the relation (2.194) defines the coefficient �.yI t; s/ of
known structure, the spatio-temporal characteristics for which are unknown.

The problem of variation inequalities (2.190), (2.191) for the functional  1
defined by the relation (2.193), can be reduced to nonlinear problem with unknown
bounds:
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@y

@t
C A.�/y D f in QI (2.195)

@y

@n

ˇ
ˇ
ˇ
ˇ
	s

D �'1.y/I (2.196)

@y

@n

ˇ
ˇ
ˇ
ˇ
	�	s

D v; v D constI (2.197)

yjtD0 D y0 in ˝:

The solution of this system are defined by the pair f Oy.t; x/; O�.yI t; s/g : If unknown
Oy.t; x/ is the solution of the system (2.195)–(2.197), then the search of spatio-
temporal characteristics for the coefficient O�.yI t; s/ is individual problem.

In order to solve the mentioned problem let us suppose that �.t; s/ in the rela-
tion (2.194) is unknown. We will replace the search of unknown spatio-temporal
characteristics for coefficients O�.yI t; s/ by the search of unknownb�.t; s/. Taking
into account the influence on the capacity of bound of physical effects of inversion,
when y.t; x/ � ymax.x/might have been equal and when ymax.x/ > y.t; x/; O�.t; s/
might reach the maximal value.

Taking into account mentioned facts the problem of solving of variation inequal-
ity (2.190), (2.191) is being reduced to the optimization problem of search of
unknown parameter b�.t; s/ that satisfies the system (2.195)–(2.197) and provides
the minimum of functional

J.�/ D
tkZ

0

Z

	s

exp .y.t; s/ � yext.s// dsdt;

�
yj	s � yext;

yj	s < yext;
! inf

�2Tadm

; (2.198)

where the upper branch of the functional J.�/ minimizes �.t; s/ in the case
y.t; x/j	s � yext.s/ otherwise the lower branch of this functional maximizes �.t; s/.
Taking into account just mentioned facts as the solution of sought problem we
will understand the pair f Oy.t; x/; �.t; s/ g: Let us note that the functional J.�/ is
continuously differentiable by y and � .

Let us solve the formulated minimization problem by the Lagrange method
[161]. In this case the system (2.195)–(2.198) will have the form

L.�; y; p/ D J.�/C
�
@y

@t
C A.�/y � f; p

� ˇ
ˇ
ˇ
ˇ
	s

! inf
�2Tadm

(2.199)

with boundary and initial conditions (2.196), (2.197), where p.t; x/ is unknown
variable that will be defined later.

The necessary conditions of optimum for the formulated problem with regard to
unknown parameter � 2 Tadm will have the form

ıL.�/ D @L

@�
ı� D 0 8� 2 Tadm (2.200)
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For � … Tadm it is necessary to complete 2.200 with conditions

@L

@�
.�/ D 0 8� … Tadm (2.201)

Varying the functional (2.199), we can show that in (2.201)

@L

@�
.�/ D � .y.t; x/j	s � yext.s// p.t; x/j	s (2.202)

where p.t; x/ is the adjoint function that can be found from the solution of nonlinear
adjoint system

� @p
@t
CA�.�/p D 0; (2.203)

with boundary and terminal conditions

@p

@n

ˇ
ˇ
ˇ
ˇ 	s D �.t; s/p.t; x/j	s � exp .y.t; s/ � yext.s// ;

�
yj	s � yext;

yj	s < yext:
(2.204)

@y

@n

ˇ
ˇ
ˇ
ˇ 	�	s D 0; pjtDtk D 0; (2.205)

A�.�/.�/ D �
(

3X

iD1

�
@

@xi

�

k.x/
@

@xi

�

C ci .x/ @
@xi




� d.x/
)

.�/:

The procedure of search of unknown parameter � is based on the relation of gradient
in the form

� iC1 D Pr

(

� i � ��
�
@L

@�

�i
)

; (2.206)

where i is the number of gradient cycle �0 and �� are given.
The search of unknown variable based on the gradient relation (2.206), when the

criterion of finishing is over:

ˇ
ˇJ i � J iC1ˇˇ

J i
� "; (2.207)

and unknown variable will have the valueb� .
Joining relations (2.195)–(2.197), (2.201)–(2.205) with (2.206), (2.207), we

obtain the algorithm of realization of our problem:

1. To i D 0, where i is the index of current iteration we give the starting value �0.
2. For the step i C 1, taking into account known � i in view of (2.201) and (2.202),

we compute @L
@�

, where y and p are defined by relations (2.195)–(2.197) and
(2.203)–(2.205) respectively.

3. In view of (2.206) we define the value of � iC1.
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4. We compute (2.198) and check the condition (2.207). If it is fulfilled then we
have the finishing of algorithm else we pass to point 2.

The result of realization of un. 1–4 of algorithm is the totality f Oy; O�g ; that
defines the solution of the problem of modelling the processes of harmful impurity
expansion in the atmosphere taking into account the effects defined by the tempera-
ture inversion.
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Chapter 3
Evolution Variation Inequalities

Abstract Chapter 5 is devoted to developing of the multi-valued penalty method
for the proof of solvability for evolutional multivariational inequalities with multi-
valued maps of w�0

-pseudomonotone type. These objects describe new classes
of nonlinear problems with unilateral constraint. At first we consider the equiv-
alent representations for evolution variation inclusions with differential-operator
inclusions. In Sect. 5.2 we consider strong solutions of evolutional multivariational
inequalities with multivalued C-coercive w�0

-pseudomonotone maps. An exam-
ple of the multi-variational inequality with differential operators of hydrodynamic
type disturbed by subdifferential for a locally Lipschitzian functional is considered
in this section. Then we consider weak solutions of evolutional multivariational
inequalities with C-coercive maps. Examples of unilateral problems with differ-
ential operators of Leray–Lions are considered in this section. As application we
consider some dynamical contact problem with multivalued damping. We also
investigate unilateral diffusion processes. These examples demonstrate the obtained
generalizations. The multi-valued penalty method allows us to consider the funda-
mentally wider class of approximative problems. By the help of such problems we
search solutions of the given problem. The new a priori estimations for the time
derivative of approximate solutions of the given problem are obtained.

3.1 Equivalent Representations for Evolution Variation
Inequalities with Differential-Operator Inclusions

Let X be the reflexive Banach space, X� be its topologically adjoint,

h�; �iX W X� �X ! R is canonical paring:

We assume that for some interpolation pair of reflexive Banach spacesX1; X2,X D
X1 \ X2: Then due to Theorem 1.3 X� D X�

1 CX�
2 . Remark also that

hf; yiX D hf1; yiX1
C hf2; yiX2

8f 2 X� 8y 2 X;
where f D f1 C f2, fi 2 X�

i , i D 1; 2.
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196 3 Evolution Variation Inequalities

Further let A W X � X� be strict multivalued map with bounded values.
LetL W D.L/ � X ! X� be linear operator, with dense definitional domain,A W

X1 � X�
1 be the multivalued map, ' W X2 ! R be a convex lower semicontinuous

functional. We consider the following problem:

8
<

:

hLy;w � yiX C ŒA.y/;w � y�C
C'.w/ � '.y/ � hf;w� yiX ; 8w 2 X;

y 2 D.L/;
(3.1)

where f 2 X� is arbitrary fixed.

Remark 3.1. Further we will assume that D.L/ is reflexive Banach space with the
norm

kykD.L/ D kykX C kLykX� 8y 2 D.L/:
The given condition is true through the maximal monotony of L on D.L/ (Corol-
lary 1.8).

Remark 3.2. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.1) is equivalent to the inclusion:

Ly C �
coA.y/C @'.y/ 3 f; y 2 D.L/; (3.2)

where @' W X2 ! Cv.X
�
2 / is subdifferential of convex functional '.

3.1.1 Singular Perturbations Method

Let us consider generally speaking the multivalued duality map

J.y/ D ˚� 2 X� j h�; yiX D k�k2X� D kyk2X
� 2 Cv.X

�/ 8y 2 X;

namely
J.y/ D @.k � k2X=2/.y/ 8y 2 X;

which is the corollary of Proposition 8. From Theorem 2 it follows that this map
is defined on the whole space X, and from [AE84] its maximal monotony follows.
Besides, due to [AE84, Theorem 4, p. 202 and Proposition 8, p. 203] for each
f 2 X� the map

J�1.f / D fy 2 X j f 2 J.y/g
D fy 2 X j hf; yiX D kf k2X� D kyk2X g 2 Cv.X/:

is also defined on the whole space X and it is the maximal monotone multivalued
map.
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We will approximate the inequality from (3.1) by the following:

(
"
�
L! �Ly; J�1.Ly/

�

C C hLy;! � yiX
C ŒA.y/; ! � y�C C '.!/ � '.y/ � hf; ! � yiX : (3.3)

Definition 3.1. We will say that a solution y 2 D.L/ of problem (3.1) turns out
by Singular perturbations method, if y is a weak limit of a subsequence fy"nk

gk�1
of the sequence fy"n

gn�1 ("n & 0C as n ! 1) in the space D.L/ that for every
n � 1 D.L/ 3 y"n

is a solution of problem (3.3).

Remark 3.3. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.3) is equivalent to the inclusion:

"L�J�1.Ly"/C Ly" C
�

coA.y"/C @'.y"/ 3 f; (3.4)

where @' W X2 ! Cv.X
�
2 / is subdifferential map of convex functional '.

Now let .Vi IH IV �
i / be evolutionary triples such that the space V D V1 \ V2

is continuously and densely embedded in H , fhigi�1 � V – is complete in V
countable system of vectors,Hn D spanfhigniD1, n � 1;

X D Lr1.S IH/ \ Lr2.S IH/ \Lp1
.S IV1/\ Lp2

.S IV2/;
X� D Lq1

.S IV �
1 /C Lq2

.S IV �
2 /C Lr0

2
.S IH/C Lr0

1
.S IH/;

Xi D Lri .S IH/ \Lpi
.S IVi /; X�

i D Lqi
.S IV �

i /C Lr0

i
.S IH/;

W D fy 2 X j y0 2 X�g; Wi D fy 2 Xi j y0 2 X�gi D 1; 2:

with the norms corresponding, we assume that p0 WD maxfr1; r2g < C1 (see
Remark 1.3).

For the multivalued map C W X � X� and for a convex lower semicontinuous
functional ' W X ! R we consider the problem:

8
<

:

hy0;w � yiX C ŒC.y/;w � y�C
C'.w/ � '.y/ � hf;w � yiX 8w 2 X;

y.0/ D y0:
(3.5)

Here f 2 X�; y0 2 H is arbitrary fixed, y0 is the derivative of an element y 2 X
considered in the sense of scalar distributions space D�.S IV �/, S D Œ0IT �.
Remark 3.4. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.5) is equivalent to the inclusion:

y0 C �
coC.y/C @'.y/ 3 f; (3.6)

where @' W X ! Cv.X
�/ is subdifferential of convex functional '.
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3.1.2 Faedo-Galerkin Method

3.1.2.1 Faedo-Galerkin Method I

For each n � 1 let us consider Banach spaces

Xn D Lp0
.S IHn/; X�

n D Lq0
.S IHn/; Wn D fy 2 Xn j y0 2 X�

n g;

where 1=p0C 1=q0 D 1. Let us also remind, that for any n � 1 In be the canonical
embedding of Xn in X , I�

n W X� ! X�
n is adjoint operator to In.

Let us introduce the following maps:

Cn WD I�
nCIn W Xn � X�

n ; fn WD I�
n f 2 X�

n :

Let us consider the sequence fy0ngn�0 � H :

8n � 1 Hn 3 y0n ! y0 in H as n! C1: (3.7)

Together with problem (3.5) 8n � 1 we consider the following class of prob-
lems: 8

<

:

hy0
n;wn � yniXn

C ŒCn.yn/;wn � yn�C
C'.w/ � '.yn/ � hfn;wn � yniXn

8wn 2 Xn;
yn.0/ D y0n:

(3.8)

Definition 3.2. We will say, that the solution y 2 W of (3.5) turns out by Faedo-
Galerkin method, if y is a weak limit of a subsequence fynk

gk�1 from fyngn�1 in
W , which satisfies the following conditions:

(a) 8n � 1 Wn 3 yn is a solution of (3.8).
(b) y0n ! y0 in H as n!1.

Remark 3.5. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.8) is equivalent to the inclusion:

y0
n C Cn.yn/C I�

n @'.Inyn/ 3 fn; (3.9)

where @' W X ! Cv.X
�/ is subdifferential of convex functional '.

For the multivalued mapA W X � X�, for linear dense defined mapL W D.L/ �
X ! X� and for a convex lower semicontinuous functional ' W X ! R we
consider the problem:

8
<

:

hLy;w � yiX C ŒA.y/;w � y�C
C'.w/ � '.y/ � hf;w � yiX 8w 2 X;

y.0/ 2 D.L/:
(3.10)
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Here f 2 X� is arbitrary fixed. On D.L/ we consider the graph norm

kykD.L/ D kykX C kLykX� 8y 2 D.L/:

3.1.2.2 Faedo-Galerkin Method II

For each n � 1 let us consider Banach spaces

Xn D Lp0
.S IHn/; X�

n D Lq0
.S IHn/; Wn D fy 2 Xn j y0 2 X�

n g;

where 1=p0 C 1=q0 D 1. Let us also remind, that for any n � 1 In – the canonical
embedding of Xn in X , I�

n W X� ! X�
n – is adjoint with In.

Let us introduce the following maps: An WD I�
nAIn W Xn � X�

n ,

Ln WD I�
nLIn W D.Ln/ D Xn \D.L/ � Xn � X�

n ; fn WD I�
n f 2 X�

n :

Together with problem (3.10) 8n � 1 we consider the following class of
problems:

8
<

:

hLnyn;wn � yniXn
C ŒAn.yn/;wn � yn�C

C'.w/ � '.yn/ � hfn;wn � yniXn
8wn 2 Xn;

yn 2 D.Ln/:
(3.11)

Definition 3.3. We will say, that the solution y 2 W of (3.10) turns out by Faedo-
Galerkin method, if y is the weak limit of a subsequence fynk

gk�1 from fyngn�1 in
D.L/, where for each n � 1 yn is a solution of problem (3.11).

Remark 3.6. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.11) is equivalent to the inclusion:

Lnyn C An.yn/C I�
n @'.Inyn/ 3 fn; (3.12)

where @' W X ! Cv.X
�/ is subdifferential of convex functional '.

3.1.3 The Method of Finite Differences

Let ˚ be a Hausdorff locally convex linear topological space, ˚� be the topolog-
ically adjoint with ˚ . By .f; �/ we denote the canonical pairing of f 2 ˚� and
� 2 ˚ .

Let the spaces V ; H and V � be given. Moreover

˚ � V � ˚�; ˚ �H � ˚�; ˚ � V � � ˚�;
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with continuous and dense embeddings. We assume that H is a Hilbert space with
the scalar product .h1; h2/H and norm khkH , V is a reflexive separable Banach
space with norm kvkV , V � is the adjoint with V with the norm kf kV � associated
with the bilinear form .�; �/H .

If �;  2 ˚ , then .�;  / D .�;  /H ; i.e., it coincides with the scalar product in
H .

Let V D V 1 \ V2 and k � kV D k � kV �

1
C k � kV �

2
, where .Vi ; k � kVi

/, i D 1; 2,
are reflexive separable Banach spaces and the embeddings ˚ � Vi � ˚� and
˚ � V �

i � ˚� are dense and continuous. The spaces .V �
i ; k � kV �

i
/, i D 1; 2; are

the topologically adjoint with .Vi ; k � kVi
/. Then V � D V �

1 C V �
2 .

Let A W V1 � V �
1 be a multivalued map, ' W V2 ! RV �

2 be a convex lower
semicontinuous functional, � W V ! V � be an unbounded operator with domain
D.�IV ;V �/. We consider the following problem

u 2 D.�IV ;V �/; (3.13)

.�u; v � u/C ŒA.u/; v � u�C C '.v/� '.u/ � .f; v � u/ 8v 2 V ; (3.14)

where f 2 V � is a fixed element.

Remark 3.7. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.14) is equivalent to the inclusion:

�uC �
coA.u/C @'.u/ 3 f; (3.15)

where @' W V2 ! Cv.V �
2 / is subdifferential of convex functional '.

3.1.3.1 Method of Finite Differences

The natural approximation of inequality (3.14) is the inequality

.uh; v � uh/ � .G.h/uh; v � uh/

h
C ŒA.uh/; v � uh�C

C '.v/� '.uh/ � .f; v � uh/ 8v 2 V ; .h > 0/: (3.16)

However, if V is not contained in H , then (3.16), generally speaking, has no solu-
tions, and it is necessary to modify the given inequality in an appropriate way. We
shall choose a sequence �h 2 .0; 1/ such that

1 � �h
h
! 0 as h! 0: (3.17)
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We put �h D 1 if V �H . Further, we define

�h D I � �hG.h/
h

(3.18)

and replace (3.16) by the inequality

.�huh; v � uh/C ŒA.uh/; v � uh�C C '.v/ � '.uh/ � .f; v � uh/ 8v 2 V :
(3.19)

Definition 3.4. We will say, that the solution u of (3.13)–(3.14) turns out by finite
differences method, if u is the weak limit of a subsequence fuhnk

gk�1 from fuhn
gn�1

(hn & 0C as n!1) in V , where for each n � 1 uhn
2 V is a solution of problem

(3.19).

Remark 3.8. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.19) is equivalent to the inclusion:

�huh C
�

coA.uh/C @'.uh/ 3 f; (3.20)

where @' W V2 ! Cv.V �
2 / is subdifferential of convex functional '.

3.2 The Strong Solutions for Evolution Variation Inequalities

Let X be the reflexive Banach space, X� be its topologically adjoint,

h�; �iX W X� �X ! R is canonical paring:

We assume that for some interpolation pair of reflexive Banach spacesX1; X2,X D
X1 \ X2: Then due to Theorem 1.3 X� D X�

1 CX�
2 . Remark also that

hf; yiX D hf1; yiX1
C hf2; yiX2

8f 2 X� 8y 2 X;

where f D f1 C f2, fi 2 X�
i , i D 1; 2.

Further let A W X � X� be strict multivalued map with bounded values.
LetL W D.L/ � X ! X� be linear operator, with dense definitional domain,A W

X1 � X�
1 be the multivalued map, ' W X2 ! R be a convex lower semicontinuous

functional. We consider solutions of problem (3.1), that can be obtained by singular
perturbations method.

Theorem 3.1. Let X be a reflexive Banach space,

L W D.L/ � X ! X�
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be a linear, densely defined, maximal monotone on D.L/ operator, A W X1 � X�
1

be finite-dimensionally locally bounded, �0-pseudomonotone on D.L/, +-coercive
multivalued map, for which Condition .˘/ is valid. Let also ' W X2 ! R be a
convex lower semicontinuous functional, that satisfy the next coercivity condition:

'.y/

kykX2

! C1 as kykX2
! C1: (3.21)

Then there exists at least one solution y 2 D.L/ of problem (3.1).

Proof. If we pass from problem (3.1) to the equivalent problem (3.2), and if we set
as B W X2 ! Cv.X

�
2 /, – @', we obtain that the given result is the direct corollary of

Theorem 2.2. It follows from Proposition 7, from Remark 1, from Corollary 1, from
Theorem 3 and from Lemma 1. ut

Now let .Vi IH IV �
i / be evolutionary triples such that the space V D V1 \ V2

is continuously and densely embedded in H , fhigi�1 � V – is complete in V
countable vectors system, Hn D spanfhigniD1, n � 1;

X D Lr1.S IH/ \ Lr2.S IH/ \Lp1
.S IV1/\ Lp2

.S IV2/;
X� D Lq1

.S IV �
1 /C Lq2

.S IV �
2 /C Lr0

2
.S IH/C Lr0

1
.S IH/;

Xi D Lri .S IH/ \Lpi
.S IVi /; X�

i D Lqi
.S IV �

i /C Lr0

i
.S IH/;

W D fy 2 X j y0 2 X�g; Wi D fy 2 Xi j y0 2 X�g i D 1; 2:

with the norms corresponding, we assume that p0 WD maxfr1; r2g < C1 (see
Remark 1.3).

For the multivalued map C W X � X� and for a convex lower semicontinuous
functional ' W X ! R we consider problem (3.5).

Theorem 3.2. Let the multivalued map C W X ! Cv.X
�/ satisfies the following

conditions:

(1) C is �0-pseudomonotone on W .
(2) C is finite-dimensionally locally bounded.
(3) C satisfies Property (˘ ) on X .
(4) C satisfies the following coercive property:

9c > 0 W ŒC.y/; y�C � ckC.y/kC
kykX ! C1 as kykX !1I

' W X ! R be convex lower semicontinuous functional such that

9c > 0 W j'.y/j � c1.1C kykX / 8y 2 X:

Besides, let the vectors system fhj gj�1 � V1 \ V2 exists which is complete in V1
and in V2 and such that for i D 1; 2 the triple .fhj gj�1IVi IH/ satisfies Condition
(� ) with constant Ci . Then for arbitrary f 2 X�, y0 2 H the set
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KH .f / WD
�

y 2 W ˇ
ˇ y is the solution of problem (3.5),

which turns out by Faedo-Galerkin method

�

is nonempty. Moreover the representation

KH .f / D
[

fyongn�1�H satisfies (3.7)

\

n�1

� [

m�n
Km.fm/.y0m/

�

Xw

; (3.22)

is true, where for each n � 1

Kn.fn/.y0n/ D
n
yn 2 Wn j yn is a solution of problem (3.8)

o
;

Œ � �Xw is closuring operator in the space .X I �.X IX�//.
The proof follows from Theorem 2.4.

Theorem 3.3. Let L W D.L/ � X ! X� be a linear operator such that L is
maximal monotone on D.L/ and satisfies

� Condition L1: for each n � 1 and xn 2 D.Ln/ Lxn 2 X�
n .

� Condition L2: for each n � 1 the set D.Ln/ is dense in Xn.
� Condition L3: for each n � 1 Ln is maximal monotone on D.L/.

Let also A W X � X� be �0-pseudomonotone onD.L/, +-coercive multivalued
map that satisfies Condition .˘/; ' W X ! R be convex lower semicontinuous
functional such that

lim
kykX !C1

'.y/

kykX > �1: (3.23)

Furthermore, let fhj gj�1 � V be a complete vectors system in V1, V2, H such
that 8i D 1; 2 the triple

	fhj gj�1IVi IH



satisfies Condition (� ).
Then for each f 2 X� the set

KH .f / WD
˚
y 2 D.L/ ˇˇ y is the solution of (3.10);

obtained by Faedo-Galerkin methodg

is nonempty and the representation

KH .f / D
\

n�1

h[

m�n
Km.fm/

i

Xw

(3.24)

is true, where for each n � 1

Kn.fn/ D fyn 2 D.Ln/ j yn is the solution of (3.11)g

and Œ � �Xw is the closure operator in the space X with respect to the weak topology.
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The proof is similar to the proof of Theorem 3.1.
Let again ˚ be a Hausdorff locally convex linear topological space, ˚� be the

topologically adjoint with ˚ . By .f; �/ we denote the canonical pairing of f 2 ˚�
and � 2 ˚ .

Let the spaces V ; H and V � be given. Moreover

˚ � V � ˚�; ˚ �H � ˚�; ˚ � V � � ˚�;

with continuous and dense embeddings. We assume that H is a Hilbert space with
the scalar product .h1; h2/H and norm khkH , V is a reflexive separable Banach
space with norm kvkV , V � is the adjoint with V with the norm kf kV � associated
with the bilinear form .�; �/H .

If �;  2 ˚ , then .�;  / D .�;  /H ; i.e., it coincides with the scalar product in
H .

Let V D V 1 \ V2 and k � kV D k � kV �

1
C k � kV �

2
, where .Vi ; k � kVi

/, i D 1; 2,
are reflexive separable Banach spaces and the embeddings ˚ � Vi � ˚� and
˚ � V �

i � ˚� are dense and continuous. The spaces .V �
i ; k � kV �

i
/, i D 1; 2; are

the topologically adjoint with .Vi ; k � kVi
/. Then V � D V �

1 C V �
2 .

Theorem 3.4. Assume the following conditions:

1. A W V1 � V �
1 is a bounded, �-pseudomonotone on V1 multivalued map, which

satisfies the +-coerciveness condition on V1.
2. The functional ' W V2 ! R is convex, lower semicontinuous and satisfies the

following coerciveness condition:

'.v/

kvkV2

�! C1 as kvkV2
�! C1I

3. The operator� satisfies all the conditions given in (2.141)–(2.144).

Then for any f 2 V � there exists u 2 V satisfying (3.13)–(3.14).

3.3 The Multivalued Penalty Method for Evolution
Variation Inequalities

Let again˚ be a Hausdorff locally convex linear topological space, ˚� be the topo-
logically adjoint with ˚ . We denote the canonical pairing of f 2 ˚� and � 2 ˚ by
.f; �/.

Let the spaces V ; H and V � be given. Moreover

˚ � V � ˚�; ˚ �H � ˚�; ˚ � V � � ˚�;

with continuous and dense embeddings. We assume that H is a Hilbert space with
the scalar product .h1; h2/H and norm khkH , V is a reflexive separable Banach
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space with norm kvkV , V � is the adjoint with V with the norm kf kV � associated
with the bilinear form .�; �/H .

If �;  2 ˚ , then .�;  / D .�;  /H ; i.e., it coincides with the scalar product in
H .

Let us consider again the operators A , � and the convex set K such that

The operator� W D.�/ D D.�IV ;V �/ � V ! V � satis-
fies all the mentioned in Sect. 2.5.2 conditions, in particular,
the conditions given in (2.141)–(2.144)I

(3.25)

K is a convex closed subset from V such that for every
v 2 K there exists a sequence vj 2 K \D.�/ such that
vj ! v in V and lim

j!1.�vj ; vj � v/ � 0 .see [LIO69, p. 396]/I
(3.26)

The multivalued map A W V ! Cv.V �/ is �0 � pseudo
monotone on V ; locally finite-dimensionally bounded,
it satisfies Condition (˘ ) and for some

y0 2 K \D.�/ ŒA.y/;y�y0 �C
kykV

!C1 as kykV !1I
(3.27)

ˇ W V ! Cv.V
�/ is the monotone, bounded, radially

semicontinuous multivalued “penalty” operator, that
corresponds to the set K; i.e. K D fy 2 V jˇ.y/ 3 N0g:

(3.28)

Remark 3.9. [LIO69, p. 284] The sufficient condition for (3.26) is

G.s/K � K 8s � 0:

If N0 2 K , then this condition is fulfilled.

Theorem 3.5. Let the conditions (3.25)–(3.28) hold, f 2 V � be arbitrary fixed.
Then for each " > 0 the problem

�y" CA.y"/C 1
"
ˇ.y"/ 3 f;

y" 2 D.�/ (3.29)

has a solution. Moreover, there is a sequence fy"g" � D.�/ such that

(a) For every " > 0 y" is the solution of problem (3.29).
(b) There exists a subsequence fy�g� � fy"g" such that for some y 2 V y� ! y

weakly in V .
(c) y is the solution of the next problem:

.�v; v � y/C ŒA.y/; v � y�C � .f; v � y/ 8v 2 K \D.�/;
y 2 K: (3.30)
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Proof. By the analogy with [LIO69, p. 396] without loss of generality we may
consider that y0 D N0 2 K . Otherwise, the maps QA.�/ D A.� � y0/, Qf D f ��y0,
Q� D �, the set QK D K � y0 and Qy0 D N0 satisfy the conditions (3.25)–(3.28).

For every " > 0 let us enter a new multivalued map:

A".y/ WD A.y/C 1

"
ˇ.y/; y 2 V :

In virtue of Lemma 1.15, A" W V ! Cv.V �/ is �0-pseudomonotone on V . Due
to the boundness of ˇ, thanks to Condition .˘/ and to the local finitedimensional
boundness for A it follows that A" is locally finitedimensionally bounded and it
satisfies Condition .˘/.

Now, let us use the coercivity condition. From (3.27) it follows the existence of
R > 0 such that

ŒA.y/ � f; y�C � 0 8y 2 V W kykV D R:

Then, for every " > 0

ŒA".y/ � f; y�C � ŒA.y/ � f; y�C C 1

"
Œˇ.y/; y � N0��

� ŒA.y/ � f; y�C C 1

"
Œˇ.N0/; y�C

D ŒA.y/ � f; y�C � 0 8kykX D R:

Hence, we can apply Theorem 2.6 for

V1 D V2DV ; D.�IV IV �/DD.�/; � D �; A � N0; B D A"; f D f; R D R:

Then, we obtain that for every " > 0 there exists y" 2 V such that

y" is the solution of (3.29), ky"kV � R: (3.31)

We remark that the constant R does not depend on " > 0.
From (3.31) it follows that there exist d" 2 A.y"/, b" 2 ˇ.y"/ such that

�y" C d" C 1

"
b" D f: (3.32)

Due to N0 2 K \D.�/ and to the monotony of L and ˇ we have:

.d"; y"/ � �.�y"; y"/C 1

"
.b"; N0 � y"/C .f; y"/ � kf kV �R < C1:

In virtue of Property .˘/ for A and from (3.31) it follows that there exists c1 > 0

such that
kd"kV � � c1 8" > 0: (3.33)
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Moreover, from (3.32) and (3.33) it follows that

0 � .b"; y"/ D ".f � d" ��y"; y"/
� ".kf kV � C c1/R DW c2 � "! 0as "& 0C : (3.34)

From the monotony of ˇ and from (3.34) it follows that for every ! 2 V

.b"; !/ � Œˇ.y"/; ! � y"�C C .b"; y"/ � Œˇ.!/; ! � y"�C C c2"
� kˇ.!/k�.k!kV CR/C c2":

Hence, due to the Banach–Steinhauss Theorem there exists c3 > 0 such that

kb"kV � � c3 8" 2 .0; "0/; (3.35)

for some "0 > 0.
The conditions (3.25) imply that for every ! 2 D.��/

.�y"; !/ D .��!; y"/ � k!kD.��/R 8" > 0:

Hence, there exists c4 > 0 such that

kLy"kD.��/� � c4 8" > 0:
From here, due to the equality (3.32) we obtain that

b" ! N0 in D.��/� as "& 0C : (3.36)

From (3.32), (3.33) and from the monotony of � it follows that

.�y"; !/ D .�y"; ! � y"/C .�y"; y"/ � .�!;! � y"/C .kf kV � C c1/R
� k�!kV .k!kV CR/C .kf kV � C c1/R 8! 2 D.�/:

Therefore, there exists c5 > 0 such that

k�y"kD.L/� � c5 8" > 0:

Passing to limit. From the estimations (3.31), (3.33), (3.35), from the conver-
gence (3.36), due to the Banach–Alaoglu Theorem it follows that there exists a
subsequence fy� g� from fy"g" such, that for some y 2 V , d 2 V �

y� * y in V ; d� * d in V �; b� * N0 in V � as 	 & 0C : (3.37)

The map ˇ is �0-pseudomonotone on V . Moreover, due to (3.34) and (3.37) we
have:

lim
�&0C

.b� ; y� � y/ D lim
�&0C

.b� ; y� � y/ � 0:
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Hence, due to a subsequence, for every ! 2 V

0 D lim
�&0C

.b� ; y� � !/ � Œˇ.y/; y � !��:

The last relation is equivalent to N0 2 ˇ.y/. Hence, in virtue of (3.28), we obtain that

y 2 K: (3.38)

Now, let us show that
lim
�&0C

.d� ; y� � y/ � 0: (3.39)

Really, from (3.32) and from (3.28) it follows that for every v 2 D.�/ \K

.d� ; y� � v/ D 1

"
.b� ; v � y� /C .f; y� � v/C .�y� ; v � y� /

� 1

"
Œˇ.y� /; v � y� �C C .f; y� � v/C .�v; v � y� /

� 1

"
Œˇ.v/; v � y� �� C .f; y� � v/C .�v; v � y� /

� .f; y� � v/C .�v; v � y� /; (3.40)

as N0 2 ˇ.v/. So,

lim
�&0C

.d� ; y� / � .d; v/C .f; y � v/C .�v; v � y/ 8v 2 D.�/ \K:

But in virtue of (3.26) and (3.38) we can choose vj 2 K \D.�/ such that vj ! y

in V and lim
j!1.�vj ; vj � y/ � 0. If we put in the last relation v D vj , we obtain:

lim
�&0C

.d� ; y� / � .d; y/:

Therefore, due to (3.37), the inequality (3.39) is true.
Let us use the �0-pseudomonotony of A. From (3.37) and (3.39) it follows that

there exist the subsequences fy�g� � fy�g� and fd�g� � fd�g� such that

lim
�&0C

.d�; y� � v/ � ŒA.y/; y � v�� 8v 2 V ; (3.41)

in particular, from the inequality (3.39) it follows

lim
�&0C

.d� ; y� � y/ D 0:

Hence, due to (3.37), (3.40) and (3.41),
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ŒA.y/; y � v�� � .f; y � v/C .�v; v � y/ 8v 2 K \D.�/;

that is equivalent (due to Proposition 1) to (3.30).
The Theorem is proved. ut
Now let V D V 1 \ V2 and k � kV D k � kV �

1
C k � kV �

2
, where .Vi ; k � kVi

/,

i D 1; 2, are reflexive separable Banach spaces and the embeddings ˚ � Vi � ˚�
and ˚ � V �

i � ˚� are dense and continuous. The spaces .V �
i ; k � kV �

i
/, i D 1; 2;

are the topologically adjoint with .Vi ; k � kVi
/. Then V � D V �

1 C V �
2 .

For some multivalued map A W V1!
!V �

1 with nonempty convex closed (in the
corresponding topology) bounded values, for some convex lower semicontinuous
functional ' W V2 ! R, for some linear dense defined operator� W D.�IV ;V �/ �
V ! V � and for some closed convex set K � V , we consider the next problem of
the solvability of the next evolution variation inequality in the space V :

.�v; v � u/ C ŒA .u/; v � u�C C '.v/� '.u/
� .f; v � u/ 8v 2 K \D.�IV ;V �/; (3.42)

u 2 K; (3.43)

where f 2 V � be an arbitrary fixed element

Corollary 3.1. Let the assumptions (3.25), (3.26) and (3.28) hold, f 2 V � be
arbitrary fixed. Moreover, let

The multivalued map A W V1 ! Cv.V �
1 / be �0 � pseudo

monotone on V1; locally finite-dimensionally bounded,
let A satisfy Condition (˘ ) and for some y0 2 K \D.�/
ŒA.y/;y�y0 �C

kykV1

! C1 as kykV1
!1I

The functional ' W V2 ! R be convex, lower semiconti-
nuous on V2 and satisfy the next coercivity condition:
'.y/

kykV2

!C1 as kykV2
!1I

Then for each " > 0 the problem

.�y"; v � y"/C ŒA.y"/; v � y"�C C 1

"
Œˇ.y"/; v � y"�C C '.v/ � '.y"/

� .f; v � y"/ 8v 2 V ; y" 2 D.�/ (3.44)

has a solution. Moreover, there is a sequence fy"g" � D.�/ such that

(a) For every " > 0 y" is the solution of problem (3.44).
(b) There exists a subsequence fy�g� � fy"g" such that for some y 2 V y� ! y

weakly in V .
(c) y is the solution of problem (3.42)–(3.43).
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Proof. At first let us consider the multivalued map

B.y/ D @'.y/ 2 Cv.V
�
2 / 8y 2 V2:

Let us check, that the given map satisfies the next conditions:

(a) Property .˘/. Let y0 2 V2, k > 0 and the bounded set B � V2 be arbitrary
fixed. Then 8y 2 B and 8d.y/ 2 @'.y/ such that .d.y/; y � y0/ � k is
fulfilled. Let u 2 V2 be arbitrary fixed, then

.d.y/; u/ D .d.y/; uC y0 � y/C .d.y/; y � y0/ � '.uC y0/ � '.y/C k
� '.uC y0/ � inf

y2B '.y/C k � const < C1;

because every convex lower semicontinuous functional is bounded from below
on every bounded set. Hence, by the Banach–Steinhaus Theorem, there exists
N D N.y0; k; B/ such that kd.y/kV2

� N for all y 2 B .
(b) +-coercivity on V2. Let us put in the definition of subdifferential v D y0. Then

kyk�1V2
Œ@'.y/; y �y0�C � kyk�1V2

'.y/�kyk�1V2
'.y0/! C1 as kykV2

!C1:

(c) �0-pseudomonotony on V2. Let yn * y0 in V2, @'.yn/ 3 dn * d in V �
2

and the inequality (1.56) hold. Then, due to the monotony of @', for each d0 2
@'.y0/ and for all n � 1

.dn; yn � y0/ D .dn � d0; yn � y0/C .d0; yn � y0/ � .d0; yn � y0/:

Hence
lim

n!C1
.dn; yn � y0/ � lim

n!C1
.d0; yn � y0/ D 0;

that together with (1.56) gives:

lim
n!C1.dn; yn � y0/ D 0:

Thus, for every w 2 V2

lim
n!C1

.dn; yn � w/ � lim
n!C1.dn; yn � y0/C lim

n!C1
.dn; y0 � w/

D .d0; y0 � w/: (3.45)

From another side,

.d0;w� y0/ � lim
n!C1.dn;w � yn/ � '.w/� lim

n!C1
'.yn/

� '.w/ � '.y0/; (3.46)
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because every convex lower semicontinuous functional is weakly lower semicon-
tinuous. From (3.46) and from the definition of subdifferential map it follows that
d0 2 @'.y0/. From here, due to Proposition 1 and to the inequality (3.45), we will
obtain the inequality (1.56) for A D @' on V2.

So, due to Lemma 1.15, Lemma 1 and to Remark 1, all the assumptions (3.27)
for the multivalued map

C.y/ D A.y/C B.y/; y 2 V

are true. In order to finish the proof of the given statement it is enough to remark
that problem (3.44) is equivalent to problem (3.29). Furthermore, problem (3.42)–
(3.43) is equivalent to problem (3.30). The last one follows from the definition of
subdifferential map, from Proposition 1 and from the formula:

DC'.uI v � u/ WD lim
t!0C

'.uC t.v � u// � '.u/
t

D Œ@'.u/; v � u�C:

The Corollary is proved. ut

3.3.1 The Class of Multivalued Penalty Operators

Let K � V be nonempty closed convex subset,

PK.y/ D arg min
v2K

ky � vkV ; y 2 V :

We consider the main convex (generally not strictly convex) lower semicontinuous
functional

'.y/ D ky � PKyk2V ; y 2 V :

Let us put
ˇ.y/ D @'.y/ 2 Cv.V

�/; y 2 V :

In virtue of the properties of the subdifferential maps, the multivalued operator ˇ is
monotone, bounded, radially semicontinuous. So, it is enough to show that

K D fy 2 V j N0 2 ˇ.y/g:

“�” Let y 2 K . Then '.y/ D 0 and for every ! 2 V , t > 0

Œˇ.y/; !�C D Œ@'.y/; !�C  '.y C t!/ � '.y/
t

D '.y C t!/
t

� 0;

as t & 0C. Hence, N0 2 ˇ.y/.
“	” Let N0 2 ˇ.y/. Then for every ! 2 V (in particular for ! 2 K)

0 � Œˇ.y/; ! � y�C D Œ@'.y/; ! � y�C � '.!/ � '.y/:
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Hence, '.y/ � 0 and y 2 K .
Let again X be the reflexive Banach space, X� be its topologically adjoint,

h�; �iX W X� �X ! R is canonical paring:

We assume that for some interpolation pair of reflexive Banach spacesX1; X2,X D
X1 \ X2: Then due to Theorem 1.3 X� D X�

1 CX�
2 . Remark also that

hf; yiX D hf1; yiX1
C hf2; yiX2

8f 2 X� 8y 2 X;

where f D f1 C f2, fi 2 X�
i , i D 1; 2.

LetL W D.L/ � X ! X� be linear dense defined maximally monotone operator
with definitional domain D.L/, A W X1 � X�

1 , B W X2 � X�
2 , N W Y � Y �

(Y � X with compact embedding) be some multivalued maps. We consider the
next problem:

8
ˆ̂
<

ˆ̂
:

hLy;! � yiX C ŒA.y/; ! � y�C
C ŒB.y/; ! � y�C C ŒN.y/; ! � y�C
� hf; ! � yiX 8! 2 D.L/ \K;

y 2 D.L/ \K;
(3.47)

for some fixed f 2 X� and the bodily convex set K � X .
Our aim consists of proving the existence of solutions by the method of singular

perturbation with the penalty method (see [LIO69]).

Remark 3.10. Further we consider that D.L/ is a reflexive Banach space with the
graph norm

kykD.L/ D kykX C kLykX� 8y 2 D.L/:
This condition assures the maximal monotony of L on D.L/ (Corollary 1.8).

Let us consider the operators A, L and the convex set K such that

The operator L W D.L/ � X ! X� is maximally
monotone on D.L/, linear and dense definedI (3.48)

K is a convex closed subset from X such that
9ˇ0 2 K \D.L/ W S

t>0

t.K � ˇ0/ D X I (3.49)

The multivalued map A W X ! Cv.X
�/ is �0 � pseudo

monotone on D.L/; locally finite-dimensionally bounded,
it satisfies Condition (˘ ) and for some

y0 2 K \D.L/ ŒA.y/;y�y0 �C
kykX

! C1 as kykX !1I
(3.50)

ˇ W X ! Cv.X
�/ is the monotone, bounded, radially

semicontinuous multivalued “penalty” operator, that
corresponds to the set K; i.e. K D fy 2 X jˇ.y/ 3 N0gI

(3.51)
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Remark 3.11. The sufficient condition for (3.49) is:
K is a convex closed subset from X such that D.L/ \ intK ¤ ;.

Theorem 3.6. Let the conditions (3.48)–(3.51) hold, f 2 X� be arbitrary fixed.
Then for each " > 0 the problem

�
Ly" C A.y"/C 1

"
ˇ.y"/ 3 f;

y" 2 D.L/ (3.52)

has a solution. Moreover, there is a sequence fy"g" � D.L/ such that

(a) For every " > 0 y" is the solution of problem (3.52).
(b) There exists a subsequence fy�g� � fy"g" such that for some y 2 X y� ! y

weakly in X .
(c) y is the solution of the next problem:

� hLy; v � yiX C ŒA.y/; v � y�C � hf; v � yiX 8v 2 K \D.L/;
y 2 K \D.L/: (3.53)

Proof. By the analogy with [LIO69, c.396] without loss of generality we may con-
sider that y0 D N0 2 K . Otherwise, the maps eA.�/ D A.� � y0/, Qf D f � Ly0,
eL D L, the set eK D K � y0, Qy0 D N0 and ě

0 D ˇ0 � y0 satisfy the conditions
(3.48)–(3.51).

For every " > 0 let us enter a new multivalued map:

A".y/ WD A.y/C 1

"
ˇ.y/; y 2 X:

In virtue of Proposition 1.22 and of Lemma 1.15, A" W X ! Cv.X
�/ is �0-

pseudomonotone on D.L/. Due to the boundness of ˇ, thanks to Condition .˘/
and to the locally finitedimensionally boundness for A it follows that A" is locally
finitedimensionally bounded and it satisfies Condition .˘/.

Now, let us use the coercivity condition. From (3.50) it follows the existence of
R > 0 such that

ŒA.y/ � f; y�C � 0 8y 2 X W kykX D R:

Then, for every " > 0

ŒA".y/ � f; y�C � ŒA.y/ � f; y�C C 1

"
Œˇ.y/; y � N0��

� ŒA.y/ � f; y�C C 1

"
Œˇ.N0/; y�C

D ŒA.y/ � f; y�C � 0 8kykX D R:
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Hence, we can apply Theorem 2.2 for

X1 D X2 D X; D.L/ D D.L/; L D L; A � N0; B D A"; f D f; R D R:

Then, we obtain that for every " > 0 there exists y" 2 X such that

y" is the solution of (3.52), ky"kX � R: (3.54)

We remark that the constant R does not depend on " > 0.
From (3.54) it follows that there exist d" 2 A.y"/, b" 2 ˇ.y"/ such that

Ly" C d" C 1

"
b" D f: (3.55)

Due to N0 2 K \D.L/ and to the monotony of L and ˇ we have:

hd"; y"iX � �hLy"; y"iX C 1

"
hb"; N0 � y"iX C hf; y"iX � kf kX�R < C1:

In virtue of Property .˘/ for A and from (3.54) it follows that there exists c1 > 0

such that
kd"kX� � c1 8" > 0: (3.56)

Moreover, from (3.55) and (3.56) it follows that

0 � hb"; y" � ˇ0iX D "hf � d" �Ly"; y" � ˇ0iX
� ".kf kX� C c1 C kLˇ0kX�/.RC kˇ0kX / DW c2 � "! 0 as "& 0C :

(3.57)

From the monotony of ˇ, from (3.57) and from (3.49) it follows that for every
! 2 X 9t > 0: t! C ˇ0 2 K and

1

"
hb"; !iX D 1

t"
hb"; t! � y"iX C 1

t"
hb"; y"iX

� 1

t"
Œˇ.y"/; t! � y"�C C 1

t
c2 � 1

t"
Œˇ.!/; t! � y"�� C 1

t
c2 � 1

t
c2:

Hence, due to the Banach–Steinhauss Theorem there exists c3 > 0 such that

kb"kX� � "c3 8" 2 .0; "0/; (3.58)

for some "0 > 0.
The conditions (3.48), (3.55) and (3.58) imply that for every ! 2 X

jhLy"; !iX j � .kf kX� C c2 C c3/kwkX 8" 2 .0; "0/:
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Hence, there exists c4 > 0 such that

kLy"kX� � c4 8" 2 .0; "0/: (3.59)

Passing to limit. From the estimations (3.54), (3.56), (3.59), due to the Banach–
Alaoglu Theorem it follows that there exists a subsequence fy�g� from fy"g" such,
that for some y 2 D.L/, d 2 X�

y� * y in D.L/; Ly� * y in X; d� * d in X�; b� * N0 in X� as 	 & 0C :
(3.60)

In virtue of Proposition 1.22, the map ˇ is �0-pseudomonotone on X . Moreover,
due to (3.57) and (3.60) we have:

lim
�&0C

hb� ; y� � yiX D lim
�&0C

hb� ; y� � yiX � 0:

Hence, due to a subsequence, for every ! 2 X

0 D lim
�&0C

hb� ; y� � !iX � Œˇ.y/; y � !��:

The last relation is equivalent to N0 2 ˇ.y/. Hence, in virtue of (3.51), we obtain that
y 2 K .

Now, let us show that

lim
�&0C

hd� ; y� � yiX � 0: (3.61)

Really, from (3.55) and from (3.51) it follows that for every v 2 D.L/ \K

hd� ; y� � viX D 1

"
hb� ; v � y� iX C hf; y� � viX C hLy� ; v � y� iX

� 1

"
Œˇ.y� /; v � y� �C C hf; y� � viX C hLy� ; v � y� iX

� 1

"
Œˇ.v/; v � y� �� C hf; y� � viX C hLy� ; v � y� iX

� hf; y� � viX C hLy� ; v � yiX C hLy; y � y� iX
� hf; y� � viX C hLv; v � y� iX ; (3.62)

as N0 2 ˇ.v/. So,

lim
�&0C

hd� ; y� iX � hd; viX C hf; y � viX C hLv; v � yiX 8v 2 D.L/ \K:

But in virtue of (3.60), if we put in the last relation v D y, we obtain:

lim
�&0C

hd� ; y� iX � hd; yiX :

Therefore, due to (3.60), the inequality (3.61) is true.
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Let us use the �0-pseudomonotony of A. From (3.60) and (3.61) it follows that
there exist the subsequences fy�g� � fy�g� and fd�g� � fd�g� such that

lim
�&0C

hd� ; y� � viX � ŒA.y/; y � v�� 8v 2 X; (3.63)

in particular, from the inequality (3.61) it follows

lim
�&0C

hd�; y� � yiX D 0:

Hence, due to (3.60), (3.62) and (3.63),

hLy; v � yiX C ŒA.y/; y � v�� � hf; y � viX 8v 2 K \D.L/;

that is equivalent (due to Proposition 1) to (3.53).
The Theorem is proved. ut

Corollary 3.2. Let the conditions (3.48), (3.49), (3.51) hold, A W X1 � X�
1 and

B W X2 � X�
2 are finite-dimensionally locally bounded, �0-pseudomonotone on

D.L/ multivalued maps and satisfy Condition .˘/. We consider, that the embedding
of D.L/ in some Banach space Y is compact and dense, the embedding of X in Y
is dense and continuous and let N W Y � Y � be a locally bounded multivalued
map, such that the graph of N is closed in Y � Y �

w (i.e. with respect to the strong
topology of Y and the weakly star one in Y �) and which satisfies Condition (˘ ).
Furthermore, for some y0 2 K \D.L/

ŒA.y/; y � y0�C
kykX1

! C1 as kykX1
!1;

ŒB.y/; y � y0�C
kykX2

!C1 as kykX2
!1;

lim
kykX !1

ŒN.y/; y � y0�C
kykX > �1; (3.64)

f 2 X� be arbitrary fixed. Then for each " > 0 the problem

Ly" C A.y"/C B.y"/CN.y"/C 1

"
ˇ.y"/ 3 f;

y" 2 D.L/

9
=

;
(3.65)

has a solution. Moreover, there is a sequence fy"g" � D.L/ such that

(a) For every " > 0 y" is the solution of problem (3.65).
(b) There exists a subsequence fy�g� � fy"g" such that for some y 2 X y� * y

in X .
(c) y is the solution of problem (3.47).
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Remark 3.12. The sufficient condition for (3.64) is:

9C1; C2 > 0 W kN.y/kC � C1 C C2kykX 8y 2 X:

Proof. Let us set C.y/ D A.y/C B.y/C N.y/ for each y 2 X � Y . In virtue of
the continuous embedding X � Y with Lemma 2 it follows, that C satisfies Con-
dition (˘ ) on X . The finite-dimensionally locally boundness of C is clear. Due to
Proposition 1.26 the map C is �0-pseudomonotone on D.L/. The +-coercivity of
C.�Cy0/ onX directly follows from Proposition 6, from Lemma 1 forA andB and
from the condition (3.64). So, we apply Theorem 3.6 for C , L, K . Thus, problem
(3.47) has at least one solution obtained by the penalty method. ut

3.4 Evolution Variation Inequalities with Noncoercive
Multivalued Maps

As before let .V1; k � kV1
/ and .V2; k � kV2

/ be reflexive Banach spaces continuously
embedded in Hilbert space .H; .�; �// such that for some numerable set ˚ � V D
V1 \ V2

˚ is dense in V; V1; V2 and in H:

After identificationH � H� we obtain

V1 � H � V �
1 ; V2 � H � V �

2 ;

with continuous and dense embedding, .V �
i ; k � kV �

i
/, i D 1; 2 is topologically

adjoint of Vi space with respect to the canonical bilinear form

h�; �iVi
W V �

i � Vi ! R;

which coincides on H � ˚ with the inner product .�; �/.
Let us consider the functional spaces Xi D Lri .S IH/ \ Lpi

.S IVi /, where S
is a finite time interval, 1 < pi � ri < C1. The spaces Xi are reflexive Banach
spaces with the norms

kykXi
D kykLpi

.SIVi / C kykLri
.SIH/;

X D X1\X2, kykX D kykX1
CkykX2

. LetX�
i (i D 1; 2) be topologically adjoint

with Xi . Then,

X� D X�
1 CX�

2 D Lq1
.S IV �

1 /C Lq2
.S IV �

2 /C Lr0

1
.S IH/CLr0

2
.S IH/;

where ri�1 C r 0
i
�1 D pi

�1 C qi�1 D 1 .i D 1; 2/. Let us define the duality form
on X� �X
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hf; yi D
Z

S

.f11.	/; y.	//Hd	C
Z

S

.f12.	/; y.	//Hd	C
Z

S

hf21.	/; y.	/iV1
d	

C
Z

S

hf22.	/; y.	/iV2
d	 D

Z

S

.f .	/; y.	// d	;

where f D f11Cf12Cf21Cf22, f1i 2 Lr0

i
.S IH/, f2i 2 Lqi

.S IV �
i / .i D 1; 2/.

Note that h�; �i coincides with the inner product in H D L2.S IH/ on H .

Theorem 3.7. Let V2 D H , r1 � 2, p2 D r2 D 2, �0 > 0, AC �0I W X1 � X�
1

is C-coercive, r.l.s.c. multivalued operator with (X1;W )-s.b.v., ' W X2 ! R is
convex lower semicontinuous functional. Then for each f 2 X� there is at least
one solution y 2 W for the problem:

hy0; ��yiC ŒAy; ��y�CC'.�/�'.y/ � hf; ��yi 8� 2 W;y.0/ D N0; (3.66)

under the condition, thatA and @' are the Volterra operators that satisfy Condition
(H ).

Remark 3.13. In Theorem 3.7 we may change Condition (H ) for A and @' and
+-coercivity for AC �0I on �-coercivity for AC �0I on X1.

Remark 3.14. At the last corollary we are not claim the coercivity for ' (resp. for
@') on X2.

Proof. Let us show that the operator C D �I C�0I CAC @' W X � X� satisfies
all conditions of Corollary 2.2 for some � > 0. For this purpose it is enough to show
the same for multivalued map

B.y/ D �y C @'.y/ 8y 2 X2;

where � > 0 is an arbitrary fixed. R.l.s.c. follows from u.s.c. of @' on X2. In virtue
of monotony of @' on X2, for each y 2 X2

ŒB.y/; y�C D Œ.�I C @'/.y/; y�C D �hy; yi C Œ@'.y/; y�C
D �.y; y/H C Œ@'.y/; y � N0�C � �kyk2H C Œ@'.N0/; y � N0�C
� �kyk2X2

� k@'.N0/kCkykX2
:

Thus, for each y 2 X2
ŒB.y/; y�C
kykX2

� �kykX2
� k@'.N0/kC ! C1 as kykX2

!C1:

So, B is +-coercive. From monotony of @', as � > 0, it follows that B is also
monotone and it has the semibounded variation on W . Thus, problem (3.66) has at
least one solution y 2 W such that y.0/ D N0. ut
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Example 3.1. Let n � 1, ˝ � R
n is bounded domain with the boundary @˝ ,

S D Œ0IT �, Q D S �˝ , p 2 .1I 2�: W 1;p
0 .˝/ � L2.˝/; a functional ˚ W R! R

is measurable and satisfies the conditions:

9C1; C2 > 0 W j˚.t/j � C1jt j C C2 8t 2 RI
9C3 > 0 W .˚.t/ � ˚.s//.t � s/ � �C3.s � t/2 8t; s 2 RI

a functional  W R ! R is convex, lower semicontinuous and satisfies the “growth
condition”:

9C4; C5 > 0 W j .t/j � C4jt j C C5 8t 2 R:

Let q � 2: 1=pC 1=q D 1. Let us set

X D Lp.S IW 1;p
0 .˝//\ L2.S IL2.˝//;

X� D Lq.S IW �1;q
0 .˝//C L2.S IL2.˝//:

We consider such problem:

Z

Q

@y.t; x/

@t
.v.t; x/ � y.t; x//dtdx

C
nX

iD1

Z

Q

 ˇ
ˇ
ˇ
ˇ
@y.t; x/

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@y.t; x/

@xi

!�
@v.t; x/

@xi
� @y.t; x/

@xi

�

dtdx

C
Z

Q

˚.y.t; x//.v.t; x/ � y.t; x//dtdx

C
Z

Q

 .v.t; x//dtdx �
Z

Q

 .y.t; x//dtdx

�
Z

Q

f .t; x/.v.t; x/ � y.t; x//dtdx 8v 2 X; (3.67)

y.t; x/
ˇ
ˇ
@˝
D 0 for a.e. t 2 S; (3.68)

y.t; x/
ˇ
ˇ
tD0 D 0 for a.e. x 2 ˝; (3.69)

where f 2 X� is arbitrary fixed.
Let us set X1 D X , X2 D L2.Q/,

A.y/ D �
nX

iD1

@

@xi

�ˇ
ˇ
ˇ
ˇ
@y

@xi

ˇ
ˇ
ˇ
ˇ

p�2
@y

@xi

�

8y 2 X1;

'.y/ D
Z

Q

 .y.t; x//dtdx; y 2 X2:
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After integration the inequality (3.67) by parts we will obtain the problem:

hy0; v � yi C hA.y/; v � yi C '.v/ � '.y/ � hf; v � yi; y.0/ D 0: (3.70)

As generalized solution of (3.67)–(3.69) we understand the solution of (3.70) in the
classW D fy 2 X j y0 2 X�g. In virtue of Theorem 3.7, problem (3.67)–(3.69) has
generalized solution y 2 W .

3.5 On Solvability of the Class of Evolution Variation
Inequalities with W�-Pseudomonotone Maps

Many important applied problems are reduced to so called problems with unilateral
boundary conditions or to variation inequalities which generate differential-operator
inclusions. The next problem is the most simple example of such type [1–5]: in the
region˝ with the bound 
 we have to find a solution of the equation�y D f such
that on 
 the conditions

u � 0; @u

@n
� 0; u

@u

@n
D 0:

are fulfilled.
The generalized solution of such problem does not satisfy the integral identity

(as, for example, in Dirichlet problem), but it satisfies some integral inequality, that
is called the variation inequality.

Let .V; k � kV / be the strictly normalized reflexive separable Banach space
that continuously and densely embedded in the Hilbert space .H; .�; �//: The strict
normalization of the space means the strict convexity of the norm k � kV on V .

We identify the topologically adjoint space with H regarding bilinear form .�; �/
with H , .V �; k � kV �/ is strictly normalized Banach space, that is topologically
adjoint with V with regarding .�; �/: Then the next chain of continuous and dense
embeddings takes place:

V � H � H� � V � (3.71)

Let 1 < p; q < C1; 1=p C 1=q D 1; S D Œ0; T �; T > 0: Let us consider spaces

X D Lp.S IV /; X� D Lq.S IV �/;

the pairing

hu; viX D
Z

S

.u.t/; v.t//dt; u 2 X; v 2 X�;

and

W D fy 2 X jy0 2 X�g; W1 D fy 2 X jy0 2 L1.S IV �/g;
W2 D fy 2 W j y.0/ D 0g
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with norms

kukW D kukX C ku0kX� 8u 2 W
kukW1

D kukX C ku0kL1.SIV �/ 8u 2 W1;
kukW2

D kukW 8u 2 W2:

For the operator A W X ! X�, convex closed set K � X (0 2 K) and fixed
function f 2 X� we consider the problem of searching of weak solution for the
evolution variation inequality:

8
<

:

hw0;w � yiX C hA.y/;w� yiX � hf;w� yiX
8w 2 K \W2;
y 2 K:

(3.72)

Here w0 is the derivative of the element w 2 X in the sense ofD�.S IV �
� /.

Let us remark that W with nature operations is Banach space that satisfies the
next properties:

(a) W is continuously and densely embedded in C.S IH/.
(b) 8u; v 2 W the next

hu0; viX C hv0; uiX D .u.T /; v.T // � .u.0/; v.0// (3.73)

is fulfilled; if u D v we obtain:

hu0; uiX D .ku.T /k2H � ku.0/k2H /
ı
2 (3.74)

Let us improve conditions for parameters of problem (3.72), for which we will
prove the weak solvability. In order to do this we will use the penalty method. As
the penalty operator ˇ and convex set K let us consider

ˇ.y/.t/ D ˇ.y.t//; K D K.t/ for almost every t 2 S;

where ˇ.v/ D J.v � PKv/ , v 2 V , J W V ! V � is defined so:

kJ.v/kV � kvkV D .J.v/; v/; kJ.v/kV � D kvkp�1
V I

PK is orthogonal projection operator from V onK: Let us remark that ˇ.v/ D 0,
v 2 K .

Let us remark that ˇ W V ! V � is bounded monotone demicontinuous operator,
so ˇ W X ! X� is � -pseudomonotone on X bounded operator.

Theorem 3.8. Let the next conditions

(a) the operatorA W X ! X� is bounded,�–pseudomonotone onW1 and coercive.
(b) K � V is convex closed set, 0 2 intK � V are fulfilled.
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Then, for an arbitrary f 2 X� there exists the solution of problem (3.72).

Proof. For an arbitrary " > 0 let us consider a new map

A".y/ WD A.y/C 1

"
ˇ.y/; y 2 X:

Lemma 3.1. For an arbitrary " > 0 the operatorA".y/ is bounded, �–pseudomon-
otone on W � W1 and coercive, and the problem

�
y0
" C A.y"/C 1

"
ˇ.y"/ D f;

y" 2 W2 (3.75)

has the solution y" such that

ky"kX � c; kA.y"/kX� � c; ky0
"kL1.SIV �/ � c 8" > 0; (3.76)

for some c > 0; that does not depend on " > 0.

Proof. Let us use the coercivity condition for A: There exists such R > 0 that

hA.y/ � f; yiX � 0 8y 2 X W kykX D R: (3.77)

For every " > 0

hA".y/ � f; yiX � hA.y/ � f; yiXC < ˇ.y/; y � 0iX="
� hA.y/ � f; yiX C hˇ.0/; yiX="
D hA.y/ � f; yiX � 0 8kykX D R:

In particular, from here it follows the coercivity for A" on X: The boundness
for A" is fulfilled, because operators A and ˇ are bounded; �–pseudomonotony for
A" on W � W1 follows from the same property for A and ˇ. Let us consider the
operator L W W2 ! X�; that is defined as:

Ly D y0; y 2 W2:

Let us remark that L is maximally monotone operator on W2. L� W W2 ! X is
adjoint with L operator in the sense of the nonbounded operators theory.

So, from (3.77), from the boundness for A and from the previous results we have
that for an arbitrary " > 0 problem (3.75) has the solution y" such that

ky"kX � R; kA.y"/kX� � c1:

for some c1 > 0; that does not depend on " > 0.
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From the condition (b) it follows that for some r > 0 Br D fv 2 V j kvkV �
rg � K . Then 8" > 0 , for a.e. t 2 S we have

kˇ.y".t//kV � � .ˇ.y".t//; y".t//=r: (3.78)

Indeed, 8" > 0; for a.e. t 2 S , 8v 2 V : kvkV D 1 we have

.ˇ.y".t//; v/ D .ˇ.y".t//; rv � y".t/ /=r C .ˇ.y".t//; y".t/ /=r
� .ˇ. rv /; rv � y".t/ /=r C .ˇ.y".t//; y".t//=r
D .ˇ.y".t//; y".t//=r:

Now let us show that

hˇ.y"/; y"iX � .kf kX� C c1/ R " 8" > 0 (3.79)

As 8" > 0 y" 2 X is the solution of problem (3.75), then in view of (3.74),

hˇ.y"/; y"iX=" D hf �A.y"/� y0
"; y"iX � .kf kX� C c1/R:

From (3.78) to (3.79) 8" > 0 it follows the next inequality

kˇ.y"/kL1.SIV �/ � .kf kX� C c1/R "=r DW c2" (3.80)

in particular, in view of (3.75), (3.76), (3.80) we have

ky0
"kL1.SIV �/ � c3 8" > 0;

where c3 is the constant that does not depend on " > 0.
The Lemma is proved. ut

Let us continue the proof of the Theorem. From the monotony for ˇ and from (3.79)
to (3.80) it follows that for an arbitrary w 2 X , " > 0

0 � hˇ.y"/;wiX � hˇ.y"/;w � y"iX C hˇ.y"/; y"iX
� hˇ.w/;w � y"iX C c2r"! hˇ.w/;w � yiX < C1 as "! 0C :

So, in consequence of the Banach–Steingauss Theorem, there exists c4 > 0 such
that

kˇ.y"/kX� � c4 8" 2 .0; "0/ (3.81)

for some "0 > 0.
Let’ remark also that for an arbitrary ! 2 D.L�/

hy0
"; !iX D hL�!; y"iX � k!kD.L�/R 8" > 0:
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Therefore, there exists c5 > 0 such that

ky0
"kD.L�/� � c5 8" > 0: (3.82)

From here and from (3.75) it follows that

ˇ.y"/! 0 in D.L�/� as "! 0C : (3.83)

From (3.75), (3.76) and from the monotony for L we have:

hy0
"; !iX D hy0

"; ! � y"iX C hy0
"; y"iX

� h!0; ! � y"iX C .kf kX� C c/c
� k!0kX�.k!kX C c/C .kf kX� C c/c 8! 2 W2:

Therefore, there exists c6 > 0 such that

ky0
"kW �

2
� c5 8" 2 .0I "0/:

The passage to the limit. From the estimations (3.76) and (3.81), from the con-
vergence (3.83), in consequence of the Banach–Alaoglu theorem, it follows the
existence of sequences fy�g� from fy"g" such that for some y 2 X; d 2 X�

y�
w�! y in X; A.y� /

w�! d in X�;

ˇ.y� /
w�! N0 in X� as 	 ! 0C : (3.84)

From (3.78) and (3.84) we have:

lim
�!0C hˇ.y�/; y� � yiX D lim

�!0C hˇ.y� /; y� � yiX � 0:

So, for an arbitrary ! 2 X

0 D lim
�!0C

hˇ.y� /; y� � !iX � hˇ.y/; y � !iX :

It means that N0 D ˇ.y/: Therefore,

y 2 K: (3.85)

Let us now prove that

lim
�!0C hA.y� /; y� � yiX � 0: (3.86)
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Indeed, from (3.75) for an arbitrary v 2 W2 \K it follows:

hA.y� /; y� � viX D 1

"
hˇ.y�/; v � y� iX C hf; y� � viX C hy0

� ; v � y� iX

� 1

"
hˇ.y�/; v � y� iX C hf; y� � viX C hv0; v � y� iX

� 1

"
hˇ.v/; v � y� iX C hf; y� � viX C hv0; v � y� iX

� hf; y� � viX C hv0; v � y� iX ; (3.87)

as 0 D ˇ.v/: So,

lim
�!0ChA.y� /; y� iX � hd; viX C hf; y � viX C hv0; v � yiX 8v 2 W2 \K:

But from [LIO69, p. 284], in consequence of (3.87), there exists vj 2 K \ W2
such that vj ! y in X and lim

j!1hv
0
j ; vj � yiX � 0: If we set in the last relation

v D vj ; we will obtain:

lim
�!0ChA.y� /; y� iX � hd; yiX :

So, with respect to (3.84), the inequality (3.86) is true.
Let us use the �-pseudomonotony for A onW1: From (3.76), (3.84) and (3.86) it

follows the existence of sequence fy�g� � fy�g� such that

lim
�!0C

hA.y�/; y� � viX � hA.y/; y � viX 8v 2 X; (3.88)

in particular, from the inequality (3.86) it follows that

lim
�!0ChA.y�/; y� � yiX D 0:

In consequence of (3.84) and (3.87),

hA.y/; y � viX � hf; y � viX C hv0; v � yiX 8v 2 K \W2:

The Theorem is proved. ut
So, we can prove the solvability for the class of evolution variation inequali-

ties with essentially nonlinear pseudomonotone on W1 operators by the penalty
method. As an example, we can consider the variation inequality with the opera-
tor that is introduced in the form of monotone and demicontinuous one. In view
of perspectives of obtained results, we can justify the solvability for the classes of
nonautonomous evolution problems with free bound, with nonlinear conditions on
the bound of region, in particular, for boundary problems of Signorini type.
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3.6 The Modelling of Unilateral Processes of Diffusion
of Petroleum in Porous Mediums with the Limiting
Pressure Gradient

The character of filtration of oil through porous mediums of oil deposits depends on
interaction between the oil and the rigid skeleton of ground. Within the framework
of the classical theory the liquid filtration in porous mediums obeys the linear law
of Darsi filtration. That is why the problem of filtration proposes the variation defi-
nition and it can be realized within the theory of boundary problems for the partial
differential equations [AS86].

The presence of impurities (lampwax, asphalts and others), temperature anoma-
lies and other factors essentially change the physics–chemical properties of the oil
and lead to the appearance of specific effects of hindrance inside considered region
as well as effects of undirectional conduction of boundary [AS86]. The equations of
filtration based on classical linear law of Darsi are not the best form of considered
processes description in this case. Taking into account the additional conditions for
the solution of problem on the stage of its variation definition is often more sub-
stantial way of considered processes development. Such approach leads to variation
inequalities which are introduced and developed in [DL76, LK83].

Let us consider the anomalous process of oil movement which contain lamp-
waxes and resinous-asphalt substances in porous medium of oil deposit. The oils
which contain such heavy components can form the rigid structure at low tem-
peratures, that at certain limiting pressure gradient can gain the movability. Such
behavior of oil has the nonlinear character and can’t be described by linear law of
Darsi. The consequence of such anomaly is the appearance of stagnation zone. Such
processes were considered as the filtration of visco-plastic liquid with thelimiting
pressure gradient. The models of such processes were considered, in particular, in
[LK83]. Let us describe these processes in the form of variation inequalities [DL76],
which take into account the nonlinear effects of one-sided hindrances with the lim-
iting pressure gradient, propose the algorithm of their realization and adduce the
results of computations.

Let y.t; x/ be the function of pressure of oil with taking into account its visco-
plastic properties that is defined on the bounded opened set ˝ of the space R

3 with
smooth bound 
 and in the interval of time .0; tk/ for tk < 1; Q D ˝ � .0; tk/;P D 
 � .0; tk/ is the solution of the variation inequality [ZN96]

�

n.x/
@y

@t
; � � y

�

C .A.�/y; � � y/C  .�/ �  .y/ � .f; � � y/ inQ

8 v 2 H 1.˝/ D V; (3.89)

with initial condition
yjtD0 D y0 in ˝; (3.90)
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where n.x/ D ˇCCm�.x/ˇH I ˇC is the coefficient of compressibilities of a porous
medium ˇH is the coefficient of compressibilities of oil; m�.x/ is the porosity of a

medium;A.�/.�/ D �
3P

iD1
@
@xi



b.x/k.x/ @

@xi

�
; b.x/ D �

	
I 
 is the denseness of oil;

� is the viscosity of oil; k.x/ is the coefficient of transmissivity x D .x1; x2; x3/:

The variable f .t; x/ D 1
h.x/

kP

jD1
qj .t/ ı.x � xj / is the forcing function of the

processes; qj .x/ are discharges of productive slits, operated in subsets ˝j 2 ˝;
j D 1; : : : ; K the number of slits; ı.x � xj / is the characteristic function. Let us
establish that the transmissivity k.x/ and discharges of slits q have technological
restrictions. We can define the limiting gradient by the relation of the form:

ˇ
ˇ
ˇ
ˇ
@y.t; x/

@x

ˇ
ˇ
ˇ
ˇ � ylim.x/; (3.91)

where ylim.x/ is the known value of limiting gradient
Let us add the physical sense to the system (3.89), (3.90), defining the functional

 ; that would provide the realization of the next physical conditions in the region

˝: if in some points of the spatial domain ˝ the condition
ˇ
ˇ
ˇ
@y.t;x/
@x

ˇ
ˇ
ˇ > ylim.x/

is fulfilled, then we have classical physical processes of oil filtration through the
porous medium, obeying Darsi law. In the points of spatial domain ˝; where the
association (3.91) is true, the filtration of a fluid stops and the stagnation domains
are formed. That is why ; that adds to system (3.89), (3.90) the mentioned physical
properties, will have the form

 D
8
<

:

1
2
Œm.t; x/y.t; x/�2 ;

ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ � ylim.x/;

0;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ > ylim.x/;

(3.92)

where m.t; x/ is the known coefficient of hindrance. Let us define m.t; x/ as
m.t; x/ 2 M D L1.Q/; where M is the space of parameters m with the norm
kmkM D kmkL1.Q/ : The set of admissible parameters Madm D

˚
m 2 M ˇ

ˇmmax

� m � 0 a.e.
�
:

Following the procedure of the solution of the problem adduced in Sect. 2.7 let us
inject ' .�/ D d 2.
/

d

defined in the space � D L1 .Q/ with the norm '.y/ k D

k' kL1.Q/

 .y/ D
8
<

:

m.t; x/y.t; x/;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ � ylim.x/;

0;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ > ylim.x/;

or '.y/ D m.yI t; x/y.t; x/; where
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m.yI t; x/ D
8
<

:

m.t; x/;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ � ylim.x/;

0;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ > ylim.x/;

(3.93)

m.t; x/ is known. So, the relation (3.93) defines the coefficientm.yI t; x/ of known
structure, spatio-temporal characteristics for that are unknown.

Problem (3.89), (3.90) can be reduced to the nonlinear problem with hindrance

n.x/
@y

@t
C A.�/y C '.m; y/ D f inQ; (3.94)

yjP D 0; (3.95)

yjtD0 D y0 in˝: (3.96)

As the solution of the system (3.94)–(3.96) we will consider the pair
˚ Oy.t; x/;

m.yI t; x/�: The problem of the search of spatio-temporal characteristics for m
.yI t; x/ we will replace by the problem of search ofm.t; x/; that is unknown. That
is why the term '.y/ D m.t; x/y.t; x/ in (3.94) allows us to take into account the
effect of missing of oil moveability, that appears at pressure gradients lower ylim.x/;

i.e.
ˇ
ˇ
ˇ
@y.t;x/
@x

ˇ
ˇ
ˇ � ylim.x/:

Let us reduce the solution of considered problem to the problem of optimization
of the search of unknown parameter bm.t; x/; that satisfies the system (3.94)–(3.96)
and provides the minimum of

J.m/ D
tkZ

0

Z

˝

8

<̂

:̂



@y.t;x/
@t

�2
;

ˇ
ˇ
ˇ
@y.t;x/
@x

� ylim.x/
ˇ
ˇ
ˇ



m @y.t;x/

@t

�2
;

ˇ
ˇ
ˇ
@y.t;x/
@x

> ylim.x/
ˇ
ˇ
ˇ

9
>=

>;
dx dt ! inf

m2Madm

(3.97)

where the upper branch of the functional J.�/ fines the violation of missing of oil
moveability condition, that appears at pressure gradients lower ylim.x/; else the
lower branch of this functional provides the minimum of m.t; x/: It is possible to
show that J.�/ is continuously differentiable by m and y:

Let us solve the formulated minimization problem by the Lagrange method. In
this case the system (3.94)–(3.97) will have the form

L.m; y; p/ D J.m/C
�

n.x/
@y

@t
C A.�/y C '.mIy/� f; p

� ˇ
ˇ
ˇ
ˇ
P ! inf

m2Madm

(3.98)

with boundary and initial conditions (3.95), (3.96), where p.t; x/ is unknown
variable that will be defined later.

The necessary conditions of optimum for the formulated problem with regard to
unknown parameterm 2 intMadm will have the form

ıL.m/ D @L

@m
ım D 0 8m 2 intMadm; (3.99)

where m is required solution.
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For m … intMadm it is necessary to complete the conditions (3.99) with the
conditions of complementary slackness

@L

@m
D 0 8m … Madm: (3.100)

Varying the functional (3.98), we can show that in (3.99)

@L

@m
D yp C

8
<

:

0;
ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ � ylim.x/

2m


@y.t;x/
@t

�2
;

ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ > ylim.x/

9
=

;
(3.101)

where p.t; x/ can be obtained from the solution of the adjoint system

�n.x/@p
@t
CA�.�/p Cmp

C

8

<̂

:̂



@y.t;x/
@t

�2
;

ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ � ylim.x/

2m


@y.t;x/
@t

�2
;

ˇ
ˇ
ˇ @y.t; x/=@x

ˇ
ˇ
ˇ > ylim.x/

9
>=

>;
D 0 (3.102)

with boundary and terminal conditions

pj˙ D 0; (3.103)

pjtDtk D 0: (3.104)

Here the operator A�.�/ has the form

A�.�/.�/ D �
(

3X

iD1

�
@

@xi

�

b.x/k.x/
@

@xi

�

C ci .x/ @
@xi

�

� d.x/
)

.�/:

The procedure of search of unknown parameterm is based on the relation of gradient
in the form

miC1 D Pr

(

mi � �m
�
@L

@m

�i
)

(3.105)

where i is the number of gradient cycle,m0 and �m are given.
The search of unknown variable based on the gradient relation (3.105) is over

when the criterion of finishing

ˇ
ˇJ i � J iC1ˇˇ

J i
� " (3.106)

is fulfilled, and unknown variable, that match to this criterion will have the value bm:
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Joining relations (3.94)–(3.96), (3.102)–(3.106) with (3.100), (3.101), we will
obtain the algorithm of realization of considered problem:

1. To i D 0, where i is the index of current iteration we give the starting value m0:
2. For the step i C 1, taking into account the known mi in view of (3.100) and

(3.101) we compute @L
@m
; where y and p are defined by relations (3.94)–(3.96)

and (3.102)–(3.104) respectively.
3. In view of (3.105) we define the value of miC1:
4. We compute (3.97) and check the condition (3.106). If it is fulfilled then the

algorithm is over, else we pass to point 2.

The result of realization of un. 1–4 of algorithm is the totality f Oy; mg ; that
defines the solution of the problem of modelling the process of oil filtration in porous
mediums taking into account the additional effect of missing of liquid phase at
gradients that are lower than marginal level defined by visco-plastic properties of oil.

3.7 On Analysis and Control of Second Order Hemivariational
Inequality with +-Coercive Multivalued Damping

In order to investigate mathematical models of nonlinear processes and fields of
nonlinearized theory of viscoelasticity and piezoelectric, to study waves of differ-
ent nature such scheme is frequently used: the given model can be reduced to some
differential-operator inclusion or multivariational inequality in infinite-dimensional
space [ZME04, ZKM08, ZGM00, DM05]. Further, using that or another method
of approximation, we prove the existence of generalized solution of such problem,
validate constructive methods of search of approximate solutions, study functional-
topological properties of resolving operator [ZKM08]. If mentioned process is of
evolution nature then his mathematical model can be described by the second order
differential-operator inclusion [DM05, ZK09, PAN85]. At that relations between
determinative parameters of original problem provide certain properties for multi-
valued (in general case) map in differential-operator scheme of investigation. It
worth to notice that in the majority of woks concerning given direct of investigations
rather strict conditions to “damping” concerning uniform coercivity, boundedness,
generalized pseudo-monotony are required [DM05, PAN85]. Such conditions, as a
general rule, provide not only the existence of solutions of such problems, but the
dissipation of all solutions too. Sometimes such conditions provide the existence of
global compact attractor, but this information is not always naturally expresses the
real behavior of considered geophysical process or field [KMVY08]. Because of that
it appears the necessity to investigate functional-topological properties of resolving
operator for differential-operator inclusion, in particular, for those inclusions which
describe new wider classes of nonlinear processes and fields of nonlinearized theory
of viscoelasticity under valid sufficient weakness of upper mentioned properties of
differential operators with suitable applications to concrete mathematical models.

In the given paper we consider problems of analysis and control of second order
differential-operator inclusion with weakly-coercive, pseudo-monotone maps. We
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study the dependence of functional parameters of problem, consider the problem of
optimal control. Obtained results can be applied to mathematical models of non-
linearized theory of viscoelasticity.

3.7.1 Setting of the Problem

Let V0; Z0 are real reflexive separable Banach spaces with corresponding norms
k�kV0

and k�kZ0
, H0 be real Hilbert space with the inner product .�; �/, identifying

with its topologically conjugated spaceH�
0 . Let us suggest that the embedding V0 �

Z0 is compact and dense, and the embedding Z0 � H0 is continuous and dense.
We will have such chain of continuous and dense embeddings [ZKM08, GGZ74,
KMP08] V0 � Z0 � H0 � Z�

0 � V �
0 , where Z�

0 and V �
0 are corresponding

topologically conjugated spaces with Z0 and V0 with corresponding norms k�kZ�

0

and k�kV �

0
. Let us denote: S D Œ	; T �, �1 < 	 < T < C1, p � 2, q > 1:

1
p
C 1

q
D 1,

H D L2.S IH0/; Z D Lp.S IZ0/; V D Lp.S IV0/;
H� D L2.S IH0/; Z� D Lq.S IZ�

0 /; V
� D Lq.S IV �

0 /;

W D ˚
y 2 V ˇˇy0 2 V � � ;

where y0 is a derivative in the sense ofD�.S IV �
0 / of element y 2 V [GGZ74]. Let

us remark that the embeddingsV � Z � H � Z� � V � are continuous and dense.
Moreover the embeddingW � Z is compact [LIO69,KMP08], and the embedding
W � C.S IH0/ is continuous [GGZ74, KMP08].

It worth to remark also that the canonical pairings h�; �iV0
W V �

0 � V0 ! R and
h�; �iZ0

W Z�
0 � Z0 ! R coincide on H0 � V0 with the inner product in H0. Then

the pairing h�; �iV W V � �V ! R and, respectively, h�; �iZ W Z� �Z ! R coincides
on H � V with inner product in H , namely

hf; ui WD hf; uiV D hf; uiZ D .f; u/ D
Z

S

.f .s/; u.s// ds; f 2 H; u 2 V:

Let OU , OK are Hausdorff locally convex linear topological spaces (LTS), U � OU ,
K � OK are some non-empty sets, A W V �U ! Cv.V

�/, C W Z�K ! Cv.Z
�/ are

multi-valued maps with nonempty convex weakly compact values in corresponding
spaces V � and Z�; B W V ! V � be linear operator; f 2 V �, a 2 H0, b 2 V0 are
arbitrary fixed elements.

It is setting the problem about the studying of functional-topological properties
of resolving operatorK.u; v; a; b; f / of the next problem

�
y00 C A.y0; u/C B.y/C C.y; v/ 3 f;
y.	/ D b; y0.	/ D a: (3.107)
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Here

K.u; v; a; b; f / D ˚.y; y0/ 2 C.S IV0/ �W jy is the solution of (3.107)
�
;

the derivative y0 of the element y is considered in the sense of distribution space
D�.S IV �

0 /.
Let us remark that as the embedding W � C.S IH0/ is continuous, then initial

condition in (3.107) have the sense.

3.7.2 Classes of Parameterized Multi-Valued Maps

Let Y be some real reflexive Banach space, Y � be its topologically conjugated,
h�; �iY W Y � � Y ! R be the pairing, A W Y � Y � be the strict multi-valued map,
at that A.y/ ¤ ; 8y 2 Y . Let OW be some normalized space that is continuously
embedded into Y , OX be some Hausdorff LTS, X � OX be some non-empty set. Let
us consider the parameterized multi-valued map A W Y �X � Y �.

Definition 3.5. A strict multi-valued map A W Y �X � Y � is said to be:

� �0-quasi-monotone on OW �X , if for any sequence fyn; angn�0 � OW � X such

that yn
w�! y0 in OW , an ! a0 in OX , dn

w�! d0 in Y � as n!C1, where dn 2
Nc NoA.yn; an/ 8n � 1, from the equality lim

n!1 hdn; yn � y0iY � 0 it follows the

existence of subsequence
˚
ynk

; dnk
; ank

�

k�1 of fyn; dn; angn�1, that the next

inequality lim
k!1

˝
dnk

; ynk
� !˛

Y
� ŒA.y0; a0/; y0 � !�� 8! 2 Y holds true.

� Bounded, if for every L > 0 and for the bounded set D � X in the topology of
the space OX there exists such l > 0, that

kA.y; u/kC � l 8 fy; ug 2 Y �D W kykY � LI

� Demi-closed, if for an arbitrary sequence fyn; ungn�0 � Y �X such that yn ! y

in Y , un ! u0 in OX , dn
w�! d0 in Y �, where dn 2 coA.yn; un/ 8n � 1, it

follows that d0 2 coA.y0; u0/.

3.7.3 Abstract Results

Let us study functional-topological properties of resolving operator of problem
(3.107) concerning closeness in certain topologies. The necessity of justification of
such properties concerns problems of control of mathematical models of non-linear
geophysics processes and fields that can be described by (3.107) as well as studying
of dynamics of solutions of such problems.
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Theorem 3.9. Let A W V � U ! Cv.V
�/ be �0-quasimonotone on W � U ,

bounded operator, B W V ! V � be linear continuous operator, and a multi-map
C W Z � K ! Cv.Z

�/ be bounded and demi-closed. Let us consider a sequence
ffm; am; bm; um; vmgm�1 � V � �H0 �V0 �U �K . We suggest that for allm � 1
.ym; y

0
m/ 2 K.um; vm; am; bm; fm/ and the next convergence take place:

fm ! f0 in V �; am ! a0 in H0; bm ! b0 in V0;

um ! u0 in OU ; vm ! v0; in OK; y0
m

w�! g in V:
(3.108)

Then there exists such y 2 C.S IV0/, that y0 2 W , y0 D g and .y; y0/ 2
K.u0; v0; a0; b0; f0/. Moreover,

ym ! y in C.S IV0/; m!C1; (3.109)

y0
m

w�! y0 in W; m! C1; (3.110)

8t 2 S y0
m.t/

w�! y0.t/ in H0; m!C1: (3.111)

Proof. Let conditions of the theorem are hold true. For fixed b 2 V0 let us consider
Lipschitz-continuous operator Rb W Z ! Z (V ! V respectively), that is well
defined by the next relation

.Rby/.t/ D b C
tZ

�

y.s/ds; 8y 2 Z .respectively 8y 2 V /; 8t 2 S:

Let us consider a multi-valued operator NA W V � NU ! Cv.V
�/

NA.y; Nu/ D A.y; u/C B ıRb.y/C C.Rby; v/; y 2 V; Nu
D .u; v; b/ 2 NU D U �K � V0:

If .y; y0/ 2 K.u; v; a; b; f /, then z D y0 is the solution of such problem

�
z0 C NA.z; u; v; b/ 3 f;
z.	/ D a: (3.112)

Vice versa, if z 2 W is the solution of problem (3.112), then .y; y0/ D .Rbz; z/ 2
K.u; v; a; b; f /:

Let ffm; am; bm; um; vmgm�1 � V � �H0�V0 �U �K; .ym; y0
m/ 2 K.um; vm;

am; bm; fm/, m � 1 and (3.108) holds true. Let us set zm D y0
m8m � 1. Then

ym D Rbm
zm8m � 1: Let us remark that from inclusion (3.112) it follows that

8m � 19dm 2 NA.zm; um; vm; bm/ such that

dm D fm � z0
m 2 NA.zm; um; vm; bm/: (3.113)
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From (3.108) it follows the boundedness of sequences fzmg ; fumg ; fvmg ; fbmg ;
ffmg in corresponding topologies of spaces V; OU ; OK; V0 and V �. Then the bound-
edness of fdmg in V � follows from the boundedness of maps A W V � U !
Cv.V

�/; B W V ! V �; C W Z � K ! Cv.Z
�/; then continuity of embeddings

V � Z; Z� � V � and from estimations

�
�Rb1

x1 �Rb2
x2
�
�
V
� ˛ �kb1 � b2kV0

Ckx1 � x2kV
� 8x1; x2 2 V; b1; b2 2 V0;

�
�Rb1

x1 � Rb2
x2
�
�
Z
� ˇ �kb1 � b2kV0

Ckx1 � x2kZ
� 8x1; x2 2 Z; b1; b2 2 V0;

where ˛; ˇ are constants that are not depend on bi ; xi .
So,

9c1 > 0 W 8m � 1 kdmkV � � c1: (3.114)

The boundedness of fz0
mgm�1 in V � follows from the boundedness ffmg in V �

and (3.114). Therefore,

9c2 > 0 W 8m � 1
�
�z0
m

�
�
V �
� kzmkW � c2: (3.115)

As the embeddingW � C.S IH0/ is continuous (see. [ZKM08, GGZ74]), then
through (3.115), we obtain

9c3 > 0 W 8m � 1; 8t 2 S kzm.t/kH0
� c3: (3.116)

In view of (3.108) and estimations (3.114)–(3.116), taking into account the
continuity of map y 7! y0 in D�.S IV �

0 /; we have

zm
w�! g W; dm

w�! d D f0 � g0 in V �;
8t 2 S zm.t/

w�! g.t/ in H0 as m!1: (3.117)

From here and from (3.108), particularly, it follows that

g 2 W and g.	/ D a0 (3.118)

Let us show that g satisfies inclusion g0C NA.g; Nu0/ 3 f0, where Nu0 D .u0; v0; b0/:
As g0 C d D f0; then it is sufficiently to show that d 2 A.g; Nu/:

Firstly let us make sure that

lim
m!1 hdm; zm � gi � 0: (3.119)

Indeed, in view of (3.113), 8m � 1 we have

hdm; zm � gi D hfm; zmi �
˝
z0
m; zm

˛ � hdm; gi
D hfm; zmi � hdm; gi C 1

2



kzm.	/k2H0

� kzm.T /k2H0

�
: (3.120)
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Further, for left and for right parts of equality (3.120) we calculate an upper limit
as m!1:

lim
m!1 hdm; zm � gi � lim

m!1 hfm; zmi C lim
m!1 hdm;�gi

C lim
m!1

1

2



kzm.	/k2H � kzm.T /k2H

�

� hf0; gi � hd; gi C 1

2



kg.	/k2H0

� kg.T /k2H0

�

D hf0 � d; gi �
˝
g0; g

˛ D 0:

The last is true in consequence of [GGZ74, Lemma I.5.3], and (3.117). Inequality
(3.119) is checked.

From the definition of NA it follows that 8m � 1 9�m 2 A.zm; um/; 9�m 2
C.Rbzm; vm/ such that

8m � 1 dm D �m C B ıRbm
.zm/C �m: (3.121)

From (3.108), (3.117), the boundedness of C W Z � K ! Cv.Z
�/ and the

compactness of embeddingW � Z we have that

zm ! g in Z; Rbm
zm ! Rb0

g in Z; �m
w�! � in Z�; m! C1 (3.122)

From the demi-closeness of C W Z �K ! Cv.Z
�/ it follows that

� 2 C.Rb0
g; v0/: (3.123)

As
�
�
�
�
�
�

tZ

s

zm.s/ds

�
�
�
�
�
�
V0

� jt � sj 1q kzmkV � c4 jt � sj
1
q 8t; s 2 S; 8m � 1;

where c4 > 0 is the constant that does not depend on m � 1; s; t 2 S; then in
consequence of (3.108)

Rbm
zm ! Rb0

in C.S IV0/; m! C1; (3.124)

particularly,
B ıRbm

zm ! B ıRb0
g in V �; m! C1: (3.125)

So, ˝
B ıRbm

.zm/C �m; zm � g
˛! 0; m! C1 (3.126)

and

lim
m!1

˝
B ıRbm

.zm/C �m; zm � !
˛ D ˝B ıRb0

.g/C �; g � !˛

� ˝B ıRb0
.g/; g � !˛C �C.Rb0

g; v0/; g � !
�

� 8! 2 V: (3.127)



236 3 Evolution Variation Inequalities

From (3.119), (3.121) and (3.126) it follows that

lim
m!1 h�m; zm � gi � 0: (3.128)

From (3.121)–(3.124) and (3.117) it follows also that

�m
w�! � D d � � � B ıRb0

.g/ in V �; m!C1: (3.129)

So, thanks to (3.117), (3.128), (3.129) and �0-quasimonotony A on W � U we
have that up to subsequence

˚
zmk

; umk
; dmk

�

k�1 � fzm; um; dmgm�1, lim
k!C1

˝
�mk

;

zmk
�!˛ � ŒA.g; u0/; g � !�� 8! 2 V: From here and from (3.119), (3.126), par-

ticularly, it follows that lim
k!1

˝
�mk

; zmk
� g˛ D 0 and h�; g � !i D lim

k!1
˝
�mk

; g�
!
˛ � ŒA.g; u0/; g � !�� 8! 2 V: The last and together with (3.127) provides

that hd; g � !i � � NA.g; u0; v0; b0/; g � !
�

� 8! 2 V: This means that d 2
NA.g; u0; v0; b0/: Setting y D Rb0

g; y0 D g, we obtain .y; y0/ 2 K.u0; v0; a0; b0;
f0/: Let us remark that (3.109) is the direct consequence of (3.125), and (3.110) and
(3.111) follows from (3.117).

The theorem is proved. ut
Let us suggest also that there exist real Hilbert spaces V� , V�1

such that embeddings
V� � V0 � V�1

� H0 are continuous and dense. Then the embedding V� � H0
is compact. Let us set W� D

˚
y 2 V j y0 2 Lq.S IV �

� /
�
, where V �

� is topologically
conjugated space with V� , y0 is a derivative of the element y 2 V in the sense
D�.S IV �

� / [GGZ74].

Theorem 3.10. If for some u 2 U , v 2 K , a 2 H0, b 2 V0 the map A.�; u/ W V !
Cv.V

�/ is �0-pseudomonotone onW� and

9 c1; c2; c3 > 0 W 8y 2 V; ŒA.y; u/; y�C � c1 kykpV � c2;
kA.y; u/kC � c3.1C kykp�1

V /I (3.130)

the map B W L2.S IV�1
/! L2.S IV �

�1
/ satisfies such property:

8u 2 V .Bu/ .t/ D B0u.t/ for a.e. t 2 S;

where B0 W V�1
! V �

�1
is linear, bounded, self-conjugated, monotone operator; and

the map C.�; v/ W Z ! Cv.Z
�/ is demi-closed and

9"� > 0 W 8y 2 Z sup
d2C.y;v/

kdkZ�

�


c1�

�p.T � 	/�p=q � "�
� 

1C kykp�1

Z

�
; (3.131)

where � � const: k�kZ0
� � k�kV0

, then for an arbitrary f 2 V � K.u; v; a; b; f /
¤ ;.
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Proof. Let us consider such ! 2 W , that !.	/ D a and the map NA W V ! Cv.V
�/;

NA.y/ D A.yC!; u/CC.Rb.yC!/; v/, y 2 V . From conditions (3.130)–(3.131) it
follows that (see [ZK09]) for some ˛1; ˛2 > 0 Œ NA.y/; y�C � ˛1 kykpV �˛2; y 2 V .
Repeating suggestions from [ZK09, p. 207], taking into account that the embedding
W� � Z is compact, we obtain that the map NA is bounded and �0-pseudomonotone
on W� . Further, following proof of Theorem 3.9 from [ZK09], we obtain that the
problem

�
y00 C NA.y0/C By 3 f � !0 � B ıRN0!
y.	/ D b; y0.	/ D N0 (3.132)

has the solution y 2 C.S IV / such that y0 2 W . Doing replacement z D y CRN0!
in (3.132) we obtain the required statement.

The theorem is proved. ut
Let us suggest also that OK D .X�; �.X�; X//, where X is some real separable

or reflexive Banach space, K � OK is *-weakly compact non-empty subset, and the
map A W V ! Cv.V

�/ does not depend on the parameter u 2 U . Then we will write
K.v; a; b; f / instead K.u; v; a; b; f /. Let us fix an arbitrary f 2 X�; a 2 V; b 2
H . Let us set

Gad D f.y; y0; v/ 2 C.S IV0/ �W �Kj .y; y0/ 2 K.v; a; b; f /g:

Theorem 3.11. Let L W C.S IV0/ � .W I �.W �IW // � .X I �.X�IX// be lower
semi-continuous functional such that 8 u 2 C.S IV0/; v 2 W; w 2 X�
L.u; v;w/ � '1.kvkV / C '2.kwkX� /, where 'i W RC ! R such that 'i .s/ !
C1; s ! C1, i D 1; 2. Let us suggest that A W V ! Cv.V

�/, B W V ! V �,
C W Z �K ! Cv.Z

�/ satisfy conditions of Theorems 3.9, 3.10. Then the problem

�
L.y; y0; v/! inf;
.y; y0; v/ 2 Gad (3.133)

has a solution.

Proof. Proof directly follows from statements of Theorems 3.9, 3.10 and from inte-
grated Weierstrass theorem (see Lemma 3). ut

3.7.4 Applications to Dynamical Contact Problems
with Nonlinear Damping

Let us consider the viscoelastic body that in strain-free state fills up the bounded
domain ˝ � Rd , d D 2; 3. Let us suggest that the boundary 
 D @˝ is regular
(3.114) and 
 is divided into three pairwise disjoint measurable parts 
D; 
N and
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C such that meas.
C / > 0 [DM05]. The body is gripped on 
D such that the
displacement field turns there to zero. Let us suggest also that the given vector of the
volume power f1 is distributed in ˝ , and the surface force f2 is distributed on 
D .
The body can trace into contact with the foundation on potential connecting face

C . Let us set Q D ˝ � .0; T / for 0 < T < C1. Let us denote the displacement
field by u W Q ! Rd , the stress tensor by � W Q ! Sd , and the deformation
tensor by ".u/ D ."ij .u//, "ij .u/ D 1

2
.ui;j C uj;i /, where i; j D 1; d; Sd is the

spaceRd�d
s of d -order symmetric matrices. Following [MIG05], let us consider the

multi-valued analog of Kelvin–Voigt viscoelastic determining relation

�.u; u0/ 2 @.".u0//C=.".u//;

where @ is multi-valued non-linear map, and = is simple-valued linear determining
map. Let us remark that in classical linear viscoelasticity the upper defined rule has
the form �i;j D cijkl"kl.u0/ C gijkl"kl.u/, where @ D fcijklg and = D fgijkl g,
i; j; k; l D 1; d are tensors of viscosity and elasticity respectively. Let us denote nor-
mal and tangential components of displacement u on 
 by uN and uT , uN D u � n;
uT D u � uNn, where n is the unit vector of outer normal line to 
 . Similarly,
normal and tangential components of stress field on 
 are defined by �N D .�n/ �n
and �T D �n � �Nn respectively. On the connecting face 
C let us consider
boundary conditions. The normal stress �N and the normal displacement uN sat-
isfy non-monotony normal condition of form flexibility ��N 2 @jN .x; t; uN ; &/ on

C � .0; T /. The frictional law between the frictional force �T and the tangential
displacement uT on 
C has the form ��T 2 @jT .x; t; uT ; �/ on 
C � .0; T /. Here
jN .�; �; �; &/ W 
C � .0; T / � Rd ! R and jT .�; �; �; �/ W 
C � .0; T / � Rd ! R

are locally Lipschitz by the last variables of function, @jN , @jT are Clarke subdif-
ferentials of corresponding functionals jN .x; t; �; &/, jT .x; t; �; �/. Such boundary
conditions in particular cases involve classical conditions on the boundary of domain
(see for example [DM05, Chap. 2.3], [PAN85]). Let us denote the initial displace-
ment and the initial speed by u0 and u1. The classical formulation of contact problem
has the form: to search such u W Q! Rd and � W Q! Sd , that

8
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
:̂

u00 � div� D f1 in Q;
� 2 @.".u0//C=.".u// in Q;
u D 0 on 
D � .0; T /;
�n D f2 on 
N � .0; T /;
��N 2 @jN .x; t; uN ; &/; ��T 2 @jT .x; t; uT ; �/ 
C � .0; T /;
u.0/ D u0; u0.0/ D u1 in ˝:

(3.134)

For the variational setting of such problem let us set

H0 D L2.˝IRd /; NH0 D L2.˝ISd /;
NH1 D fu 2 H0j ".u/ 2 NH0g D H 1.˝IRd /; V0 D fv 2 NH1j v D 0 D 0 
Dg:
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Using Green’s formula, the definition of Clarke subdifferential [CLA90, CHI97] if
initial data are rather smooth (see for detail [DM05,MIG05]), we can obtain (see for
detail [DM05,MIG05]) the variational formulation of problem (3.134) for searching
of such u W Œ0; T �! V and � W Œ0; T �! NH0, that

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

hu00.t/; viV0
C .�.t/; ".v// NH0

C R

�C

	
j 0N .x; t; uN I vN I &/

C j 0T .x; t; uT I vT I �/


d
 .x/

� hf .t/; viV0
for all v 2 V0 and for a.e. t 2 Œ0; T �;

u.0/ D u0; u0.0/ D u1;

(3.135)

where

hf .t/; viV0
D .f1.t/; v/H0

C .f2.t/; v/L2.�N IRd / for all v 2 V0 for a.e. t:

Let V D L2.0; T IV0/, W D fw 2 V jw0 2 V �g and N� W H ı.˝IRd / DW Z0 !
H 1=2.
 IRd / � L2.
 IRd / is the trace operator, ı 2 .1=2I 1/. Maps A W V !
2V

�

, B0 W V0 ! V �
0 are defined by the next way:

ŒA0.t; u/; v�C D supf.d; ".v// NH0
j d 2 V �

0 ; d.�/ 2 @.�; t; ".u.�///g; t2S; u; v2V0;
A.u/ D fd 2 V � j d.t/ 2 A0.t; y.t// for a.e. t 2 Sg; u 2 V;

hB0u; viV0
D .=.x; t; ".u//; ".v// NH0

8u; v 2 V0; t 2 Œ0; T �:

Here ŒA.t; u/; v�C is the upper support function of the set A.t; u/ � V �
0 . The

functional J W Œ0; T � � L2.
C IRd / �K ! R is defined by the next way:

J.t; v; �/ D
Z

�C

.jN .x; t; vN .x/; &/C jT .x; t; vT .x/; �// d
 .x/;

for t 2 Œ0; T �, v 2 L2.
C IRd / and � D .&; �/ 2 K , and C W Z �K ! Cv.Z
�/ by

the next way:

C.u; �/ D fd 2 Z� j d.t/ 2 N��.@J.t; N�u.t/; �// for a.e. t 2 Œ0; T �g;

where N�� is the conjugated operator to N� . So, we obtained the problem of searching
of such u 2 V; u0 2 W , that

�
u00 C A.u0/C BuC C.u; �/ 3 f;
u.0/ D u0; u0.0/ D u1;

(3.136)

It is possible to show (see for detail [DM05, MIG05]), that every solution
of problem (3.136) is the solution of problem (3.135). So, imposing such con-
ditions for parameters of problem (3.134), that maps A;B;C satisfy conditions
of Theorems 3.9–3.11 (see for details [ZME04, ZKM08, ZK09, MIG05]), we
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will obtain results concerning some properties of the resolving operator of prob-
lem (3.136), particularly, of problem of optimal control (3.133). Let us remark
that the introduced scheme of investigation in the given work (see for details
[ZME04, ZKM08, ZK09, MIG05]), in comparison with existing approaches, allows
us, for example, weaken the technical condition of uniform“–”-coercivity to “+”-
coercivity, the generalized pseudo-monotony to w�0

-pseudo-monotony etc. It worth
to remark that concrete classes of differential operators of pseudo-monotone type
which appear in problem (3.134), considered in details in works [BAR76, GGZ74,
PAN85, KMVY08, DM05, LIO69, MIG05, GLT81] (see works and citations there).
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Appendix A
Vortical Flow Pattern Past a Square Prism:
Numerical Model and Control Algorithms

Abstract A coupled Lagrangian–Eulerian numerical scheme for modeling the lam-
inar flow of viscous incompressible fluid past a square prism at moderate Reynolds
numbers is developed. The two-dimensional Navier–Stokes equations are solved
with the vorticity–velocity formulation. The convection step is simulated by motion
of Lagrangian vortex elements and diffusion of vorticity is calculated on the multi-
layered adaptive grid. To reduce the dynamic loads on the body, the passive control
techniques using special thin plates are proposed. The plates are installed either on
the windward side of prism or in its wake. In the first case, the installation of a pair
of symmetrical plates produces substantial decreasing the intensity of the vortex
sheets separating in the windward corners of prism. In the second case, the wake
symmetrization is achieved with the help of a long plate abutting upon the leeward
surface. Both the ways bring narrowing of the wake and, as a result, decrease of the
dynamic loads. With optimal parameters of the control system, the drag reduction is
shown to decrease considerably.

A.1 Introduction

Let us consider some hydrodynamical application to differential-operator equations
in infinite-dimensional spaces. We develop a coupled Larangian–Eulerian numerical
scheme for modeling the laminar flow of viscous incompressible fluid past a square
prism at moderate Reynolds numbers. Then we solve the two-dimensional Navier–
Stokes equations with the vorticity–velocity formulation, that can be reduced to
differential-operator equation. The convection step will be simulated by motion of
Lagrangian vortex elements and diffusion of vorticity will be calculated on the
multi-layered adaptive grid. To reduce the dynamic loads on the body, the pas-
sive control techniques using special thin plates will be proposed. The plates will
be installed either on the windward side of prism or in its wake. In the first case,
the installation of a pair of symmetrical plates produces substantial decreasing the
intensity of the vortex sheets separating in the windward corners of prism. In the
second case, the wake symmetrization is achieved with the help of a long plate
abutting upon the leeward surface. Both the ways bring narrowing of the wake and,
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as a result, decrease of the dynamic loads. With optimal parameters of the control
system, the drag reduction will be shown to decrease considerably.

Hydrodynamic characteristics of a non-streamline body can be determined
through vortex structure of the flow near it. Firstly they essentially depend on
wall flow type, namely this flow is either separated or without separation. At large
Reynolds numbers flows without separation are turbulent and a body drag can be
determined through frequency and intensity of coherent vortex formations separa-
tions from the buffer zone of body boundary layer into the outward domain. In spite
of small size these vortex structures essentially determine an energy interchange
between the flow and the body. General pattern of flow past the body also depends
on generation-diffusion correlation of vorticity in the wall area. In this case to con-
struct control schemes providing the body drag decrease we should consider the
dynamics of vortexes whose sizes are close either to the width of the buffer zone or
to the boundary layer thickness. Great number of theoretical and experimental inves-
tigations [LN76,MO98,MIG62] show a principal possibility of the vortex structure
control in the boundary flows. A number of schemes and constructions proposed
for a boundary flow transformation, such as turbulence stimulators, vortex genera-
tors, vortex destructors, broaches, injectors of special flows etc. found their practical
applications in aviation, naval technologies and hydraulic devices.

The the case of separated or detached flows past bodies of a non-streamline
shape (namely the bodies with sharp edges or with large downstream pressure
gradients over smooth surface areas). Such flows are accompanied by generation
of vortex structures whose sizes are commensurate with geometrical parameters of
the streamed body. Vortex generation causes irreversible energy consumption of
the flow and brings unsymmetry into the patterns of flows past symmetrical con-
structions. In this case hydrodynamic characteristics of the body are determined by
dynamics of the formed circulation flow. Instability and dynamic properties of a
circulation zone are determined through motion and interaction of vortex structures
in it.

It is well known that in a homogeneous incompressible fluid the vorticity is gen-
erated only by the body and be the domain boundaries where the fluid flows. An
intensity of the vorticity generation depends on a local surface curvature of the body.
On the smooth surface areas this intensity is much smaller than that of a flow past
sharp edges. Hence sometimes it is enough to carry out dynamic analysis of vorticity
separating from the body edges. Examples of such approach can be found in works
devoted to the numerical analysis of a flow past a wing with a sharp trailing edge.
Vortex sheets, which have been formed as a result of separation, under small pertur-
bation decay into discrete vortexes, which, in their turn, after combining form into
large circulation zones (Calvin–Gelmgholc instability). With the lapse of time as a
result of viscous forces action diffusion processes start influencing upon the dynam-
ics of these vortex formations, particularly, it is a viscous diffusion who causes the
generation of a new vorticity on the smooth surface areas. Therefore considering
a flow past a body we usually have several vorticity sources situated on the sharp
edges and also on smooth surface areas. This sources are interacting both directly
(mixing) and through hydrodynamic velocity field. The possibility of decreasing an
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intensity of one vorticity source under the influence of the other attracts the practi-
cal interest. For example changing relative positions of vorticity sources through the
body shape transformation we can largely decrease the intensity of vortexes gener-
ated by the flow past the body. In this case the body drag decreases and the level of
non-stationary lateral forces reduces as well.

An artificial modification of the separated flow structure is one of the modern
directions of the flow control theory. This theory is based on the development of
algorithms for generation of large vortex formations with prescribed properties near
the body [GG98, CLD94, COR96, SAV98]. Methods of artificial vortex generation
can either passive (when our aim is to suppress vorticity generation processes that
can be reached by modification of the construction shape) or active (with usage of
control elements, for example, fluid withdrawal through slots or permeable surface
areas, fluid injection, impurity of polymer additions into wall area through elec-
tric and magnetic fields action). The first class of these method does not require
additional energy expenditure. But among the advantages of active schemes there is
adaptivity, development and application possibilities for control algorithms together
with their feedbacks when the intensity and the direction of an external influence on
the flow depend on flow conditions.

Here we consider structure control schemes of the flow past of body non-
streamline shape directed on decrease of hydrodynamic drug and construction
vibration in the flow. It is important for increase of building reliability design,
decrease of acoustic noises and power inputs caused by body motion in fluid. For
control algorithm development understanding of generation and evolution processes
as well as vortex dynamics in the flow past the body is important. The approbation
of new algorithms can be carried out by the examples of the flow past relatively
simple bodies. In view the analysis of flows past a square prism gives wide oppor-
tunities of approbation of control algorithm for flows past a body of non-streamline
shape.

Investigation of the flow structure around the square prism is important in view
of many factors: fundamental study of regularities of physical processes concerned
with generation and interaction of separated circulation zones, obtaining patterns of
flows past a body of non-streamline shape, solving practical engineering dynamics
problems and reliability design problems for constructions exploitable in water or
wind flows (flow past bridge bearings, tower buildings, elements of oceanographic
equipment, offshore constructions).

In most experimental works devoted to the investigation of flows past the square
prism an analysis was carried out at large Reynolds Numbers [BO82, VIC66,
KNI90]. Exactly this range is important for the majority of engineering problems.
The investigation results indicate that the flow pattern past the square prism and its
hydrodynamical characteristics depend on Reynolds number far less than in the case
of a round cylinder, and at Re > 103 these characteristics would hardly change a
lot. This is a result by an existence of a fixed separation on the sharp edges causing
approximate constancy of vortex separation frequency. Let us denote that at moder-
ate Reynolds numbers 5 � 10 � Re � 5 � 103, the flow structure around the prism is
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complicated enough. This fact results in certain changes of Strouhal number and of
the square prism drag coefficient [OKA82].

First numerical investigation of flows past a square prisms are associated with
the discrete-vortex method [NNT82]. Obtained there drag coefficients and frequen-
cies of vortex separation are close to the experimental values at Re ! 1. When
Reynolds number is decreasing the mismatch between computed and experimental
values ia increasing.

Numerical models of a flow past a square prism, considering viscous effects, are
based on the complete Navier–Stokes equation system. Majority of such investi-
gations concern with two-dimensional problems at small and moderate Reynolds
numbers. One of the first and most complete investigations of this direction is the
work [DM82]. The proposed algorithm combines elements of the grid method and
the method of finite volumes. Taking into account limited capacity of the compu-
tation engineering, all computations was carried out with the help of crude mesh.
Obtained data for hydrodynamic drag coefficient and Strouhal number, namely the
number characterizing a frequency of vortex separations, differ within 10–20 %
from their experimental values.

In the work [MFR94] the study of a laminar flow past an oscillating square
cylinder is carried out by the method of finite volumes. There are considered basic
regimes occurring as a result of forced oscillations of the cylinder over its natu-
ral oscillations caused by vortex separation. In the work [SND98] this method had
already been used for investigation of two-dimensional and three-dimensional flows
past a square prism at moderate Reynolds numbers. Obtained results show that tran-
sition from two-dimensional regime up to three-dimensional one goes on in the
following range of Reynolds numbers: from 150 to 200. At the same time it is shown
that Strouhal number and body drag coefficient obtained through two-dimensional
simulation are close enough to their experimental values.

Grid numerical algorithm applied in the work [ZSG94] for the analysis of flow
past the square cylinder, revolving on longitudinal axis, is based on usage of Navier–
Stokes equations with “vorticity-flow function” formulation. The advantage of this
approach is absence of the pressure terms in the equations that enables to use
explicit time computational schemes and avoids the choice boundary conditions for
pressure.

In the majority of numerical simulation methods for viscous flows of incompress-
ible fluid as an independent unknown magnitudes they take velocity and pressure. In
view of numerical modeling, the form of Navier–Stokes equations that was proposed
by Lighthill [LIG63] is more convenient. As an independent unknown magnitudes
he considered velocity and vorticity. This gives an opportunity to separate a prob-
lem of fluid kinematics by applying the Bio-Savart law. Numerical models based
on such approach can be reduced to the limit integral equation for the velocity.
After that standing by themselves vorticity problems are considered which also can
be reduced to limit integral equations [WW86]. The advantage of this approach
is the following: when computing the velocity it is only vorticity distribution that
is being taken into consideration. In the majority of hydromechanical problems the
domain occupied by the whirling fluid is mach smaller than the domain of significant
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velocity perturbations. Therefore the dimensions of the computation domain within
the considered approach can be much smaller than in the case when required func-
tions are velocity and pressure. Moreover in the problems of the external flow past
a body, velocity boundary conditions of infinity are precisely fulfilled by analytical
choice of Green’s function, entering into Bio-Savart equation. In some cases, for
example in the case of a plane plate, the second boundary condition on the wall
(non-percolation condition) can be similarly fulfilled.

Here for computation of the flow past the square cylinder and analysis some con-
trol schemes we propose generalized vortex algorithm. It is based on the complete
Navier–Stokes equation system with the “vorticity–velocity formulation” and uses
grids, Lagrangian vortex points and the discrete vortex method.

A.2 Problem Definition

Let us consider a two-dimension laminar flow of viscous incompressible fluid past
a square cylinder. Assuming critical parameters are the remote flow velocity U1
and the length of the side of a square a, we obtain the following dimensionless
Navier–Stokes equations:

@V

@t
C .V � r/V D �4p C 1

Re
r2V; (A.1)

r � V D 0; (A.2)

where V.x; y; t/ is the fluid velocity, p.x; y; t/ is the pressure, � is the fluid
viscosity, Re D U1a=�.

Performing the operation rotor with respect to each term of (A.1) and putting
the vorticity ! D r � V in view of (A.2) we obtain the equation describing
evolution and diffusion of vorticity in the considered domain. Particularly, for
two-dimensional problems we have:

@!

@t
C .V � r/! D 1

Re
4!: (A.3)

Equation (A.3) implies: if in the time point t velocity and vorticity are given,
then the vorticity distribution in the next time point tC�t can be found. Thereafter,
under obtained values !, using Bio-Savart formula and taking into account bound-
ary conditions on the body surface, we can find new velocity values in the domain.
This computation cycle, which firstly was described by Lighthill [LIG63], is the
foundation of the vortex method. The distinctive feature of numerical algorithms
based on this cycle consists in the way how diffusion and vorticity convection are
calculated, and also in different approaches to modeling of vorticity generation on
the body wall.
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To solve the diffusion problem for vorticity ! it is necessary to fulfill boundary
conditions of the body and boundary conditions of infinity. For velocity V.x; y; t/ D
Vn.x; y; t/ C V� .x; y; t/ these are the standard non-percolation and adhesion con-
ditions:

Vn.x; y; t/jL D Un body; (A.4)

V� .x; y; t/jL D U� body; (A.5)

where Ubody D Unbody CU� body is the body velocity consisting of translation and
rotation velocities in general case, L is the boundary of the body.

The choice of a boundary condition on the surface of the body L for the function
! is a non-trivial problem. It is associated with the way one describes the vorticity
generation on the body wall. Due to Lighthill’s method, which is effectively used in
the modeling of discrete vortexes, the body surface is replaced by vortex sheet. In
this case the vorticity value on the wall !0 depends on intensity of the vortex sheet
� . There are different approaches to finding a function !. One of them is based on
the fact that a jump of tangential velocity (V� ) in incompressible ideal fluid crossing
the vortex sheet is equal to �=2. Then, under the adhesion condition, on the surface
L the following relationship must be fulfilled:

V 0� C �=2 D 0:

Taking into account that !0 D �=h, (h is a given short distance from the wall
along the normal line or an appropriate sampling interval for computational grid
associated with the body), we have:

!0 D �2V
0
�

h

ˇ
ˇ
ˇ
ˇ
ˇ
L

: (A.6)

The velocity V� in formula (A.6) is calculated directly on the wall.
In [WU76] the magnitude !0 was determined using the expansion of tangential

velocity into Taylor’s series near the body surface. In this case, taking for instance
the horizontal wall, we have:

!0 D �2V� .x; h=2/
h

C @2V�

@y2

ˇ
ˇ
ˇ
ˇ
ˇ
yD0

h=4CO.h2/C : : : : (A.7)

If in formula (A.7) only terms containing first order infinitesimals are left, we obtain
an expression which is an analogue of well-known Thompson’s formula in ! �  

model. Expressions (A.6), (A.7) are the examples of Dirichlet condition on the func-
tion !0. In the work [KOU93] for vorticity flow Neumann condition is used. It
should be noted that there is no rigorous mathematical substantiation of bound-
ary conditions for the function ! which would correlate the intensity of the vortex
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sheet around the body with vorticity generated by its walls. The choice of boundary
condition for the function ! essentially depends on the numerical method used for
solving vortex transfer equation (A.3).

Let us consider an unbounded fluid flow. Then for fluid velocity perturbations
caused by the body, the damping condition is satisfied:

V.x; y; t/ ! U1; if r D
p
x2 C y2 ! 1: (A.8)

The problem formulation is supplemented with initial conditions:

V.x; y; 0/ D U1.x; y/;

!.x; y; 0/ D r � U1.x; y/:
(A.9)

A.3 Numerical Algorithm

For modeling the fluid flow described by (A.3) with corresponding boundary and
initial conditions we propose the generalized vortex method combining grids usage
with Lagrangian vortex elements. This method relies on construction of numerical
algorithms based on discrete-vortex approximations.

The configuration of the computation domain and axes related with the consid-
ered body are shown in Fig. A.1. Since the body surface is the only vortex source in
the flow we may assume that an input flow is vortex-free:

!jAB D 0; VjAB D U1: (A.10)
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Fig. A.1 Computation domain



248 A Vortical Flow Pattern Past a Square Prism: Numerical Model and Control Algorithms

On other boundaries of this domain we suppose [GG05]:

@2!

@y2

ˇ
ˇ
ˇ
ˇ
ˇ
BC

D 0;

@2!

@y2

ˇ
ˇ
ˇ
ˇ
ˇ
AD

D 0;

@2!

@x2

ˇ
ˇ
ˇ
ˇ
ˇ
CD

D 0: (A.11)

The boundary of the body L is simulated by continuous vortex sheet. Its intensity
� can be found using limit integral equations method. Taking into account the non-
percolation condition (A.4) we obtain the following equation:

Z

L

�.�!r 0; t/
@G.�!r ;�!r 0/

@n
dl.�!r 0/C

Z

S

!.�!r 0; t/
@G.�!r ;�!r 0/

@n
ds.�!r 0/ D Vn body;

(A.12)

where �!r D �!r .t/, �!r 0 D �!r 0.t/ are position vectors, G.�!r ;�!r 0/ is Green function,
which for two-dimensional problem and unbounded fluid flow is of the form:

G.�!r ;�!r 0/ D 1

2�i
ln.�!r � �!r 0/:

Moreover, the following theorem on constancy of circulation in the domain must
take place: Z

L

�.�!r 0; t/ d l.�!r 0/ C
Z

S

!.�!r 0; t/ ds.�!r 0/ D 0: (A.13)

The velocity field in the domain is defined due to Bio-Savart theorem:

V.�!r ; t/ D U1 C
Z

L

�.�!r 0; t/
@G.�!r ;�!r 0/

@n
dl.�!r 0/

C
Z

S

!.�!r 0; t/
@G.�!r ;�!r 0/

@n
ds.�!r 0/: (A.14)

The vorticity field is approximated by the system of Lagrangian vortex elements,
namely elements moving together with the fluid and circulating:

!.�!r ; t/ �
X

k

�kfı.
�!r � �!r k/; (A.15)

where�k;
�!r k is a circulation and a position of k-th vortex, respectively,f .�!r ��!r k/

is a vortex function which is equal to delta function for ideal fluid, ı is a radius
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of vortex core (we assume that inside vortex core viscous effects are essential but
outside the velocity field is potential).

If over the flow field we put the grig such that the vorticity !.xk ; yk ; t/is uni-
formly distributed in every its cell with the number k, then for the circulation of the
corresponding vortex element we have:

�k.t/ D !.xk ; yk ; t/4sk ; (A.16)

where 4sk is grid element area.
Introduction of vortex core and the function fı is one of the ways of vortex

motion regularization, and it is widely used in modern vortex methods [NMDK99,
CK00]. This approach allows to get rid of singularity in the vortex point, otherwise
incredible velocities induced by adjoint vortexes may occur. Instead of vortex points
vortex blobs are considered with the core radius ı. For in-depth discussion concern-
ing the choice of the function fı and the radius ı we refer to the monograph [CK00].
Here we use the second order Gaussian function [NMDK99]:

fı.r � rk/ D exp
��.r � rk/2

�
=ı2

�ı2
:

Core parameter essentially depends on the size h of an element of the orthogonal
analytical grid:

ı D h0:9:

The process is being time sampled with the step 4t . On each time step nonlinear
(A.3) splits up on two equations, where the first one describes vorticity diffusion by
means of viscous diffusion while the second one – by beans of convection:

@!

@t
D 1

Re
4!; (A.17)

@!

@t
D � .V � r/ !: (A.18)

Let us note, that for numerical integrating of the equation system (A.17), (A.18) we
use the explicit time integration scheme.

Over the flow field we consider an orthogonal analytical grid with the cell dimen-
sions 4x; 4y. Then with every grid element we associate a vortex with intensity
�ij D !ij4x4y.

As was mentioned before, the body surface is simulated by the vortex sheet. To
find its intensity we apply the method of discrete vortexes [GG05] in the compu-
tational scheme. According to this method, sides of the square should be divided
into equal vortex intervals, and each of them is replaced by a discrete vortex with
circulation � �

l
, that is equal to sheet intensity along the interval:

� �
l D ��.l/4l; l D 1; 2; : : : ; N;
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where 4l is the length of the interval, N is the number of vortexes, disposed along
the boundary (attached).

The reference points in which integral equations (A.12), (A.13) hold true are
disposed in the middle between neighboring vortexes. Then finding the intensity of
the vortex sheet modeling the body boundary can be reduced to solving (at each
time step) of N linear algebraic equations with respect to unknown circulations of
attached vortexes:

NX

lD1
� �
l .v

�
n/ml D � 2�U1 �

X

i

X

j

�ij .vn/mij ; m D 1; 2; : : : ; N � 1;

NX

lD1
� �
l D �

X

i

X

j

�ij ; (A.19)

where .v�
n/ml is a normal speed, inducible in m-th reference point by l-th attached

vector, .vn/mij is a normal speed in m-th reference point, inducible by vortexes
disposed in mesh points outside the body boundary.

Solving system (A.19) and using formula (A.6), we can find vorticity ! on the
body wall. To provide the fulfillment of the Kutt–Gukovsky condition in the sharp
edges of the square, we put the grid along its surface in such a way that vortexes were
in corner points. This vortexes are considered free, namely they are moving with
the local velocity of the fluid. This approach was proposed by S.M. Belocerkovsky
and was successfully used for computation of the flow past wings and bluff bodies
applying discrete-vortex method [GG05].

Taking into account discretization of the flow field and of the body surface, for-
mula (A.14) for computation of velocity components u; v in the domain takes the
following form:

u.x; y/ D U1 �
NX

lD1

� �
l

2�

y � yl
.x � xl /2 C .y � yl /2

� �1 � exp
�
.x � xl /

2 C .y � yl /2
�
=ı2

�

�
X

i

X

j

� �
ij

2�

y � yij

.x � xij /2 C .y � yij /2

� �1 � exp
�
.x � xij /

2 C .y � yij /2
�
=ı2

�
; (A.20)

v.x; y/ D
NX

lD1

� �
l

2�

x � xl

.x � xl /2 C .y � yl /2
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� �1 � exp
�
.x � xl /

2 C .y � yl /2
�
=ı2

�

C
X

i

X

j

� �
ij

2�

x � xij

.x � xij /2 C .y � yij /2

� �1 � exp
�
.x � xij /

2 C .y � yij /2
�
=ı2

�
:

To solve viscous diffusion equation (A.17) for second order space derivatives we
use centered difference approximation on the analytical grid. The time derivative
can be approximated using first order explicit scheme. Hence, if we know vortex
values in mesh points at time point t , its new values !tC4t can be found from the
formula:

!tC4t
ij D !tij C 4t

Re

 
!tiC1j � 2!ti j � !ti�1 j

4x2 C !ti jC1 � 2!ti j � !ti j�1
4y2

!

:

(A.21)

Let us note, that applying formula (A.21) results in calculating errors which are
the source of artificial viscosity. This circuit viscosity depends on discretization
steps, both time and space ones. It is related, specifically, with negligible diffusion
on the first grid layer adjoining wall along the surface normal. Ti reduce the error
and circuit viscosity there can be used the exact solution of (A.17), which is of the
form [GG05]:

!tC4t .r/ D
Z

S

!t .�!r 0/G.�!r ;�!r 0/ d�!r 0; (A.22)

where G.�!r ;�!r 0/ is the Green function:

G.�!r ;�!r 0/ D Re

4�4t exp

�

� 1

44t
��!r � �!r 0�2

	

:

Mathematical aspects of the scheme and problems arising when accounting a
boundary effect on the diffusion process are considered in [BP86].

Approach based on the Green function (A.22) is more explicit though requires
significant computer resources. Effectiveness of application of formulas (A.21),
(A.22) depends on Reynolds number. Formula (A.21) is more effective for small
Reynolds numbers, while the greater Reynolds numbers are the more explicit the
second scheme is.

Equation (A.18) coincides with the corresponding equation describing vortex
motion in the ideal incompressible fluid, where vortexes move together with fluid
elements and their intensity does not change. Therefore instead of (A.18) we may
consider the equation describing the motion of vortex elements xv; yv:
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dxv

dt
D uv;

dyv

dt
D vv; (A.23)

This approach is often used in traditional vortex algorithms which [CK00]
require carrying out complex procedure of regridding, namely redistribution of
circulation of free vortex on the mesh points. Let us note, that numerical integrat-
ing of (A.23) and application of approximate “regridding”–algorithms considerably
increases circuit viscosity of computational scheme.

Here to integrate (A.18) we propose to consider the flow field as a collection of
discrete volumes, for each of which the vortex conservation law holds true:

Z

4Q
@!

@t
dq D �

Z

4S
!
��!
V � �!n

�
dS; (A.24)

where 4Q is a discrete volume, on which flow field is divided, 4S; �!n is a sur-
face of this volume and its outer normal. To each discrete volume the mesh point
.xij ; yij /with vorticity!ij is related (Fig. A.2). In view of (A.24), the vorticity con-
vection of this grid element in the given time point t is described by the following
expression:

4!tij
4t 4x4y � !ti�1j uti�1j4y C !tij�1vtij�14x � !tiC1j utiC1j4y

� !tijC1vtijC14x!tij utij4y � !tij vtij4x:

Hence we obtain the circulation of the considered vortex element in the next time
point t C 4t :

� tC4t
ij D � tij C �

!ti�1j uti�1j4y C !tij�1vtij�14x � !tiC1juti�C1j4y
�!tijC1vtijC14x � !tij utij4y � !tij vtij4x� 4t: (A.25)

Fig. A.2 Grid element
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Velocity components of the vortexes u; v can be found from expressions (A.20).
It should be noted that the grid put over the flow field is adaptive, namely in each
time point we consider only the mesh points with nonzero vorticity. This feature
makes it possible to optimize calculations of velocity field.

Now let us consider the whole the computation algorithm in each time point:

1. Having known the vorticity values in the domain on the previous step, from
the system of algebraic equations (A.19) we obtain the intensity of the attached
vortex sheet and the intensity of vortexes on the sharp edges of the boundary.

2. From boundary condition (A.6) we obtain vorticity generated by the body sur-
face.

3. Using boundary conditions (A.10), (A.11), we compute vorticity value on the
boundaries of rated domain.

4. Using numerical integration of diffusion equation by formula (A.21) we calculate
intermediate vorticity values !�

ij in the inner points of flow area.
5. Taking into account the obtained vorticity distribution we correct the intensity of

attached vortex sheet in such a way that surface non-percolating condition was
fulfilled.

6. Having obtained the vorticity field we define the velocity field in the domain
using formulas (A.20).

7. Using formula (A.25) we compute the convection of vortex elements. Obtained
values � tC4t

ij in their turn define new values of vorticity !tC4t
ij .

A.4 Computation of Hydrodynamic Loads

To compute the hydrodynamic force acting on the body which is moving in the
homogeneous fluid, we can use the theorem of impulses:

�!
F D � d

dt

Z

S

�!
V dr; (A.26)

where
�!
F D �

Fx; Fy
�
, S is a fluid-filled domain,

�!
V ;�!r .x; y/ is a velocity and a

position vector of a fluid element, respectively.
From the continuity equation and from the definition of vorticity ! we obtain the

following formula for fluid velocity:

�!
V D .�!r � �!! /C r � .�!r �!

V / � r.�!r � �!
V /: (A.27)

Setting (A.27) in (A.26) and transforming integrals we obtain the force expres-
sion which depends only on the vorticity field characteristics [WU81, GG05]:

�!
F D � d

dt

Z

S

�!! � �!r d�!r : (A.28)
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This implies formulas for computation of resistance and lifting force:

Fx D � d

dt

Z

S

!yds;

Œ3mm�Fy D d

dt

Z

S

!xds: (A.29)

Note that force component Fx in (A.29) includes form resistance as well as friction
resistance.

Since the vorticity field is considered as superposition of vortex elements with
intensities �ij and coordinates .xij ; yij /, we have formulas (A.29) in discrete form:

Fx D �
X

i

X

j



d�ij

dt
yij C �ij vij

�

;

Œ5mm�Fy D
X

i

X

j



d�ij

dt
xij C �ijuij

�

: (A.30)

Dimensionless coefficients of hydrodynamic forces are defined in the following
way:

Cx D 2Fx

U 21a
; Cy D 2Fy

U 21a
: (A.31)

A.5 Approbation of Numerical Scheme

Testing of the developed algorithm was carried out in several directions: analysis of
numerical diffusion of computational scheme; accuracy evaluation of the algorithm
with respect to description of vorticity generation on the body surface, error analysis
when defining hydrodynamic forces acting on a streamline body.

A.5.1 Evolution of Vortex Point in Unbounded Flow

Suppose that in an unbounded domain there is a vortex point with intensity �0. Its
vorticity diffusion can be calculated by formulas (A.21), (A.23). Obtained vorticity
distribution we compare with the known exact solution of Navier–Stokes equa-
tion which describes the development of two-dimensional vortex with the initial
circulation �0 in the viscous fluid [GG05]:

!.x; y; t/ D Re

4�t
exp




�r
2Re

4t

�

; (A.32)

where Re D �0=�, r D p
x2; y2, � is fluid viscosity.
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In Fig. A.3 we can see time dependencies of vortex radius rv, calculated on ana-
lytical grid 4x D 4y D 0:01 with the time step 4t D 0:0025 (markers), and
the exact values rv obtained from formula (A.32) (total line). The vortex radius is
obtained from the relationship:

!jr>rv < 10
�5

From Fig. A.3 it follows that in the case Re D 102 numerical diffusion is insignifi-
cant, and for Re D 103 its value is within 10%. Increasing of numerical diffusion at
large Reynolds numbers is essentially related with discretization parameters misfit:
the steps 4x; 4y are too big for such Reynolds number. The best result is attained
if 4x; 4y � 1=Re. Comparison of curves in Fig. A.3 indicates that the numerical
algorithm is convergent at moderate Reynolds numbers.

The choice of parameter value 4t is associated with the dimensions of grid ele-
ments and with local flow velocity. To provide the stability of the algorithm, vortex
displacement within a time step must not exceed the minimal dimensions of a grid
element 4x; 4y. In most cases it is enough that the step 4t was less by an order
of the dimensions of grid elements.

A.5.2 Flow Past a Flat Plate

For accuracy evaluation of developed numerical algorithm describing vorticity gen-
eration process on the body surface we solved the problem of longitudinal flow past
a flat plate. Characteristic parameters of this problem are the flow velocity U1 and
the length of the plateL, such that: ReL D U1L=�, x D x=l , y D y=l . Calcu-
lation of vorticity generation based on the boundary condition (A.6). For modeling
of vorticity diffusion formulas (A.21), (A.23) was used. Calculation results was
compared with Blazius solution, which comes from boundary-layer theory [GG05].
In Figs. A.4 and A.5 we can see the stationary profile of longitudinal velocity
u D u=U1 for the middle of the plate and the dimensionless friction factor

Fig. A.3 Vortex diffusion in
unbounded domain.
Comparison of calculation
results open circle for
vector rv with the exact
solution solid line : 1,
Re D 102; 2, Re D 103

rv
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1

1

2

0.5

0 1 2 3 4 t
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Fig. A.4 Longitudinal
velocity profile in the
attached layer for the middle
of the plate at ReL D 103:
solid line Blazius solution,
filled circle computations
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on the plate, numerically obtained and obtained due to Blazius solution at ReL D
103. The comparison of these results indicates of high accuracy of considered
scheme for modeling velocity and vorticity fields and for definition of hydrodynamic
friction drag force of the plate.

A.5.3 Flow Past Square Prism

Developed numerical algorithm was used for modeling of two-dimensional laminar
flow past a square prism at moderate Reynolds numbers. Carried out computations
revealed some regularities of separated flow forming as well as supplemented the
approbation of the numerical scheme by comparing obtained characteristics with
well-known experimental data and similar numerical results of other researchers.

Computations was carried out in the range of Reynolds numbers from Re D 70

to Re D 5 � 103. Further increase of Reynolds number needs considerable computa-
tional forces, due to decreasing dimensions of grid elements, as well as application
of turbulence models. The grid which was used for calculations had square elements
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Fig. A.6 Configuration of the grid

and consisted of tree levels (Fig. A.6) with different densities. On the first level that
is adjacent to the body, the dimensions of grid elements is associated with the num-
ber N of attached vortexes located along the prism walls (on the square side). On
the next levels the dimensions of elements enlarge (double). Most of computations
are done at N D 100.

In Fig. A.7 we see the computed instantaneous vorticity distributions in the wake
past the square cylinder at different Reynolds numbers and at � D 25 (� D tU1=a).
This results indicate that the pattern of flow past the square cylinder considerably
depends on Re. At Re � 100 directly adjacent to the body circulation zones are of
prolate form (Fig. A.7a). Intensity of vortex structures separating from this zones
is comparatively small. Structures interactions in the wake lead to forming of the
regular vortex street. When the Reynolds number increases the length of circulation
zones decreases while the intensity of separating vortex beams proportionally goes
up. Respectively vortex interaction in the wake amplifies and the width of the wake
considerably increases. Since there is more vortexes entering the wake, the cylinder
drag increases as well. At Re � 1;000 the origin of the vortex sheet comes nearer
to the body (Fig. A.7d–e). Increase of vortex circulation results in intensification
of their interaction which in its turn brings increase of the street width as well as
considerable deformations of separated vortex structures (up to their breakdown).

Mentioned features of the flow correlate with dependencies of instantaneous drag
coefficient Cx and lifting force coefficient Cy on Reynolds numbers (Fig. A.8).
Cited diagrams indicate that after short transient time phase in the wake past the
body at � > 10 the structure of the flow approximates a periodic one that is char-
acterized by Strouhal number St D fa=U1, where f is a frequency of vortex
separation. At Re > 1;000 an additional mode appears. This fact is corroborated by
the vortex distribution data in the wake (Fig. A.7e).
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Fig. A.7 Vorticity distribution in the wake past the square cylinder at different Reynolds numbers,
� D 25
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Fig. A.8 Time dependence
of drag coefficient Cx 1 and
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In Fig. A.9 the computation of Strouhal numbers are compared with the data
from the work [OKA82] that is notable for broad experimental investigations of the
flow past square prism at moderate Reynolds numbers. This comparative diagram
indicates that the introduced numerical scheme high-precisely describes forming of
the vortex wake past the body in the range of moderate Reynolds numbers.
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Fig. A.10 Dependencies of
period average drag
coefficient Cx (a) and the
lifting force coefficient
oscillation amplitude Cmax

y

(b) of the square prism on
Reynolds numbers.
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In Fig. A.10 we see computed by formulas (A.31) dependencies of the period
average drag coefficient C x and the lifting force oscillation amplitude Cmaxy of
the square prism on Reynolds numbers. Let us denote that dependencies of the
drag coefficient C x and the frequency of vortex separation (of the number St) on
Reynolds number are correlating: increase of Strouhal number up to St D 1:45 at
Re D 250 is implied by narrowing of the wake directly after the square. This fact
in its turn leads to the drag reduction (Fig. A.10a). Narrowing of the wake is essen-
tially associated with a change of the flow pattern around the prism. At Re > 200

the vortical circulation zone arising near a side wall of the prism decreases in both
crosswise and lengthwise directions (though, experiments indicate that the reattach-
ment of the circulation flow to the walls in the case of a square prism does not take
place). Further increase of C x is implied by wake expansion due to decrease of vis-
cous diffusion and of vortex circulation in the wake. The obtained data (Fig. A.10)
for the magnitudesC x; Cmaxy is close to the relevant results introduced in the works
[DM82, MFR94], where computations were based on finite volume method. Exper-
imental investigations of dynamic loads on the square cylinder substantially deal
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with large Reynolds numbers Re � 5 � 103. In this case the flow is essentially tree-
dimensional and its characteristics depend on the rate of flow turbulence, velocity
profile and also on parameters of experimental facility. This fact explains significant
variation of values C x obtained in different experiments.

In general the obtained results corroborate that the introduced numerical scheme
is an effective tool for modeling of the viscous flow and it can be used for computa-
tion of flows past the bodies of complex configuration.

A.6 Algorithms for Flow Past a Square Cylinder
Structure Control

Theoretical and experimental investigations of laminar flow past a square (namely
two-dimensional case of flow past a square prism) at moderate Reynolds numbers
indicated that wake structure and hydrodynamic drag coefficient Cx and lifting
force coefficient Cy essentially depend on dimensions and interaction character of
separated circulation zones, forming after the body.

Two following cases are qualitatively different: – when a separated zone over
the side wall is local (bounded); – when a separated circulation zone generated on
the windward corner of the prism is unclosed while its leeward corner is situated
in the middle of this zone. In the first case the interaction between primary and
quarter zones is weak and the wake progress is determined mostly by separation on
the leeward corner. In the second case it is separation on the windward corner that
is of most importance for the wake progress. The following algorithm for structure
control of the flow past a square prism is based on physical properties of interaction
between separated zones generated on windward and leeward corners of the prism.

The control objective is drag reduction of dynamic lateral forces producing
hydroelastic oscillation of the flow structure. The strategy of such control is reduc-
tion of total vortex intensity, reduction of vortex flow past the body and minimization
of the wake size. We propose to achieve an improvement of the flow structure around
the square prism through artificial generation of special local separated circulation
zones (standing vortexes) near it. Physical experiments carried out in Institute of
hydromechanics of National Academy of Sciences of Ukraine with non-streamline
bodies demonstrated an efficiency of this approach for flow structure change as well
as for improvement of hydrodynamic characteristics [KR95]. To achieve the neces-
sary positive effect an artificial separated zone must be stable with respect to external
perturbations. Otherwise these perturbations may cause vortex emission into the
flow. Moreover, a separated zone must be controllable (namely when its dimensions
change with respect to the change of the flow conditions). In the optimal case the
structure control system must have a feedback.
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A.6.1 Two Symmetric Plates on the Windward Side of the Body

Here we consider the control technique of the flow past a square prism using special
thin plates which are installed on the windward side of the prism (Fig. A.11). In
the space between such plate and the corner of the prism a local separated zone is
forming. Experiments indicate that the control objective is achieved when the flow
line being separated from the plate edge A is attaching gradually to the corner B .

To study the flow past the body with control plates (Fig. A.11) we propose a few
theoretical models. Certain general properties of detached flow can be described by
the simplified model where the fluid supposed ideal and the circulation zone is sim-
ulated by one point vortex. For the justification of such model, it is associated with
presence of general dynamic characteristics of separated zones which are the same
for laminar, turbulent and potential flows (where viscous effects are insignificant).
The analysis of dynamics of the point vortex describing separated circulation flow
gives an information about topological characteristics of the flow: presence, dispo-
sition and type of critical points, their stability and reaction with respect to external
perturbations [GG98, GG96].

Taking in view symmetry and stability of the flow in front of the body we con-
sider only its upper part y > 0 (Fig. A.11). As before the boundary of the body is
simulated by continuous vortex sheet which in its turn is replaced by a system of
discrete vortexes in the numerical scheme. Then the complex potential of the flow
is of the form:

˚.z/ D U1z C 1

2�i

NX

kD1
�k ln

z � zk
z � zk

C 1

2�i
�0 ln

z � z0
z � z0

; (A.34)

where�k and zk D xkCiyk is a circulation and complex coordinate of k-th attached
(situated on the boundary) discrete vortex, respectively, �0, z0 D x0 C iy0 are
parameters of a standing (immobile) vortex describing the circulation flow, N is a
number of attached vortexes.

Fig. A.11 Configuration of
the body with control plates
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The problem is to find the parameters of the standing vortex � 0 D �0=U1a,
x0 D x0=a, y0 D y0=a and parameters of the control plate r D r=a l D l=a,
(see Fig. A.11) such that there is a lack of vorticity generation in the pointsA and B
(further we omit the dash indicating that the magnitude is dimensionless).

For solving such problem we have four nonlinear equations. The first two of them
follow from vortex immobility condition:

d˚

d z

ˇ
ˇ
ˇ
zDz0

D 0 (A.35)

or
vx.z0/ D 0; vy.z0/ D 0:

Another two equations describe the Kutt–Gukovsky condition about velocity
boundedness in the corner points A and B . The flow is optimal if

�k jA D 0 ; �k jB D 0; (A.36)

where �k jA and �k jB are circulations of discrete vortexes, situated in the corner
points A and B .

Taking in view the expression for the potential (A.34), the conditions (A.36) can
be reduced to the following form:

vx.z0/�ivy.z0/ D U1C �0

4�y0
C 1

2�i

NX

kD1
�k



1

z0 � zk
� 1

z0 � zk

�

D 0: (A.37)

Unknown circulations of the attached vortexes �k can be found from the system
of linear equations that follows from non-percolation condition on the body surface
and is similar with the system (A.19) where instead of the collection of vortexes we
consider only one circulation vortex �0.

The equations for �0; x0; y0; r are essentially nonlinear. To solve them we
used Broyden’s numerical algorithm. Computations indicated that given one of
control plate characteristics, for instance, the length of the plate l , the problem
(A.35)–(A.36) has a unique solution; in the space between the plate and the prism
side at 0:15 � l � 0:65 there is a point with coordinates x0; y0 where the vortex
with circulation �0 is equilibrious (namely it is immobile or standing); exactly such
vortex provides null vortex generation in the corner points A and B . The numeri-
cal behavior analysis of this vortex in the neighborhood of the equilibrium position
showed that small flow perturbations result in precessional movement of the vor-
tex about the point x0; y0. In view of dynamic system theory it means that such
critical point is an elliptic one and the corresponding vortex is stable. Figure A.12
illustrates dependencies of the standing vortex coordinatesx0; y0, circulation�0 and
the parameter r on the plate length l . These dependencies are close to linear ones.
From the graph r.l/ we can define an optimal configuration of the control plates.
The pattern of flow lines in front of the long body for the case l D 0:3; r D 0:22 is
shown in Fig. A.13.
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Fig. A.12 Dependencies of
standing vortex circulation,
its disposition and the
parameter r on the plate
length l : 1, x0.l/; 2, y0.l/;
3, �0.l/; 4, r.l/ 0.2
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Fig. A.13 The pattern of
flow lines with forming of the
standing vortex in front of the
long body with the control
plates on the windward side
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Computations carried out with respect to the simplified model, namely when the
separated circulation flow is described by one point vortex, demonstrated principal
possibility of existence of a standing (immobile) vortex in front of the body with
special (control) thin plates on its windward side, and also this computation make
it possible to define optimal parameters of the plates. For this way obtained optimal
configuration of a square prism with control plates the flow past this prism was
simulated basing on the complete Navier–Stokes equation system due to the scheme
defined in the Sect. A.2. Figure A.14 illustrates instantaneous vorticity distribution
in the wake past the square cylinder with control plates at Re D 500, when the
characteristics of the plates are close to optimal ones: l D 0:2; r D 0:16.

Comparison of computation results shown in Figs. A.14 and A.7c indicates that
of the wake past the prism changes after the installation of the plates. This change
is expressed in:

� Narrowing of the vortex region both near the body and in the wake.
� Increasing of frequency of vortex separation and, respectively, extension of the

wake; Strouhal number characterizing this process increases from St D 0:125

for an ordinary square prism up to St D 0:143 for a prism with control plates.
� Decreasing intensity of vortexes in the wake.
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Fig. A.14 Vorticity distribution in the wake of the square cylinder with control plates in the
optimal regime (l D 0:2; r D 0:16) at Re D 500, � D 25

Fig. A.15 Time dependencies of drag coefficient Cx (a) and lifting force coefficient Cy (b) for the
square cylinder at Re D 500: 1 with control, 2 with optimal control (l D 0:2; r D 0:16)

Specified changes have a positive effect on hydrodynamic characteristics of the
prism (Fig. A.15, Re D 500). The value of period average drag coefficient C x at
moderate Reynolds numbers decreases from 2:15 (for an “ordinary” square prism)
down to C x � 1:2, that is about 55% of the previous value (Fig. A.15a). The lift-
ing (or lateral) force oscillation amplitude respectively decreases from Cmaxy D 2

down to Cmaxy D 0:8 (Fig. A.15b). If the body is elastically fixed in the flow then
the amplitude of the body oscillations caused by vortex separation substantially
decreases.

Importance of parameter choice for control plates is demonstrated in Fig. A.16,
where we present dependencies of the coefficients Cx.�/; Cy.�/ at different plate–
prism corner distances. Graphs Cx.�/; Cy.�/, and the vorticity distribution in the
wake (Fig. A.17) indicate occurrence of additional modes caused by vortex defor-
mations in the wake.

Conclusions concerning optimal flow structure can be generalized over the range
of large Reynolds numbers. This fact is supplemented by the results of numerical
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Fig. A.16 Time dependencies of drag coefficient Cx (a) and lifting force coefficient Cy (b) for the
square cylinder at different parameters of control plates: 1 l D 0:2; r D 0:16, 2 l D 0:2; r D 0:4

3 l D 0:2; r D 0:075, Re D 500

Fig. A.17 Vorticity distribution in the wake of the square cylinder with control plates in non-
optimal regime (l D 0:2; r D 0:075) at Re D 500, � D 25

modeling for detached flow past a prism and a prism with plates based on the method
of discrete vortexes. We supposed that from the corner points vortex sheets come
down into the flow.

The computation results indicate three typical regimes of a flow past the body
with control plates. If the plate is installed far from the corner then the vortex sheet
and the corresponding flow line which has descended from the plate edge lie on
the windward side of the square (Fig.A.18c). In this case formed circulation zone
becomes weak and is of little influence upon the flow development around the body.
The flow attaches to the body at the point lying substantially lower that the corner
B . The vortex generated in front of the body weakly influence on vortex generation
processes in the corner point B (on the edge of the body), and hence it cannot
prevent a global flow separation in the neighborhood of this corner, and in its this
turn causes a development of an intense vortex zone over the body wall.
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The second type of the flow occurs when the control plate is very close to the cor-
ner (Fig. A.18b). In this case the flow does not attach to the body, and the detached
circulation zone dos not localize. On the contrary, an intense detached zone is devel-
oping, as it had already been observed in the case of a body without plates. Let us
note also, that approximated one-vortex model, describing a circulation flow through
the behavior of the one vortex, did not show up any standing vortex in the space
between the plate and the corner. When the plate is very close to the corner B the
separation zone descending from the plate edgeA overlays on the flow generated by
the prism edge. The flow in the neighborhood of the corner B becomes very unsta-
ble. In this situation the body characteristics become worse compared with the case
without the controls.

In the optimal case the flow line descending from the plate edge is gradually
attaching to the body surface near the corner B (Fig. A.18a). Further this attached
flow without any relevant perturbations moving along the surface. Vorticity genera-
tion on the cornerB is suppressed by influence of the circulation zone in front of the
body. In this case we can see the decrease of vortex intensity in the flow round the
corner B that causes substantial drag decrease. It has to be mentioned that the opti-
mal control plate parameters computed by applying each of the following schemes:
the “viscous” model, the method of discrete vortexes and the model of the standing
vortex, are almost coincident.

A.6.2 Stabilization of a Vortex Flow Past the Body
with a Separating Plate

Substantial influence on the body drag has a structure of a flow in the near wake. It
depends on intensity of vortex formation and floe pattern in the wake. Two following
situations are possible:

� The flow past the body is stable; here two symmetrical circulation zones are
forming; the process of whirling liquid carrying away into encircling flow is
insignificant, hence the body drag is relatively small as well.

� Circulation zones past the body are unstable with respect to small perturbations;
from their interaction area attaching directly to the leeward side of the body large
beams of whirling fluid periodically join to the flow; hydrodynamic forces in this
case are much greater that in the previous case.

A stable symmetrical flow pattern in the wake occurs in the experiments only ar
small Reynolds numbers Re < 50, when perturbations are suppressed by viscous
force action. The stability analysis of the flow in the wake showed that non-
symmetrical (with respect to the axis Ox – Fig. A.1 in our case) perturbations
are most dangerous (destabilizing). To suppress such perturbations and stabilize
the flow is possible using a separating plate situated behind the body (Fig. A.19).
To find out regularities of vortex structure forming for a flow past a square prism
with a plate we simulated the flow using numerical scheme defined in the Sect. A.2.
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Fig. A.18 Discrete-vortex model of the flow in front of the body of non-streamline form with
control plates on the windward side: optimal (a) and non-optimal (b, c) plate parameters

We considered laminar flow at l D 2. Obtained patterns of vortex distribution
(Fig. A.20) indicate useful decrease of oscillatory motion of circulations zones in
the wake. Installation of the plate causes narrowing of the wake and decreasing of
intensity of the vortex beams attaching to the flow from the nearest wake. Respec-
tively hydrodynamic loads decrease [GG05]. Experiments indicate that at increasing
of Reynolds number this positive effect decreases though at large numbers Re
installation of the separating plate results in noticeable drag decrease (at 10–20%).

A.7 Conclusions

The numerical algorithm for modeling the laminar flows of viscous incompressible
fluid, particularly for non-stationary detached flow past the non-streamline bodies,
is developed. The algorithm is based on usage of Navier–Stokes equation system
with the “vorticity–velocity” formulation. This algorithm has the following advan-
tages: the possibility of the significant decrease of dimensions of the computation



A.7 Conclusions 269

Fig. A.19 Diagram of the flow past the square prism with the separating plate

Fig. A.20 Pattern of vorticity isolines at the flow past the square prism with the separating plate

domain (we carry out the computations within the grid elements with nonzero vor-
ticity values), high accuracy of the boundary conditions fulfillment in the corner
points of the body surface and also high-accuracy of vortex value determination in
the neighborhood of such points.

Algorithm was approbated on the two-dimensional diffusion problems for a
vortex point in a viscous fluid, problems of longitudinal flow past a plate and prob-
lems of cross flow past a square prism. Computation result was compared with
well-known analytical solutions, numerical simulation results carried out by other
authors and also with experimental data. This computations showed that to provide
the accuracy of numerical modeling grid spatial steps 4x; 4y and a time step 4t
must fulfill certain conditions, for example, near the body surface

4x;4y � .1� 10/
1

Re
;

4x
4t � Vmax ;

(where Vmax is the maximal local fluid velocity in the domain). Analysis of obtained
results indicate effectiveness of the developed numerical algorithm for modeling
the separated flows at moderate Reynolds numbers, particularly, non-stationary pro-
cesses of vortex structure generation near the body surface and their dynamics in
the wake past a non-streamline body.



270 A Vortical Flow Pattern Past a Square Prism: Numerical Model and Control Algorithms

Performed computations showed that forming of the wake past the body and the
body drag essentially depend on the interaction of the separated circulation zones
attaching directly to the body surface. Decreasing of non-stationary motion of such
zones is accompanied by correspondent decrease of hydrodynamic loads. Basing
on this investigation results two control algorithms for a flow past the square prism
were considered. In the first case on the front (windward) side of the prism two
symmetrical (control) plates were installed. In the second case on the back (leeward)
side of the prism one plate was installed (separating vortex sheets with circulations
opposite in direction). The analysis of computation results showed that at certain
(optimal) parameters of the plates separated circulation zones near the body surface
are stable. Non-stationary motion of such zones is decreasing, vorticity generation
processes on the body slow down causing decrease of hydrodynamic drag and lateral
force acting on the body. Obtained results may be useful when developing new
methods of control over flows past a body.

The numerical scheme for solving Navier–Stokes equations represented and
validated above has been applied to calculation fluid flows in multiply-connected
domains. That allowed deriving regularities referring to generation of vortex wakes
near systems of some bodies. Paper [GG08] deals with modelling the laminar
flow past two square prisms in tandem. The obtained results show that evolution
of the flow and hydrodynamic loads on the bodies depend on the flow pattern in
the region between the cylinders. Depending on the spacing between the bodies
the flow pattern may be symmetrical, when a stable vortex pare is there formed;
non-symmetrical, with separation of large vortices from the front cylinder; and
bifurcational, when a sudden jump from the first flow regime to another is possi-
ble. Special attention is paid to the effect of external disturbances on flow evolution.
Wake behavior behind a parallel pair of square prisms, placed side-by-side normal
to a uniform flow, is considered in paper [GG09]. The wake patterns are shown
to depend strongly on the gap size between the bodies. When the space is small
enough comparatively to the prism side, the wake resembles that seen behind a sin-
gle body. At gap widths closed to the prism side the flip-flopping vortex shedding
pattern where the wake flip-flops randomly between two states is observed. In this
regime, the narrow and wide wakes with separate vortex shedding frequencies are
formed behind the body system. For a large spacing, two synchronized vortex shed-
ding patterns, antiphase and in-phase, are possible. At very large spaces two Karman
vortex streets are generated behind each cylinder. The results obtained are used to
ground the scheme of flow control near a square prism that utilizes the small gap in
the center. The optimal characteristics of the control scheme are derived. In paper
[VVGG09], the kinematics of flow in the system of ten staggered circular cylinders
is calculated. The results show that interactions between the wake, which forms
behind the entire construction, and the vortices generated near the cylinders in the
system cause bifurcation in the vortical flow and appearance of the structures that
are convected downstream in the gaps between the cylinders. The calculation results
are compared with data of the physical experiments.
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