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Introduction

At an analysis and control of different geophysical and socio-economical processes
it is often appears such problem: at a mathematical modelling of effects related to
friction and viscocity, quantum effects, a description of different nature waves the
existing “gap” between rather high degree of the mathematical theory of analysis
and control for non-linear processes and fields and practice of its using in applied
scientific investigations make us require rather stringent conditions for interaction
functions. These conditions related to linearity, monotony, smoothness, continuity
and can substantially have an influence on the adequacy of mathematical model.
Let us consider for example some diffusion process. Its mathematical model has the

next form:
yvi—Ay+ f(y) =gt.x) in 2x(;T),
Y]ag =0. 0
y|r=T = Jo.

here n > 2, £2 C R” is a bounded domain with a rather smooth boundary, —oo <
T <T < +o00,g: 82 x(t;T) > R, yo : 2 — R are rather regular functions,
f :R — Ris an interaction function, y : £2 x (t; T) — R is an unknown function.
It is well known that if f is a rather smooth function and satisfies for example the
next condition of no more than polynomial growth:

p>1, Fe>0: [fO&)|<c+]|s]P") VseR, )

then problem (1) has a unique rather regular solution. Let us consider the case when
f is continuous and initial data and external forces are nonregular (for example
Yo € L2(82), g € L2(82 x (t; T))). Then, as a rule, we consider the generalized
setting of problem (1):

Y1)+ Ay (@) + B(y(t)) = g(t) forae. 1€ (r:T),

3
Y@ = yo. ©

here 4 : Vi — Vl* is an energetic extension of operator “—A”, B : V, — Vz* is
the Nemytskii operator for F, V; = HO1 (£2) is a real Sobolev space, V, = L,(£2),
V¥ = H Y (82), VSt = L4(£2), q is the conjugated index, y’ is a derivative of an

Xiii



Xiv Introduction

element y € Ly(z,T; V1) N Ly(zr,T;V2) and it is considered in the sense of the
space Z*([t; T], V{* + V).
A solution of problem (3) inthe class W ={y € Lo(z, T; Vi)NL,(t, T; V2) |y’e
Lo(z,T; V") + Ly(z, T; V,')} refers to be the generalized solution of problem (1).
To prove the existence of solutions for problem (1) as a rule we need to add
supplementary “signed condition” for an interaction function f, for example,

Ja,>0: f(s)s>als|P -8 VseR. (C))

But we do not succeed in proving the uniqueness of the solution of such prob-
lem in the general case. Note that technical condition (4) provides a dissipation
too. We remark also that different conditions for parameters of problem (1) provide
corresponding conditions for generated mappings A and B.

Problem (3) is usually investigated in more general case:

y +4(y) =g,

5
¥(®) = yo. ©)

here o7 : X — X* is the Nemytskii operator for A + B,

A (y)t) = A(y(®) + B(y(t)) forae. e (w:T).yeX,
X =Ly, T;Vi)NLy(zr,T;V2), X*=Lo(t,T; V") + Ly(z, T; V).
Solutions of problem (5) are also searched in the class W = {y € X |y’ € X*}.
In cases when the continuity of the interaction function f have an influence on

the adequacy of mathematical model fundamentally then problem (1) is reduced to
such problem:

v—Ay+ F(y)>g(x,t) inQ=82x(t;T),
Y]ag =0. ©)
y|r=T = JYo.

here

F(s) =[f(s), f®), [f(s) = tlijm.f(l), fls) = thE}f(t)’ s €R,
la,b] = {aa + (1 —a)b|a € [0, 1]},

—o00 <a<b< +oo.
A solution of such differential-operator inclusion

Y+ (y) > g,

7
V(@) = o. @
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is usually thought to be the generalized solution of problem (6). Here &7 : X = X*,
o (u) ={pe X*|p(t) € A(u(t)) + B(u(t)), forae.t € (v;T)}, ue X,

A 1 Vi — V}* is the energetic extension of “—A” in HO1 (£2), B : Vo - C.(Vy) is
the Nemytskii operator for F:

B(v)={z¢€ V2*|z(x) € F(v(x)) forae. x € 2}, ve,.

Taking into account all variety of classes of mathematical models for different
nature geophysical processes and fields we propose rather general approach to inves-
tigation of them in this book. Further we will study classes of mathematical models
in terms of general properties of generated mappings like <7

This monograph is the continuation of [ZMK10]. Let us consider some denota-
tions and results, that we will use in this book. Let X be a Banach space, X * be its
topologically adjoint,

()x  X*xX >R

be the canonical duality between X and X *, 2% “bea family of all subsets of the
space X*,let A: X — 2X" be the multivalued map,

graphd = {(§;y) €e X* x X [§ € A(y)},
DomA = {y € X |A(y) # 0}.

The multivalued map A is called strict if DomA = X. Together with every multival-
ued map A we consider its upper

[A(y), &l = sup (d.§)x
deA(y)

and lower

[A(»),¢]- = deigfy) (d.§)x

support functions, where y, £ € X. Let also

AWy = sup [ldlx«. [AO)I-= inf [d|x«. 9] =[9]-=0.
deA(y) deA(y)

For arbitrary sets C, D € 2X" we set

dist(C, D) = sup inf |le —d|x+, du(C,D)=max{dist(C, D),dist(D,C)}.
ecC d€D

Then, obviously,

AW+ = du(A(y),0) = dist(A(y).0), [[A(y)ll- = dist(0, A(y)).
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Together with the operator A : X — 2% * let us consider the following maps

* * *
cod: X = 2%X° and EA:X—>2X,

defined by relations

(coA)(y) = co(A(y)) and (c6 A(y)) =6 (A(y)

*
respectively, where co (A(y)) is the weak star closure of the convex hull co(A(y))
for the set A(y) in the space X*. Besides for every G C X

(c0d)(G) = | J o)), @4)(G) = | @@ )0).

yeG yeG

Further we will denote the strong, weak and weak star convergence by —, X> X or
—, —, — respectively. As C,(X*) we consider the family of all nonempty convex
closed bounded subsets from X *.

Proposition 1. [ZMKI10, Proposition 1.2.1] Let A, B,C : X = X*. Then for all
Y,v,v1,v2 € X the following statements take place:

1. The functional X > u — [A(y), u]+ is convex, positively homogeneous and
lower semicontinuous;
2. [A(Y),v1 +valy = [AY).vily + [A(Y), v2l4,
[A(Y).v1 + v2]- = [A(y). vi]- + [A(), v2]-,
[A(y).vi 4+ v2l4 = [A(y). vil+ + [A(p), v2]-,
[A(Y).vi +v2]- < [AY). vil+ + [A(Y), v2]-;
3. [AY) + B(y). vy = [A(Y). v+ + [B(y) v+,
[A(y) + B(y).v]l- = [A(y).v]- + [B(y).v]-;
4. [AY) v+ = 1AW+ lIvllx,
[AG). v = 14O I-Ivilxs

5 NEAO) I+ = 1AM+ [T AG) - = 40—,
[A(y),v]+=|:ﬁz4(y),vi| ’[A()’)’V]—:[ﬁA()’),V ;

+

6. |[A(Y) =B+ = [ TAW I+ = I1BDWI-1,

IIA(yz —BO)Il- = 1AW= = IBO) I+

decoA(y) & VYoeX [A() o]+ = (d.w)x;

8 du(A(y), B(y) = [l[AW I+ — 1B+,
du(A(y), B(y) = AW+ — 1B+,
where dy is Hausdorff metric;

9. dist(A(y) + B(y), C(y)) < dist(A(y), C(y)) + dist(B(y).0),
dist(C(y), A(y) + B(y)) < dist(C(y), A(y)) + dist(0, B(y)).
du(A(y) + B(»),C(y)) < du(A(y),C(y)) + du(B(y),0);

N
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10. forany D C X* and bounded E € C,(X™)
*
dist(D, E) = dist(co D, E).

*
Proposition 2. [ZMK]I0, Proposition 1.2.2] The inclusion d € co A(y) holds true
if and only if one of the following relations takes place:

either [A(y),v]+ = {(d,v)x VveX,
or [A(y),v]- <{d,v)x VveX.

Proposition 3. [ZMK]10, Proposition 1.2.3] Let D C X anda(-,-) : D x X — R.
For each y € D the functional X > w + a(y,w) is positively homogeneous,
convex and lower semicontinuous if and only if there exists the multivalued map
A X — 2% such that D(A) = D and

a(y,w):[A(y),w]+ VyED(A)’ we X.

Proposition 4. [ZMK10, Proposition 1.2.4] The functional | - ||+ : C,(X*) = R4
satisfies the following properties:

L{0}=4 & |Al+=0

2. |ledll+ = |el|All+, YaeR, A€ C(X7),

3. A+ Bll+ < | All+ + I1Bll+ VA, B € C,(X™).

Proposition 5. [ZMK]I0, Proposition 1.2.5] The functional || - |- : C,(X*) = R4
satisfies the following properties:

1.0ed & |A|-=0,
2. |laA|- = |«[|All-, VYaeR, A€ C(X™),
3. A+ Bl- = |All- + IBl- VA, B € C(X™).

Let us consider some classes of multivalued maps that we introduced in
[ZMK10]. As before, let X be a Banach space, X * be its topologically adjoint,

(LIx: X*xX >R
be the duality form (Fig. 1).
We remind that the multivalued map A : D(4) € X — 2% " is called the
monotone one if

(di—da,y1—y2)x =0 Vyi,y2€ D(A) Vdi € A(y1),Vds € A(y2).

Using the above mentioned brackets it is easy to see that the multivalued operator
A:D(A) CX — 2X™ is monotone if and only if

[AV1), y1 — y2l- = [A(¥2), y1 — y2l+ Vy1,y2 € D(A).
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Fig. 1 The monotone ¥ e

multivalued map yeA(x)

Fig. 2 The “—"-coercive y
multivalued map
YEeA(x)

Fig. 3 The “+”-coercive veA(x) ¥
multivalued map, but not
“—"-coercive

In addition to the common monotony of multivalued maps we are interested in the
following concepts (Figs. 2 and 3):

e N-monotony, namely

(A1), y1 = y2]- = [A(y2), y1 = y2]- Vy1,y2 € D(A);
e V-monotony, namely

(A1), y1 = y2l4 Z [A(y2). y1 = y2l+ Vy1.y2 € D(A);
e w-monotony, namely

[A(y1). y1 — y2l+ = [A(¥2), y1 — y2]- Vy1,y2 € D(A).
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Definition 1. Let D(A) be some subset. The multivalued map 4 : D(4) C X —
2X" is called:

Weakly +(-)-coercive, if for each f € X* there exists R > 0 such that

[AD). ¥+ = (fiydx Yy e XN D(A): |yllx = R.
+(-)-coercive, if

[A(¥), Y]+

— 400 as ||yllx = +oo, y € D(A);
Ivllx

Uniformly +(—)-coercive if for some ¢ > 0

[A(¥), Y]+ —cllAD 1+
Ivllx

— 400 as ||yllx = +oo, y € D(A);

Bounded if for any L > 0 there exists [ > 0 such that |A(y)||+ < Vy € D(A)
Ivlx < L;

Locally bounded, if for an arbitrary fixed y € D(A) there exist constants m > 0
and M > O such that ||[A(§)|+ < M when ||y —&|lx <m, & € D(A);
Finite-dimensionally locally bounded, if for any finite-dimensional space F' C X
the contraction of A on F N D(A) is locally bounded.

Definition 2. A strict multivalued map 4 : X = X* is called:

Radial lower semicontinuous (r.l.s.c.)if Vy,§ € X

lim [A(y +1§). €]+ = [A(y). €]
t—>0+

Radial upper semicontinuous (r.u.s.c.) if the real function

[0,1] 37 — [A(y +1§).§]+

is upper semicontinuous at the point# = 0 forany y, £ € X.
Radial semicontinuous (rs.c.)ifVy, § € X

lim [A(y —1£). €]+ = [A(). €]
t—>0+

Radial continuous (r.c.) if the real function
[0,1] 51 — [A(y +1§).§]-

is continuous at the point # = 0 from the right for any y, £ € X;
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(upper) Hemicontinuous (u.h.c.) if the function
X 3 x — [A(x), y]+

isu.s.c.on X forany y € X;
A-pseudomonotone on X if for any sequence {y,}n>0 C X such that y, — yo
in X as n — +oo from the inequality

im
n—oo

*
where d, € c0A(y,) Yn > 1 the existence of subsequences {y,, }x>1 from
{¥n}n>1 and {dy, }x>1 from {d,},>1 follows for which the next relation holds
true:
h_m(dnk7Ynk—W)X = [A(yO)7YO_W]— VW€X7 (9)
k—o0

Ao-pseudomonotone on X, if for any sequence {y,}n>0 C X such that y, —

*
yoin X, d, — dyin X* asn — 400 where d, € co0 A(y,) Vn > 1 from
the inequality (8) the existence of subsequences {y,, }x>1 from {y,}n>1 and
{dn; }k>1 from {dy},>1 follows for which the relation (9) holds true.

The above mentioned multivalued map satisfies:

Condition (k) 4 (- if for each bounded set D in X there exists ¢ € R such that

[AW) V4 = —clvlx Vv e D\ {0}

Condition (IT) if for any k > 0, any bounded set B C X, any yo € X and for
some selector d € A for which

(d().y —yo)x <k forally € B, (10)
there exists C > 0 such that

ld)|x+ <C forally € B.

Proposition 6. [ZMK10, Proposition 1.2.6] If a multivalued operator A : X = X*
satisfies Condition (I1) then it satisfies Condition (k)4 as well.

During the investigation of evolution inclusions and variation inequalities, that

describe mathematical models of nonlinear geophysical processes, we will use some
properties of multimaps, represented in [ZMK10] (Fig. 4).

Corollary 1. [ZMK]I0, Corollary 1.2.2] Let ¢ : X — R be a convex lower

semicontinuous functional such that

o(y)

— 400 as |y|lx — oo.
Ivllx
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The condition ()4

The condition (IT)

The boundedness
condition

Fig. 4 Some properties for strict multivalued map in Banach space

Then its subdifferential map

o) ={pe X [(p.o—y)x =¢p(@) —9(y) YoeX}#0, yeX
is +-coercive and hence —-coercive, uniformly —-coercive and uniformly
+-coercive.

Proposition 7. [ZMK10, Proposition 1.2.30] Let a function ¢ : X — R be convex,
lower semicontinuous on X. Then the multivalued map B = d¢p : X — C,(X™*) is
Ao-pseudomonotone on X and it satisfies Condition (IT).

Now let X be a Banach space such that X = X; N X, where X;, X» is the
interpolation pair of reflexive Banach spaces [TRI78] which satisfies

X1NX, isdensein Xp, X,. (11)
Definition 3. A pair of multivalued maps A : X; — 2%7 and B : X, — 2%2 is

called s-mutually bounded if for each M > 0 and a bounded set B C X there exists
a constant K(M) > 0 such that from

lylx <M and (di(»).y)x, + (d2().¥)x, <M VyeB
it follows that
either [|di(y)llxy = K(M), or |ld2(y)llxy = K(M) VyeB

for some selectors d; € A and d, € B.

Remark 1. [ZMKI0, Remark 1.2.20] If one of the maps A : X1 — 2% or B :
X, — 2%2 is bounded then the pair (A; B) is s-mutually bounded.
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Lemma 1. [ZMKI0, Lemma 1.2.9] Let A : X1 = X{ and B : X = X5 be some
multivalued +(-)-coercive maps which satisfy Condition (k). Then the multivalued
map C == A+ B : X = X* is 4+(—)-coercive too.

Lemma 2. [ZMKIO, Lemma 1.2.10] Let A : X1 = X{ and B : X, =3 XJ
be strict multivalued maps satisfying Condition (I1). Then the pair (A; B) is s-
mutually bounded and the multivalued map C := A+ B : X = X* satisfies
Condition (IT).

Now we consider subdifferential maps, that play an important role in the non-
smooth analysis and the optimization theory [PSH80, AE84, DV81], in nonlinear
boundary value problems for partial differential equations, the theory of control
of the distributed systems [ZM99, LIO69], as well as the theory of differential
games and mathematical economy [AF90, CHI97]. For basic properties of such
maps we refer the reader to [AE84, DV81, IT79]. In [ZMKI10] we generalized
basic properties of subdifferentials and local subdifferentials known for Banach
spaces to the case of Frechet spaces. We present some variations of obtained results,
that we will use during the investigation of differential-operator inclusions and
evolution variation inequalities for Earth Data Processing.

Let U be a convex subset in X, F : X — R = R U {400} be a functional

domF = {x € X|F(x) # +00}.
The set
OF(xo;U) ={p € X* | (p,x —xo)x < F(x) — F(xo) Vx € U}
refers to a local subdifferential of a functional F' in a point xo € U. Observe that

dF (xo; Uy) D 0F(xo;U,), if Uy C U,. In particular, 0F (xg; X) = 0F(x¢) C
dF (xo; U). The last set is called the subdifferential of F at the point x¢ (Fig.5).

Proposition 8. [AES84, p.191] Let X be a Banach space. Then the norm || - || x in
X is subdifferentiable functional and

-lIx(x) ={peX"[(p.x)x =lxlx. lplx- =1} VxeX.

y=F(xU)

Fig. 5 The local subdifferential map for F(x) = ||x| —1|asx € U = Ry
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In the case, when a > 1

1 _
(51715 ) @ =11 o
={peX [{p.x)x = |xI%. lIpllx- = lxI§¥"} V¥xeX.
Theorem 1. [ZMKI0, Theorem 1.3.3] Let U be a convex body in X, F : X +—

R U {+00} be a convex functional on U and a lower semicontinuous functional on
intU (intU C domF). Then for every x¢ € intU and every h € X, the quantity

F - F
Dy F(xorh) = tim 0= 0 (12)

is finite and the following statements hold true:

(i) There exists a counterbalanced (cf. [RUD73]) convex absorbing neighborhood
of zero © (xg + © C intU ) such that for every h € ©®

F(xo) — F(xo —h) < Dy F(xo:h) < F(xo + h) — F(xo): (13)

(ii) The functional intU x X > (x;h) — Dy F(x;h) is upper semicontinuous.

(iii) The functional Dy F(xg;-) : X + R is positively homogeneous and semiad-
ditive for every x¢ € intU.

(iv) There exist a neighborhood O(hg) and a constant ¢; > 0 such that for every
Xo € intU and every hy € X,

| Dy F(xo;h) — Dy F(x0; ho)| < c1d(h,hy) forevery h € O(hy).

Definition 4. A multivalued map 4 : X = X* is called:

(a) *-Upper semicontinuous (*-u.s.c.), if for any set B open in the o(X*, X)
topology the set AX; (B) ={x e X | A(x) C B}isopenin X.
(b) Upper hemicontinuous, if the function

X 3 x - [A(x),y]+ = sup (d,y)x
deA(x)

is upper semicontinuous for each y € X.
Let us note that (b) follows from (a).

Theorem 2. [ ZM§] 0, Theorem 1.3.4] Let U be a convex body and intU C domF,
where F : X — R is a convex functional on U and a semicontinuous function on
intU. Then

(i) OF (x;U) is a nonempty convex compact set for every x € intU in the

o(X*; X) topology.
(ii) OF (- U) : U = X™ is a monotone map (on U ).



XXiv Introduction

(iii) The map intU > x +— dp(x;U) C X* is *-upper semicontinuous (on intU)
and

[0¢p(x0;U), h]l+ = Dyo(xo;h) forall h € X and x¢ € intU. (14)

Theorem 3. [ZMK10, Theorem 1.3.5] Let F : X + R be a convex on U lower
semicontinuous on intU functional. Then for each x¢ € intdomg the set dp(xo) is
nonempty convex compact in o (X*; X)-topology, the map

intdomg > x —> dp(x) C X*
is *-u.s.c. and the following equality takes place
[0¢p(x0),ul+ = Dyg(xo;u)  VYue€X. (15)

Some proofs are based on the following Proposition which is a generalization of
the Weierstrass Theorem on the case of locally bounded sets.

Lemma 3. [ZMKI10, Lemma 1.4.3] Suppose W is locally convex space, W* is
its topologically adjoint, E C W* is a set closed in the topology t(W*; W),
L : E - R = R U {—o0} is its upper semicontinuous main functional in the
topology t(W*; W). Besides, let either the set E be equicontinuous in W*, or the
following analogue of coercivity hold true: for an arbitrary set U C W*, which is
not equicontinuous and A C R there exists w) € U such that L(wy) < A.

Then the functional L is upper bounded on E and reaches on E its upper bound-
ary l, and here the set {w € E|L(w) = l} is compact in the topology t(W*; W).

The role of the classical acute angle Lemma [ZMO04] in demonstration of
solvability for nonlinear operator equations with monotone coercive maps in finite-
dimensional space is well-known. In [ZMK10, Sect. 1.4] the minimax inequalities
are investigated. By using of this apparatus multivalued analogues of “acute angle
Lemma” are proved.

Corollary 2. [ZMKI10, Corollary 1.4.3] Suppose Y is finite-dimensional space, F
B, — C,(Y) are strictly u.s.c. maps where

B, ={yeY||yly <r}.

If here
[F(»).yl4 =0  VyeY: |yly=r (16)

then there exists X € B, for which 0 € F(X).

By using this apparatus the new constructive solvability theorems for operator
inclusions and variation inequalities are obtained in [ZMK10, Chap. 2]. More par-
ticular, suppose X is a reflexive Banach space, Y * is a normalized space, U C Y*
is a nonempty subset, A : X x U — 2X" is a multivalued map, f € X*, u € U are
some fixed elements,
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Kf,uz{yGX|f€A(y’u)}
In [ZMK10, Chap. 2] it is investigated some properties of the set K 7.

Definition 5. An element y € X is called a weak solution of the inclusion f €
A (y,u) if
[A(,u),wl+ = (fiw)y VYweX. a7

Theorem 4. [ZMKI10, Theorem 2.2.1] Let for any u € U A(-,u) : X — 2X" be
a strict A-pseudomonotone finite-dimensionally bounded map and for any f € X*
there exists r > 0 such that

[A(y,u)— f,y]+ =0 Vye€dB, CX.

Then Vf € X* u € U there exists a weak solution of the operator inclusion
feAy.w.
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Chapter 1
Auxiliary Statements

Abstract In this chapter we consider the universal toolbar required for the inves-
tigation of evolutional Earth Data Processes which contains in particular partial
differential equations with discontinuous or multivalued relationship between deter-
minative parameters of the problem. In Sect. 1.1 we introduce classes of phase
spaces and extended phase spaces of the generalized solutions for differential-
operator inclusions and evolutional multivariational inequalities. We study the struc-
tured properties of such spaces, give the theorems of embedding for non-reflexive
classes of spaces of distributions with integrable derivatives. We consider also the
basis theory for such spaces. In the second section we study classes of energetic
extensions and the Nemytskii operators for differential operators from evolutional
mathematical models for geophysical processes and fields. In particular, we con-
sider a class of multivalued variational calculus operators. We prove the com-
pleteness with respect to the sum for quasibounded w},,-pseudomonotone weakly
coercive maps. The introduced in this chapter results are used for the qualitative
and constructive investigation of differential-operator inclusions and evolutional
multi-variational inequalities in the next chapters more than once. Corresponding
theorems contains these results. The convergence of the Faedo—Galerkin method
for differential-operators inclusions with maps of pseudomonotone type is proved
by the help of the obtained properties. The compact embedding theorems in non-
reflexive spaces together with the results of Sect. 1.2 allow us to sweep a sub-
stantially wider class of evolutional problems and validate the penalty method for
evolutional multivariational inequalities with maps of w; -pseudomonotone type.
Since in the majority of cases the introduced properties of classes of infinite-
dimensional distribution spaces have not been considered yet, so the exposition of
results are made with detail proofs. The obtained in this section results have an
independent value.

M.Z. Zgurovsky et al., Evolution Inclusions and Variation Inequalities for Earth Data 1
Processing 1I, Advances in Mechanics and Mathematics 25,
DOI 10.1007/978-3-642-13878-2_1, (© Springer-Verlag Berlin Heidelberg 2011



2 1 Auxiliary Statements

1.1 Functional Spaces: The Embedding and Approximation
Theorems

If it is necessary to describe a nonstationary process, which evolve in some domain
£2 from some finite dimensional space R” during the time interval S, we may deal
with state and time functions, i.e. with functions that put in correspondence for
the each pair {z,x} € S x £2 the real number or vector u(¢, x). In virtue of this
approach the time and the space variables are equivalent. But there is one more
convenient approach to the mathematical description for nonstationary processes
[GGZ74, LIO69]: for each point in time ¢ it is mapped the state function u(t, ).
(For example for each point of time we put the temperature distribution or velocity
distribution in the domain £2.)

differential-operator

mathematical model . .
inclusion

. (partial differential equation)

geophysical N

process or field y:[t,T] = (2 — R™)
y(.1) € (2 - R™),

telr,T]

y:2x[t,T] > R"

Thus, we consider some functions, well-defined at the time interval S, with val-
ues from the state functions space (for example in the space H, (£2)). Therefore, at
studying some problems that depend on time it is rather natural to consider some
function spaces, that acts from S into some infinite dimensional space X, in partic-
ular, it is natural to consider the spaces of integrable and differentiable functions.
Further we will consider only real linear spaces.

In this section we introduce function spaces that will be used under investigation
of differential-operator inclusions of such type in infinite dimensional spaces:

Lu+ A(w) + B(u) > f, ue D(L), (1.1)

where A : X; — 2Xi, B : X, — 2%2 are strict multivalued maps of D(L);-
pseudomonotone type with nonempty, convex, closed, bounded values, X1, X, are
Banach spaces continuously embedded in some Hausdorff linear topological space,
X = X1NX, L : D(L) C X — X* is linear, monotone, closed, densely
defined operator with a linear definitional domain D(L). Moreover, we prove
the important properties for this spaces. We consider constructions that guaran-
tee the convergence of Faedo—Galerkin method for differential-operator inclusions
with wy,-pseudomonotone maps. The compact embedding Theorems for irreflexive
spaces together with results from the Sect. 1.2 allow us to consider the appreciably
wider class of problems. The outcomes reduced with detailed proofs, because the
given classes of spaces, in most cases, were not considered yet.
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In the following referring to Banach spaces X, Y, when we write
XcY

we mean the embedding in the set-theory sense and in the topological sense.

For the very beginning let us consider ideas of the sum and intersection of Banach
spaces required for studying of anisotropic problems.

For n > 2 let {X;}7_, be some family of Banach spaces.

Definition 1.1. The interpolation family refers a family of Banach spaces {X;}7_,
such that for some linear topological space (LTS) Y we have

X;CcY forall i =1,n.

As n = 2 the interpolation family is called the interpolation pair.

Further let {X;}”_, be some interpolation family. On the analogy of [GGZ74,
p-23], in the linear variety X = N7_, X; we consider the norm

n
Ixllx == _llxllx,  V¥xeX, (1.2)
i=1
where || - || x; is the norm in X;.
Proposition 1.1. Let {X,Y, Z} be an interpolation family. Then

XNYnNzZ)=XNY)NZ=XNYNZ, XNY=YNX

both in the sense of equality of sets and in the sense of equality of norms.

We also consider the linear space

ZZZiXiI

i=1

n
D xi

i=1

x,'GXi,iZL_I’l}

with the norm

n
xi€Xi Y x =z} Vze Z. (1.3)

lzllz := inf § max [lx;||x;
i=1,n i—1

Proposition 1.2. Let {X;}!_, be an interpolation family. Then X = N7_, X; and
Z =", X; are Banach spaces and it results in

XCcX, CZ forall i=1,n. (1.4)
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Proof. Since X is a linear space, from properties of || - || x;, and from the definition
of || - ||x on X it follows that || - || x is the norm on X.

Let us prove the completeness of X . From the definition of || - || x on X it follows
that every Cauchy sequence {x,},>1 in X is fundamental, so it converges in X; and
inY Vi =1,n, where Y is the LTS in the Definition 1.1. Hence, due to {X iyt is
the interpolation family and to the uniqueness of the limit of a sequence {x, },>1 in
LTS Y it follows that for some x € X and foralli = 1,n

X, —>x in X; as n — oo.

So, x, - xin X asn — oo.

Now let us check that || - || z is the norm on Z.

If |z z = 0, then thanks to (1.3) for each m > 1 there exists x,,; € X; (i = 1,n)
such that

n
1
= meh ”xmi ”X,- < -
i=1 n

For every i = 1,n the sequence X,; tends to 0 in X;, and so in Y too. Thus
Z:-l:l Xmi — 0in Y as m — +00 and z = 0. On the other hand, let z = 0.
Then [l|z < max; i [0]lx; = 0.

The another norm properties for | - || z follow from the properties of inf, max and
norms || - [|x;, i = 1,n.

Let us check that the linear space Z under the above norm is a Banach space. Let
{Zm}m=>1 be a Cauchy sequence in Z. It contains a subsequence {z, }x>1 with the
property

|zmg — zmp_, lz <27% for k> 2.

From (1.3) for every k > 2 there exists

n
ka _ka71 = § ukj’
j=1

where uy; € X;, ||ug;||x < 2'7* foreach j = T,n and k > 2. Further,

n
Zmle uij, wuiy; €X;, j=1ln
Jj=1

For every k > 1 let us set

k
xkj=2uij, Jj=1n.
i=1
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Hence

n
ame = Y Xij  Vk=1.
j=1

Forall j = 1, n the sequence xi; convergesin X ; (according to its construction) to

n
some x; € X;.Letussetz = Y x;.Then we have
j=1

Iz = zmllz < max lx; —xxillx, Vk=1.
J=Ln

From here it follows that z,,, convergesto zin Z as k — 4oc0. From the estimation

Iz =zmllz < llz=2mi |z + llzmi —2mllz

and taking into account that the sequence {z, }m>1 is fundamental we obtain
lim ||z —zmlz = 0.
m—>o00

The embedding (1.4) follows from the definition of Banach spaces (X, || - || x)
and (Z, || - | 2). o

Remark 1.1. ([GGZ74, p.24]) Let Banach spaces X and Y satisfy the following

conditions
XCY, X isdensein Y,

Ixlly <vlxllx VxeX, y = const.

Then
Y*cXx, Ifllxs <yl flly= YfeY™
Moreover, if X is reflexive, then Y * is dense in X *.
Let {X;}7_, be an interpolation family such that the space X := N7_, X; with
the norm (1.2) is dense in X; forall i = 1, . Due to Remark 1.1 the space X l-* may
be considered as subspace of X *. Thus we can construct Y ;_; X;* and

Y xrc (ﬂ X,-) : (1.5)

i=1 i=1

n —
Under the given assumptions X is dense in Z := ) X; foreveryi = 1,n. So X;
i=1
is dense in Z too. Thanks to Remark 1.1 we can consider space Z* as a subspace

of X foralli = 1,n, and also as a subspace of N7_, X", i.e.

(Z X,-) c ()X (1.6)

i=1 i=1
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Proposition 1.3. Let {X;}7_, be an interpolation family such that the space X :=
N?_, X; with the norm (1.2) is dense in X; for all i = 1,n. Then

n n *
x-(0)
i=1 i=1

and
n * n
)10
i=1 i=1

both in the sense of sets equality and in the sense of the equality of norms.

Proof. We consider the space 2" := [[’_, X; with the norm
n
Mo 2, oxad i = ) xillx, VX =i, x2,. . 0} € 27
i=1
let . be the subspace of 2~ defined by
L ={x,x,....,x}|x e X}.
For a fixed f € X* let us set
u({x,x,...,x}) = f(x) VxelX.

Hence u is a linear functional on . with the norm ||u|| ¢+ = || f || x*. By the Hahn—
Banach Theorem for the functional u there exists a linear functional v defined on 2~
such that

IVil2: = llull+ = [1/ lx

Foreveryi = I,_n we set
gi(x) =v({0,...,0,x;,0,...,0}) Vx; € X;.
Hence itis clear that g; € X l-* foralli = 1,n and

mElLXHgiHXi* < lz= =111 llx*.
i=1,n

By the construction,

f)=>gi(x) VxeX.

i=1

ie. f=>7_ g €Y i_; X* Thusit follows
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1A sy xp = max g llxy < ILf llx-.

1,n

On the other hand || f || x* = sup f(x)
Yio lxllx; =1

< sup inf
Yiop Ixlx; =1

n
> lgilxs Ixlx,

i=1

n

oex Y- |
i=1

n

gieX ) gi= f§ =/l x>

i=1

<inf § max ||g;|| x>
i=1,n !

The latest inequalities and (1.5) prove the first part of the Theorem.
Let us prove the remaining part.

Lemma 1.1. Let f € N7_, X. Then for every k = 2.nandx;, yi € X; (i = 1,k)
such that Zf-czl Xi = Zf-czl yi =: X we have

k k
D) =) i) = f(x). (1.7)

i=1 i=1

Proof. We prove this Proposition arguing by induction.
Letx;,y; € X; @ = 1,2)suchthatx; + x» = y; + y» =: x. Thenx; — y; =
Y2 — X2 € X1 N X, and

S = fO) = fxr =) = f2—x2) = f(32) — f(x2).
From the last the necessary Proposition is follows.

Now we assume that for some k = 2,n — 1 and for arbitrary x;, y; € X; (i =

N k k
1,k)suchthat Y x; = ) y; =: x equality (1.7) is valid.

i=1 i=1

k+1 k+1
Letx;, yi € X; i =1,k + l)suchthat >_ x; = ) y; =: x. Thus
i=1 i=1

k k
Xe+1 = V41 = Z(yz‘ —xi) € (Z Xi) N Xpt1,

i=1 i=1

and so, by the induction assumption, we obtain

k k
G = fres1) = fGrr1=yir1) = f (Z(yi - x») = > (f)—f(x))

i=1 i=1

and the Lemma follows. O
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According to Lemma 1.1 let us continue any fixed functional f € N?_, X* to
some functional on Z in such way:
forz =Y "_, x;,wherex; € X; Vi = 1,n

f@ =Y fx).

i=1

From relation (1.7) it follows that the given definition is correct and does not depend
on the representation of z as Y ;_; x;. Since

n n
xi€Xi, ) xi= z} =< (Z ||f||x:) Izl z

i=1 i=1

f@) < inf{ Do Nl lxs

i=1

then f € Z* and || f||z* < I/ llny_, x;- Taking into account (1.6) we have Z* =

N?_, X" as equality of the sets. In order to prove the equality of norms it is sufficient
to show the inequality || f || A7 X = || f |l z+. For every € > O there exists x; € X;
1= 1

such that
Ifllxx = fxi) +e/n, |xillx, = 1.

Hence
n n n
1 e xx = D I fllxx < f (Zx,-) te<|fllze | D x| +e
i=1 i=1 i=1 |z
= flz~ inzl%ﬂxz- Ix; +e=1flz-+e
and from here the delivered conclusion follows. O

Theorem 1.1. (The reflexivity criterium: [PETG67, p. 57]) Banach space E is
reflexive if and only if each bounded in E sequence contains the weakly convergent
in E subsequence.

Theorem 1.2. (Banach-Alaoglu: [GGZ74, p. 30]) In reflexive Banach space each
bounded sequence contains the weakly convergent subsequence.

Now let us consider classes of integrable by Bochner distributions with val-
ues in Banach space. Such extended phase spaces generally appear when studying
evolutional geophysical processes and fields.

Now let Y be some Banach space, Y * its topological adjoint space, S be some
compact time interval. We consider the classes of functions defined on S and
imagines in Y (orin Y'*).

The set L ,(S;Y) of all measured by Bochner functions (see [GGZ74])as 1 <
p < +oo with the natural linear operations with the norm
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1/p

17l sor) = / ly ()12 dr
S

is a Banach space. As p = 400 Loo(S;Y) with the norm
1Yo (s:y) = vraimax |y (©)lly

is a Banach space.

The next Theorem shows that under the assumption of reflexivity and separabil-
ity of Y the adjoint with L,(S;Y), 1 < p < o0, space (L,(S;Y))* may be
identified with L, (S;Y*), where ¢ is such that p~1 + ¢~ ! = 1.

Theorem 1.3. If the space Y is reflexive and separable and 1 < p < 400, then
each element f € (L,(S;Y))* has the unique representation

£) = [ (). y(O)ydi forevery y € Ly(S:Y)

S

with the function § € Ly(S;Y*), p~' + ¢~ = 1. The correspondence f — &,
with [ € (Lp(S;Y))* is linear and

I F L, cs:v* = 151 Ly (s57%)-

Now let us consider the reflexive separable Banach space V' with the norm || - ||y
and the Hilbert space (H, (-,-) g) with the norm || - || &, and for the given spaces let
the next conditions be satisfied

VCc H, Visdensein H,

(1.8)
Iy >0 : vl <ylvly VvelV.

Due to Remark 1.1 under the given assumptions we may consider the adjoint with
H space H* as a subspace of V* that is adjoint with V. As V is reflexive then H*
is dense in V* and

Ifllve <yl flla= VfeH”

where || - ||[y* and || - || = are the norm in V* and in H*, respectively.
Further, we identify the spaces H and H*. Then we obtain

VcHCV*

with continuous and dense embedding.

Definition 1.2. The triple of spaces (V; H; V*), that satisfy the latter conditions
will be called the evolution triple.
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Let us point out that under identification H with H* and H* with some subspace
of V*,anelement y € H is identified with some f, € V* and

(r.x) = (fy.x)y VxeV,

where (-, -}y is the canonical pairing between V* and V. Since the element y and
[y are identified then, under condition (1.8), the pairing (-, -) will denote the inner
producton H (-,-).

We consider p;, ri,i = 1,2suchthat 1 < p; < r; < +o00, pi < +o00. Let
gi > r/ > 1 well-defined by

-1

Vg = =1 Vi=1,2.

Remark that 1/c0 = 0.

Now we consider some Banach spaces that play an important role in the investi-
gation of the differential-operator equations and evolution variation inequalities in
nonreflexive Banach spaces.

Referring to evolution triples (V;; H; V;*) (i = 1,2) such that

the set V1 N V5 is dense in the spaces Vi, V, and H (1.9)
we consider the functional Banach spaces (Proposition 1.2)
Xi = Xi(S) = Lg,(S: V) + Ly(S H). i =12

with norms

¥l = inf { max {11 llz,, s 1921, s } |
|71 € Loy ($:V7), 72 € Lyy(S5 H), y = i + 7o)

forall y € X;, and

X = X(S) = Lqy (S: V") + Lgy(S:V5) + Ly (St H) + Ly (S H)
with

Iyllx = inf{ max {lyiillz,, s Waille,sim § [y € Lo (S: V),

y2i € Ly(SiH), i = 1,25 y = yi1 + yi2 + a1 + yaa},
foreach y € X. As r; < +o00, due to Theorem 1.3 and to Theorem 1.3 the space
X; is reflexive. Analogously, if max {ry, 2} < 400, the space X is reflexive.

Under the latter Theorems we identify the adjoint with X;(S), X = X*(S),
with L, (S; H) N Lp, (S;V;), where
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Il = 7lle, s + 15 le,, s Vo € X7
and, respectively, the adjoint with X(S) space X* = X*(S) we identify with
L (S;H)YN L (S;HYN Ly, (S; V1) N Lp,(S;V2),
where
IvIlx=csy = Iy lle,, s:m) + 1Yy + 1Y 12, sy + 1L, 0 Yy € X™.

On X(S) x X*(S) we denote by

oy) = (fy)s = [ (0 y (@) d + [ (fra(0). y (D)
S S

+ [ (for (0. y @)y, dr + [ (D). YD)y, d

S S

= /(f(r),y(r))dr VfeX, yeX™,
S

where f = fi1 + fi2 + foa1 + f22, fii € Ly(S: H), J2i € Lg; (S; V%), i =1,2.

In that case when max {r;,r} < +o0, with corresponding to the “standard”
denotations [GGZ74, p. 171], the spaces X*, X[ and X, further will denote as
X, X; and X, respectively, and vice verse, X, X; and X, as X*, X and XJ
respectively. The given renotation is correct in virtue of the next Proposition, that is
the direct corollary of Proposition 1.3 and of Theorem 1.3.

Proposition 1.4. As max {ry, 2} < +00, the spaces X, X1 and X, are reflexive.

Let 2(S) be the space of the principal functions on S. For a Banach space X as
2*(S; X) we will denote the family of all linear continuous maps from Z(S) into
X, with the weak topology. The elements of the given space are called the distribu-
tions on S with values in X. For each f € 2*(S; X) the generalized derivative is
well-defined by the rule

@) =~f) Yoe2(S).
We remark that each locally integrable in Bochner sense function # we can identify
with corresponding distribution f;, € 2*(S; X) in such way:
fule) =ute) = [urpd o € () (1.10)
s

where the integral is regard in the Bochner sense. We will interpret the family of all
locally Bochner integrable functions from (S — X) as subspace in 2*(S; X). Thus
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the distributions, that allow the representation (1.10), we will consider as functions
from (S — X). We are also remark that the correspondence 2*(S;X) > f —
f' € 2*(S; X) is continuous [GGZ74, p.169].

Definition 1.3. [GGZ74, p.146] As C™(S; X), m > 0 we refer the family of all
functions from (S — X), that have the continuous derivatives by the order m inclu-
sively. In that case when S is a compact interval C"(S; X) is a Banach space with
the norm

m
Illemsin =Y sup[yOw)| .
iZot€S X

where y((¢) is the strong derivative from y at the point € S by the orderi > 1;
0) —
Y=y,

Let V.= Vi N V,. Then V* = V* + V', At studying the differential-operator
inclusions and evolution variation inequalities together with the spaces X and X*
one more space, which we will denote as W* = W*(S) plays the important role.
Let us set

WE(S) ={y € X*(5)y' € X(S)},
where the derivative y’ from y € X™* is considered in the sense of scalar distribu-
tions space 2*(S; V™).

The class W* generally contains the generalized solutions of the first order
differential-operator equations and inclusions with maps of pseudomonotone type.
By analogy with Sobolev spaces it is required to study some structured proper-
ties, embedding and approximations theorems as well as some “rules of work” with
elements of such spaces.

Theorem 1.4. The set W* with the natural operations and graph norm for y’':

Iyllw= = lyllx+1ylx Vyew*

is Banach space.

Proof. The norm axioms for || - ||w= directly follow from its definition. The com-
pleteness of W* concerning the just defined norm follows from the next reasonings.
Let {y,}n>1 is the Cauchi sequence in W*. Then, in virtue of the completeness of
X and X* it follows that for some y € X* andv € X

yn = yinX* and y, >vinX asn— +oo.
Therefore from [GGZ74, Lemma IV.1.10] and from the continuous dependence

of the derivative on the distribution in 2*(S; V*) [GGZ74, p.169] it follows that
y =veX. O

Together with W* = W*(S) we consider Banach space

W = WA (S) =y € L, (S:V)|Y € X(S)}. i=1.2,
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with the norm
Iyllws = yllz,, v + 1V lIx Yy e Wr
We also consider the space W' = W' (S) = W*(S) N W,*(S) with the norm
Iyllwg = 212, v + 1VlL,, s + 1Y lx - Yy € Wy

The space W* is continuously embedded in W;* fori = 0, 2.

Theorem 1.5. It results in W* C C(S: V™) with continuous embedding for i =
0,2.

t

Proof. Leti = 1,2 be fixed, y € W* and V19,1 € S we set §(t) = [y'(v)dr
o

which has sense in the virtue of the local integrability of y’. It is obvious that

1) — £(5)|v» S[IIy/(f)IIV*dr Vi1

from which follows & € C(S; V*). Then &’ = y/, it means that y(¢) = £(¢) + z for
a.e.t € § and some z € V*. Therefore, the function y also belongs to C(S; V*).
Note, that S is compact. Then in virtue of X C L1(S; V'*) we obtain

IE@ v+ < [ Iy @llv=dr <kly'lx VieS. (1.11)
S

Then due to the continuity of embedding V; C V* we have

. . 1/pi
el nescs) /7 = ([ 1e1as) "™ =1y = €l s
S

<k

~

12, 55 + IElcissve) )

= ka(I¥ N sivp + 1Yl1x ).
(1.12)

where k» does not depend on y € W;*.
Now let y € Wy C C(S; V*). Invirtue of (1.11)—(1.12) fori = 1, 2 there exists
k3 > 0 that [|y[lc(s;v=) < ksllyllw, forall y € W o

Remark 1.2. From the definition of norms in the spaces W* and W;* we obtain
W* C C(S;V*) with continuous embedding for the compact S in the natural
topology of the space W*.
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Theorem 1.6. The set C'(S; V) N Wy is dense in Wy

Proof. We prove this Proposition for more general case. At the beginning we sup-
pose S = R. Let us choose such a function K € C§°(S) that [ K(t)dt = 1 and
s

use the Sobolev mid-value method. Let us set for definiteness

WL eXp {—Tf—il} for |z] <1,

K(r) =
0 for |z] > 1,

where p is the constant of normalization and suppose K, (t) = nK(nt) for every
7 € Sandn > 1.1tis obvious that K, € C§°(S) and

/Kn(r)dr =1Vn>1.
S

For every y € W let us define the sequence of functions
1n0) = [ Kt =y (113)
s
It is easy to check that y,, € C1(S: V) and
= / K, (t—1)y(r)dr = / K, (t — 1)y (v)dr. (1.14)
S S

Besides y, € L, (S;V;) and y, — yin Lp, (S;V;) for (i = 1,2). The last follows
from the inequality ||y,,||Lpi SV =< ||K||L1(S)||J’||L,,l. (s:v;) and from following
estimations:

t+1/n
. Pi
w1, s = [[| [ Kalt =000 = ]}
S t—1/n [
n Di
5/ /|Kn(s)|||y(r+s>—y(r)||vids dr
S \—1/n
1/n pildi 1/n
=[] [ momas| [ yesn-yorgas
S 1/n —1/n
1/n

A

= Sewr [ [ire+o-yolfa)as

—1/n \S
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Pointing out that for arbitrary y € L, (S;V;) (1 < p; < oo) and for every & the
function
y( + h)fort +hesS,

0 fort+hegS

belongs to L, (S;V;) and |y, — y||Lpi (s:vi) — O0ash — 0 (see [GGZ74,
Lemma IV.1.5]), then

ya(t) =

: Di : i Pi — —
nlggo [yn — y”L,,[. S:v) = nlggo(zﬂ)p |s|s<ulp/n s — y”LPi S:vi) = Ofori =1,2.

Now we prove the convergence of derivatives. Let y' € X and y' = & + & +
m +nz2 where § € Ly (S; V™), ni € Ly (S; H),i = 1,2. By the analogy with
(1.13) we suppose

£n,i(t) = [Kn(l — )& (D)dr, i) = [K,,(t —)ni(t)dr fori = 1,2.
s s

Then in virtue of (1.14) by the analogy to the previous case, ¥, = &1 + &n2 +
Nn,1 + Na,2 and besides &,; — & in Ly, (S; V;*) and n,,; — n; in L,i/ (S; H) for
i = 1,2. By definition of || - || x, it follows

Tim v, = Vllx < Tim max{lén — £, s lne — L, s’

.y =nllz, s:ms N2 =1l s:m = 0.

From here we conclude that for everyn > 1y, € C'(S; V)N W, and the sequence
{¥n}n>1 convergesto y € Wy in Wy'".

Now let us consider the case when S is semibounded. Without loss of generality
we suppose S = [0, 00). For y € Wy = Wy (S) we put y,(t) = y (¢ + h) for every
h > 0. Then, in virtue of [GGZ74, Lemma IV.1.5] it is easy to show that fori = 1,2
yh — yin Lp,(S:V;)and y; — y"in X as h — 0+. Remark that y, € W To
complete the proof it is sufficient to show that for every fixed y € W;(S) and
for h > 0 the element y, € W can be sufficiently exactly approximated by the
functions from C1(S; V) N W

For some y € Wy (S) and & > 0 let us consider the function

E() = o)yt + h) fort > —h,

0 for t < —h,
where ¢ € CI(R), (t) = 1ift > —’2—’ and ¢(t) = 0if t < —h. Then for
every t > 0 £(¢) = yp(t) and due to the definition of derivative in sense of scalar
distribution space D*(S; V*) it follows that

')yt +h) + o)y’ (t +h) fort > —h,

£ = { 0 fort < —h.
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Let us prove that £ € Wy (R). Since y, € Wy (S) we have £[[o,00) € X*(S).
Because of £[(_oo;—#) = 0 it remains to consider the section [—£, 0).

From sup |g(s)| = 1 we have
s€[—h,0)

0 0
[1gitas < [ o176 + i
—h —h

0 h
< [y +wigas = [ y@lfa =12,
—h 0

Thus, &|[—x,0) € Lp;([-h,0);V;) for i = 1,2. Similarly we can prove that £ €
X(R). So, £ € Wy (R) and in virtue of the previous case there exists a sequence of
elements &, € C'(R; V) N W (R) that converges to £ in W* (R).

Now we set {, = £x|s € C1(S; V) N W (S) forevery n > 1. Here {, — yp in
Wy (S) as n — oo, because £|s = yp.

Let us consider, at last, the case when S is bounded. For every y € W (S)
(where S = [a, b], a < b) we put

£(r) = { o)y(t) fort € [a, b],

0 fort > b,
_ (A =e)y@) fort € [a,b],
r](t)—{o fort < a.

Let ¢ be such function from C!(S) that () = 0 in some neighborhood of the
point b and ¢(¢) = 1 in some neighborhood of the point a. Note that y(t) = £(t) +
n(t) forallt € S. It is easy to check that £ € W ([a, o0)) and n € W' ((—o0, b]).
Therefore, due to the previous case, there exist such sequences

{Entn=1 C C'([a.00); V) N W ([a, 00))
and
{nn}nzl C Cl((_oo»b)§ V)yn WO*((—OO,b)),

that
& — & in Wy ([a, 00)) and 1, — 1 in W' ((—o0, b)) as n — oo.

So, (§x + nn)ls — y in Wo*(S)‘
The Theorem is proved. O

Theorem 1.7. Wy C C(S; H) with continuous embedding. Moreover, for every
v, & € Wi and s,t € S the next formula of integration by parts takes place
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t

(0.60) - (66).60) = [ {06 + 0@ E@dn. 113)

s

In particular, when y = & we have:

1 t
5 (PO =1yl ) = [0,y @) (116

Proof. To simplify the proof we consider S = [a, b] for some
—o0 <a<b < +oo.

The validity of formula (1.15) for y, & € C1(S; V) is checked by direct calculation.
Now let ¢ € C!(S) be such fixed that ¢(a) = 0 and ¢(h) = 1. Moreover, for
y € CI(S;V)letE = gy and n = y — @y. Then, due to (1.15):

t

(0. y0) = / {0/ (). 7(6)) + 206 (5). ¥(5)) s

b
—(n(n), y(0)) = / —¢'($)(¥(5). y(5)) +2(1 — @(5) (¥’ (). y(S))}

from here for § € Lg;(S:V;*) and n; € L,/ (S;H) (i = 1,2) such that y =
&1 + & + n1 + 02 it follows:

b

b
O = [{e©06).56) + 2060/6. 5 s =2 [ 0/6). 56D

t

< max ¢/ 0)] Dy llecsivey - lzacsn +2 [ (066 = DO/6). 7 )ds
< max ") - Iy llees: v - 1yllL sy + 2max [p(s) — 1|

. <||§1 1Ly, v IV IL,, s + 1820 Ly, v IV L, (5572)

+1Im “Lfi (S;H)||)’||L,-1 (S;H) T+ “772”Lré(S;H)||Y||L,-2(S;H))
< max |/ ()] - [y lesive) - (1712, sivymes(S) !/

1YL (siv2ymes($)/92 ) + 2max [p(s) — 1]
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: (||§1 leay siviy 1820 Lgy sivpy + Imlle,, s:m) + ||7/2||Lré(S;H))
X (1712 (52> + 19 Ly 570 + 17 s mpmes($) '/

+ I llcqssmmes($)/72)

Hence, due to Theorem 1.5, definition of || - || x, if we take in last inequality ¢(¢) =
7=2 forall 1 € S we obtain

V1 s:my < Co- Iyl + Ca - ¥ llwg - 1y lecs:m- (1.17)
where C is the constant from inequality [|y[lc(s;v+) < Ci - ||y||W(;* for every

y € W,

G

C, = »
2 min {mes(S)!/71, mes(S)!/ P2}

C3 = 2-max {mes(S)l/mi"{r"rZ}, 1}.

Remark that ++.o =0, C,,C3 > 0. From (1.17) it obviously follows that

Iyllces;m < Ca-Iyllwy forally € CH(S: V), (1.18)

C3+,/C3+4C
where Cq = # does not depend on y.

Now let us apply Theorem 1.6. For arbitrary y € Wy let {y,}»>1 be a sequence
of elements from C!(S; V) converging to y in W;". Then in virtue of relation (1.18)
we have

Iyn = yillees:ay < Callyn = yellwg — 0,

therefore, the sequence {y},>1 converges in C(S; H) and it has only limit y €
C(S; H) such that fora.e. t € S y(¢) = y(t). So, we have y € C(S; H) and now
the embedding W, C C(S; H) is proved. If we pass to limit in (1.18) with y = y,
as n — oo we obtain the validity of the given estimation Yy € W. It proves the
continuity of the embedding W* into C(S; H).

Now let us prove formula (1.15). For every y, & € W, and for corresponding
approximating sequences {y,, &, n>1 C C1(S; V) we pass to the limit in (1.15)
with y = y,, £ = &, as n — oo. In virtue of Lebesgue’s Theorem and W, C
C(S; V'*) with continuous embedding formula (1.15) is true for every y € W'.

The Theorem is proved. O

In virtue of W* C W with continuous embedding and due to the latter Theorem
the next Proposition is true.

Corollary 1.1. W* C C(S; H) with continuous embedding. Moreover, for every
v, € W*ands,t € S formula (1.15) takes place.



1.1 Functional Spaces: The Embedding and Approximation Theorems 19

Remark 1.3. When max {ry,r,} < +00, due to the standard denotations [GGZ74,
p. 173], we will denote the space W* as W; “*” will direct on nonreflexivity of the
spaces X and W.

Referring to evolution triples (V;; H; Vl-*) (i = 1, 2) such that
the set V1 N V; is dense in the spaces Vi, V, and H

we conclude that the space V = V; N V, C H with continuous and dense embed-
ding. Since V is a separable Banach space, then there exists a complete in V' and
consequently in H countable vectors system {/; }i>1 C V.

Let us introduce some useful constructions which can be used for example for
studying of differential-operator inclusions in infinite-dimensional spaces by the
Faedo—Galerkin method.

Letforeachn > 1

Hy = span{h; Y.

on which we consider the inner product induced from H that we again denote by
(-,+); P, : H — H, C H the operator of orthogonal projection from H on H,, i.e.

VYhe H Pyh=argmin|h—h,|q.
hn,eH,

Definition 1.4. We say that the triple ({#;};>1;V; H) satisfies Condition (y) if
sup || Pull.2v,v)y < 400, i.e. there exists C > 1 such that
n>1

VeV, Vnz1 [[Pyly =C-|vlv. (1.19)

Remark 1.4. When the vectors system {h; };>1 C V is orthogonal in H, Condition
(y) means that the given system is a Schauder basis in Banach space V.

Remark 1.5. Since P, € Z(V,V), its adjoint operator P, € Z(V*,V*) and
1Pallzv,vy = 1Py | 2v+,v ).

It is clear that, foreach h € H, P,h = P h. Hence, we identify P, with P,*. Then
Condition () means that foreachv e V andn > 1

[Pavlly+ = C - [vly=.

Due to the equivalence of H* and H it follows that H = H,.
Let us consider latter introduced Banach spaces:

X = Lg, (STV{") + Lgy (S:V5) + Ly (S: H) + Ly (S3 H),

X* =Ly (S:H)N Ly (S:H) N Ly, (S:V1) N Lp,(S: V),
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W*={yeX|y eXx”}

with corresponding norms.
For each n > 1 we consider Banach spaces

Xp = Xn(S) = Lygy(S: Hy) C X, X = X*(S) = Lpy(S: Hy) C X*,

where po = max{ri,r2}, q, Ly po' = 1 with the natural norms. The space
L, (S; Hy,) is isometrically isomorphic to the adjoint space X,; of X,, moreover,
the map

Xy x XP5 fix - /S (). x (D)t dr = /S (@) x(O)dT = {fix)y,

is the duality form on X, x X,;. This Proposition is correct due to

Lgo(S: Hn) C Lgog(S: H) C Ly (SyH) 4Ly (S H)+Lg, (S: Vi) +Lg, (S: V5).
Let us remark that (-, -)S|Xn(S)xX;lk(S) = (-, ) x,(5)-

Proposition 1.5. Foreveryn > 1 X, = P, X, i.e.

Xn ={PnfO) [ () € X}.

Moreover, if the triple ({h;}j>1;Vi;H), i = 1,2 satisfies Condition (y) with
C = G, then

forevery f € X andn > 1 1Pn fllx <max{C1,Co}-|flx-

Proof. Let us fix an arbitrary number n > 1. Forevery y € X let y,(-) := P,y (-),
i.e. yn(t) = P,y(¢t) for almost all + € S. Since P, is linear and continuous on
V", on V;* and on H we have that y, € X,, C X. It is immediate that the inverse
inclusion is valid.

Now let us prove the second part of this Proposition. We suppose that Condition
(y) holds, let us fix f € X and n > 1. Then from Condition (y) it follows that for
every f],’ € Lrl((S; H) and le' € Lqi (S; Vz*) such that f = f]] +f12+f21 +f22
we have:

1Pn fiallz,, sty + IPn fr2lle, sim + 1 PnfarllLy, esiviey + 1P f22llng, sivs)
T 5

- / 1P fir@hde | + / | Po fra(0) 2
S S
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1

a1
| [1rm@lgde |+ | [12 L@l
S S

a2
*
2

1
]

1
’ ri ’
< / n@ldr |+ / | fia ()2
S S

1

ar L
col [im@iga] oo [
§ s
< max {Cy, C2} - (Hfll”L,i @:#) + izl s:m)
+ ||f21 ”qu (CHZw! + ||f22||Lq2(S;V2*)) ,

because Cy, C; > 1. Therefore, due to the definition of norm in X we complete the
proof. O

Proposition 1.6. For every n > 1 it results in X, = P, X*, i.e.

Xy ={Puy() | y() € X},
and
(f.Puy)=(fy) VyeX*and f € X,.
Furthermore, if the triple ({hj}jzl; Vi; H), i = 1,2 satisfies Condition (y) with
C = Cj, then we get
| Puyllx+ <max{Ci,Co}-||y|lx+ VyeX*andn > 1.

Proof. Forevery y € X* we set y,(-) := P,y(-), i.e. y,(t) = P,y(¢) for ae.
t € S. As the operator P, is linear and continuous on Vj, on V, and on H we have
that y, € X*, C X*. The inverse inclusion is obvious.

Due to Condition (y) and to the definition of || - ”Ll’i (s:v;) and || - ”er (S:H) it
follows that

Ivnllz,, ssviy < Ci-Iylie,. ssvy  and  ynllz,, s;m) < IYIlL,, ¢s:m)-

Thus ||y |lx+ < max{C1, Ca} - ||y llx=.
Now let us show that for every f € X,

(s yn) = (/. 7).
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As f € Lp,(S; Hy), then we have

o) = [S /(D). y(@)dr = /S (f(0). Pay(0))dr
- /S (@) @)t = (f: yu).

because foreveryn > 1, h € H and v € H, it results in
(h— Pyh,v) = (h— Py,h,v)g =0.

The Proposition is proved. O

When py < +o00 for each n > 1 we denote by I, the canonical embedding of
Xyin X*(Vx e X I,x =x), I : X — X, its adjoint operator (since X, and X
are reflexive).

Proposition 1.7. When py < +oo foreachn > land f € X (I;f f)(t) = Pu f(t)
fora.e.t € S. Moreover, ifthe triples ({h;} j>1; Vi; H) asi = 1,2 satisfy Condition
(v) with C = Cj, then

foreach f € X andn > 1 |1 fllx <max{Cyi,Co}- || f]x.

sup || 17 || #x; x) < max{Cy, C2}.
n>1

Proof. Letn > 1 and f € X be fixed. Let us show that fora.e. t € S (I, f)(t) =
P, f(t). Since Remark 1.5 it follows that for each x € X ¥

(I f.x) = (f.x) = [(f(f),X(f))df = /(f(f) — P f(7), x(1))dT
S S

+ /(Pnf(f),X(f))df = /(Pnf(f),X(f))df,
S S

since forallu € H, andv € V*, (v — P,v,u) = 0.
So, we are under conditions of Proposition 1.5.
The Proposition is proved. O

From the last Propositions and the properties of I, it immediately follows the
next

Corollary 1.2. When py < +oo foreachn > 1 X, = P,X = I;X, i.e.

Xn={PufO)| fO e X} = | feX}.

Let us show the separation property (in some sense) for the space X *.
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Proposition 1.8. Under the condition max{ry,rz} < +oo the set | J X,; is dense
n>1

in (X%, - 1x+).

Proof. (a) At first we prove that the set Lo (S; V) is dense in space
X" llx).

Let us fix x € X*. Then for every n > 1 we consider

x@). lx@lly <n

1.20
0, elsewhere. ( )

xp(t) =

Obviously Vi > 1 x,, € Loo(S; V). The continuous embedding of V into H assures
the existence of some positive y such that fori = 1,2 and a.e. r € § we have

[Xn (1) = x(Dlla < ylxa (@) —x@) |y — 0,
X (@) = x(@)lv; < |lxn(@) —x(@)|ly -0 as n — oo, (1.21)

lxn Ol < lx@ . Ixa@lly; < lIx@]lv; (1.22)
Further let us set
Ph () = lxn@) = xOIF . @7, ) = lxa(®) = x Ol
So, from (1.21) and (1.22) we obtain:
¢y () — 0, ¢${_ (t) >0 asn — oo foraeteS (1.23)

and for almost every ¢t € S

pE O] <27xONF =t ¢u (). |¢7, O] <27 x| = ¢y, (1). (1.24)

Since x € X*, then ¢g, ¢v,, ¢y, € L1(S). Thus, due to (1.23) and (1.24), we can
apply the Lebesgue Theorem with integrable majorants ¢, ¢y, and ¢y, respec-
tively. Hence it follows that ¢7 — 0 and ¢$i — 0in Li(S)asi = 1,2.
Consequently ||x, — x||x* — 0asn — oo.

(b) Further, for some linear variety L from V we set
T(L) := {y € (S — L) | y is a simple function}
(see [GGZ74, p.152]). Let us show that set 7' (V') is dense in the normalized space
(Loo(S, V), |l - llx*). Let x be fixed in Loo(S,V); so, there exists a sequence
{Xn}n>1 C T (V) such that

Xp(t) > x(t)inV asn —>oo forae.t €S. (1.25)
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Since x € Loo(S, V) we have esssup ||x(¢)||ly =: ¢ < +o0. For every n > 1 let us
tesS
introduce

xn(0). a0y < 2¢

1.26
0, else. ( )

yn(t) =
From (1.25) and (1.26) it follows that y, € 7 (V) as n > 1 and moreover,

yn(@) > x()inV asn —> oo forae.t €S.

Hence, taking into account V' C H,asi = 1,2 and for a.e. t € S we obtain the
following convergences

(@) = x(t)in H, y,(t)—>x@)inVy, y,(t) —>x()inl, asn — oo.
As in (a), assuming
PH = ¢y, = dv, = max{(3c)”", (3c)"2, Bcy)™} € L1(S))
we obtain that y, — x in X* as n — o00. So, (V) is dense in
(Loo(S. V) - llx+)-

(¢) Since the set span{/i, }n>1 = |J Hy isdensein (V, |- |lv) and V C H with
n>1
continuous embedding it follows that the set

v JH. | = 7H

n>1 n>1
is dense in (Y (V), || - |l x*). In order to complete the proof we point out that for
everyn > 1 T(H,) C X,
The Proposition is proved. O

For every n > 1 let us define Banach space W,* = {y € X,;| »' € X,,} with the
norm

Iylwz = 1ylxg + 1 llx,.

where the derivative y’ is considered in sense of scalar distributions space
2*(S; Hy). As far as

P*(S: Hp) = L((S): Hn) C L(D(S):Vy) = 77(S: V™)

it is possible to consider the derivative of an element y € X in the sense of
2*(S; V*). Remark that foreveryn > 1 W,* C W, | C W*.
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Proposition 1.9. Foreveryy € X* andn > 1 P,y’ = (P,y)’, where derivative of
element x € X* is in the sense of the scalar distributions space *(S; V*).

Remark 1.6. We pay our attention to the fact that in virtue of the previous assump-
tions the derivatives of an element x € X, in the sense of Z(S;V*) and in the
sense of Z(S; H,) coincide.

Proof. Tt is sufficient to show that for every ¢ € D(S) P,y (¢) = (Pny) (¢). In
virtue of definition of derivative in sense of 2*(S; V*) we have

Vg € D(S) Puy'(¢) = —Puy(¢)) = —Py [ (@) (D)de

S
=~ [ Py @t = ~(Pay)(¢) = (£ (0)
S
The Proposition is proved. O

Due to Propositions 1.6, 1.5, 1.9 it follows the next

Proposition 1.10. Foreveryn > 1 W, = P,W*, i.e.

W, ={Pyy() | y() e W*}.

Moreover, if the triple ({h,-}izl; Vis H), Jj = 1,2 satisfies Condition (y) with C =
C;. Then for every y € W* andn > 1

[ Pny ()llw= < max{Cy, Ca} - |y () [[w=.
Proof. If y € W¥, then
yeX, CX*N(S—>H, and y €X,CX.
Thus, y(-) = P,y(-) € W*. On the other hand, let y € W*. Then in virtue of
Proposition 1.6 y,(-) := P,y (-) € X,;, from Proposition 1.9 it follows that (y,)" =
P,y" € X. It means that, y, € W,.

Let us assume that the triple ({; }i>1;V;: H), j = 1,2 satisfies Condition ()
with C = C;. Then from Propositions 1.6 and 1.5 it follows that for each y € W':

[PnyOllw = 1PayOllx + I1Pny" ()l x+
max{C1. C2} (IyOllx + 1y O)llx+) = max{C1, C2}y ()|

IA

The Proposition is proved. O

Theorem 1.8. Let the triple ({hi},-zl; Vi H), Jj = 1,2 satisfy Condition (y) with
C = C;. We consider bounded in X* set D C X* and E C X that is bounded
in X. For every n > 1 let us consider
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Dp:={yn€X;|yn€Dandy, € P,E} C W}
Then
Iyallws <IDll+ +C-IEll+ foralln = 1and y, € Dy, (1.27)

where C = max{Cy, G2}, [ D[+ = sup ||ylx+ and | E|+ = sup || f|x.
yeD feE

Remark 1.7. Due to Proposition 1.5 D,, is well-defined and D,, C W, is true.

Proof. Due to Proposition 1.5 for everyn > 1 and y, € Dy,
[ynllw= = Iynlix=+1ypllx < NIDI++1PaEll+ < D]+ +max{Ci, Co}-|| E]|+.

The Theorem is proved. O

Now let us give some generalizations of well-known compact embedding theo-
rems for classes of infinite-dimensional distribution spaces with integrable deriva-
tives which can be used when investigating differential-operator inclusions and
evolutional multivariational inequalities.

Further, let By, By, B> be some Banach spaces such, that

By, B, are reflexive, By C B; with compact embedding (1.28)
By C By C B, with continuous embedding (1.29)

Lemma 1.2. ([LIO69, Lemma 1.5.1, p.71]) Under the assumptions (1.28)—(1.29)
for an arbitrary n > 0 there exists Cy, > 0 such that

Ixll5, = nlixlio + Cyllxllz, — Vx € Bo.

Corollary 1.3. Let the assumptions (1.28)—(1.29) for Banach spaces By, B1 and
B are verified, py € [1;4+00], S = [0, T] and the set K C Ly, (S; Bo) such that

(a) K is precompact setin L, (S; By).
(b) K is bounded set in L, (S; Bo).

Then K is precompact set in L, (S; By).

Proof. Due to Lemma 1.2 and to the norm definition in L, (S; B;), i = 0,2 it
follows that for an arbitrary n > 0 there exists such C, > 0 that

IVIlL,, s:80) = 20lYllL,, (5:B0) F2CnllV L, (s:B,) VY € Lp, (S: Bo). (1.30)

Let us check inequality (1.30), when p; € [0, +00) (the case p; = +oo is direct
corollary of Lemma 1.2):
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V2 (530 = [ Iy ()15 dr < [ [y Ol + Cally©)]15,]”

<or1 [ y; / Iy @OIB e + € / Iy (1B d

_ Ap1-1
=227 [P D 5oy + CPIVID (5.0 ]
1
<2m [77||y||Lp1(S;Bo) + Cn”y”Lpl(S;Bz)] Vy € Lp,(S: Bo).
The last inequality follows from

aPl 4 pp

5 <(a+b)Pr <2717  (@P' + bP1) Va,b>0.

Now let {y»}»>1 be an arbitrary sequence from K. Then by the conditions of the
given Proposition there exists {y,, }x>1 C {¥n}n>1 that is a Cauchy subsequence
in the space L, (S; B2). So, thanks to inequality (1.30) for every k,m > 1

Iyne = Yum Ly, (s:B1) = 200 Ynge = YLy, (5:B0) + 2Cnllyne = Y llL,, (5:B2)
=nC +2Cyllyng — Y lL,, (5:B2)

where C > 0 is a constant that does not depend on m, k, 1. Therefore, for every
& > 0 we can choose > 0 and N > 1 such that:

nC <e¢/2 and 2C,,||y,,k—y,,m||Lpl(S;32) <eg/2 Vm,k>N.
Thus,
Ve>0 3N =1: |yne —VnulL, s;) <& Vm,k=N.

This fact means, that {y,, }x>1 convergesin L, (S; By). The Corollary is proved.
O

Theorem 1.9. ( [LIO69, p.71]) Under conditions (1.28)—(1.29), for all po, p1 €
(1; 400) Banach space

W ={yeLp(S:Bo)|y €Lp,(S:B2)}
with the norm

Ilw = ¥lz,, s:80) + 1V Ly (s:82) Yy €W,

where the derivative y' of an element y € L, (S; Bo) is considered in the sense of
the scalar distribution space Z(S; B3), is compactly embedded in Ly, (S; By).
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Theorem 1.10. Let conditions (1.28)—(1.29) for By, By, B are satisfied, po, p1 €
[1; 4+00), S be a finite time interval and K C Ly, (S; Bo) be such, that

(@) K is bounded in L , (S Bo).

(b) For every &€ > 0 there exists such § > 0 that from 0 < h < § it results in

/ ||u(r)—u(r+h)||§gdr <e VYuek. (1.31)
S

Then K is precompact in Luin {po:p,3(S; B1).
Furthermore, if for some q > 1 K is bounded in Ly(S; By), then K is
precompact in L ,(S; By) for every p € [1,q).

Remark 1.8. Further we consider that every element x € (S — B;) is equal to 0
out of the interval S.

Proof. At the beginning we consider the first case. For our goal it is enough to
show, that it is possible to choose a Cauchy subsequence from every sequence
{Vntn=1 C K in Lyin{py:p,3(S: B1). Due to Corollary 1.3 it is sufficient to prove
this Proposition for Lyin {po:p,3 (S B2).

Forevery x € K Yh > 0 Vt € S we put

t+h

xp(t) = % / x(t)dr,

t

where the integral is regarded in the sense of Bochner integral. We point out that
Vh > 0x, € C(S; By) C C(S; By).
Fixing a positive number &, we construct for a set

K C Luin{po;p13(S: Bo) C Lumin{pg;p;}(S: B2)

a final e-web in Lyin {py:p,3(S; B2). For ¢ > 0 we choose § > 0 from (1.31). Then
for every fixed & (0 < h < §) we have:

. t4uth t+h
|xp(t +u) —xp()||B, = }_IH [ x(t)dt — [ x(t)dt
B,

t+u t

1 t+h t+h

= —“ / x(t + u)dt — [ x(t)dt

h B>

t t
t+h

<2 [ Ix@ 4w -x@lnds

t
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Moreover, from Holder’s inequality we obtain

t+h 1 t+h

%/Hﬂi+w—x@m&drs(%ym([nﬂr+w—x@mgd0”)
s( )”(/||x<r+u>—x<r)||"°dr) °

1

FoS po
<(Z) Vxe KVO<u<dg§Vtes.

Therefore the family of functions {xj}rex is equicontinuous.
Since Vx € K V¢t € § it results in

| t+h
<5 [ x(®)la,d

(:) ([|Wﬁmmd0
< (%)(Of ||x(f>||g;df)"‘ g (%)

the family of functions {xj, }xex is uniformly bounded, because of the constant C >
0 does not depend from x € K. Hence, Vi : 0 < h < § the family of functions
{Xn}xek is precompact in C(S; B3), S0 in Lyin{p,,p,3(S: B2) too.

On the otherhand, VO <h <5 Vx e KVt e S

o
xn (@), = }—l“ / x(r)dr .

t+h

)~ Olls, < / )~ x(®),d

IA

S|

h
[ () = x(t + D)gyd
0

1

(}—Z)”([||x(r)—x<r+r>||”0dr) "

IA
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From here, taking into account inequality (1.31) we receive:

(/nmn—mamgdo‘) (f

’ h

G/

< (%/sdf)plo 28%0.
0

Hence, by virtue of the precompactness of system {Xp}xex in Lmin{pg,p,}(S: B2)
V0 < h < § we have that K is a precompact set in Lyin{po,p,3(S: B2).

Let us consider the second case. Assume that for some ¢ > 1 the set K is
bounded in L, (S; By). Similarly to the previous case, it is enough to show that for
every p € [l;q) and {yn}n>1 C K there exists a subsequence {yn; }k>1 C {Vn}n>1
and y € L,(S; By) so that

€

lx(@) —x(t + T)”Iégdfdt) "

S| =
O\ﬂ O\&

S| =

L
70
lx() —x(tr + t)IIII;Zdtdt)

Yn, =y in Lp(S;B1) as k — oo.

Because of y, — ¥ in Lyin{p,,p,3(S: B1), up to a subsequence, as n — oo, we
have I{yn; }k>1 C {¥n}n>1 such that A(B,, ) — 0 as k — oo, where

By :=A{t €S [|yn(®)=y@®lp, =1}

for every n > 1, A is the Lebesgue measure on S. Then for every k > 1

[WMQywwﬁ—/Mw®ﬂmH$+/MMﬂy®V$

/Mwﬂywwﬁ

Ang

QS

/wwnymwm (A(Ba) T
= I, : g

where A, = S \ B, foreveryn > 1.

It is clear that J,, — 0 as k — oo. Let us consider I, . Since {yu; }x>1 is
precompact in Lin{po,p;3(S: B1), there exists such {ym, }x>1 C {¥n,}k>1 that
Ym, (t) = y(t) in By as k — oo almost everywhere in S. Setting
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Vk>1 VieS O (1) 1= ”ymk(t)_y(t)”pl’teAn.
0, otherwice,
using definition of A,,, , sequence {¢n, }x>1 satisfies the conditions of the Lebesgue
Theorem with the integrable majorant ¢ = 1. So ¢, — 0in L;(S) as k — oo.
Thus, within to a subsequence, y, — y in L4(S; By).
The Theorem is proved. O

For evolution triples (V;; H; Vl-*), i = 1,2 that satisfy (1.9) let us consider latter
introduced Banach spaces:

X = Lgy(S; Vi) + Lgy (S: V5) + Ly (S; H) + L (S; H),
X* =Ly (S:H)N Ly (S:H) N Ly, (S:V1) N Lp,(S:Va),
Wo =1y € Lp,(S:V1) N Lp,(S:V2) | ¥ € X}

with corresponding norms. The derivative y’ of an element y € L, (S; By) is
considered in the sense of the scalar distribution space 2*(S; V*), where V* =
V¥ + V), § = [0, T] —is the finite time interval.

The next Theorem is also new when V) = V5, ri = ra, p1 = p». It plays an
important role in the investigation of the differential-operator equations in non-
reflexive Banach spaces with nonlinear operators with (X™*; Wy")-semibounded
variation. The given result is the some generalization of one embedding Theorem
from [LIO69, SIMS86].

Theorem 1.11. If one of the following conditions is true:
or Vi1 C H with the compact embedding,
or Vo, C H with the compact embedding,
then Wy C L, (S; H) with the compact embedding for any p € [1, +00).

Proof. At first let us prove the compact embedding W C L(S; V*), where V* =
Vi + V5. Foreach y € Wy and for each /i € R we set

y(@+h),ift+hes,
0, else.

() = {

Due to Theorem 1.7 the given definition is correct.

Lemma 1.3. Foran arbitrary y € Wy and for each h € R the following estimation
is true:

”y _yh||L1(S;V*) < [Thl/Pl + Thl/Pz + )/Tl/rlh + yTl/rzh] ”y,”X, (1.32)
where y = const from the inequality:

[vllv« <ylvla VYheH.
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Proof. Let y € Wy be an arbitrary fixed element. As y € X, then for all dy; €
Lg; (S:V*)and dy; € Ly (S; H) such that

v =dn +diz + doy + dao, (1.33)

we have

t+h
1y = yalle v = [y +h) = yOllv=dt = [ || [ y'(t)dz|y=dt
5 51

t+h t+h
< [ [ du(dz|y=di+ [| [ dia(x)dr|y=dt
S t S t

t+h t+h
+y [ [ da@dellgdt+y [|| [ daa(t)dr| pdt.
S t S t

(1.34)

Let us estimate every pair separately. From the definition of the norm in V* =
Vl* + V5, due to [GGZ74, Lemma IV.1.8, p.169], [GGZ74, Theorem IV.1.6, p.153]
and to the Holder inequality it follows as i = 1, 2 that

+
f|| f dyi (v)dt||y=dt

{| f dyi(t)dr|ly=dt

=</l f i (O)llydrldt = S[fX[t;m,](f)IIdu(f)IIV,.*dfdt (1.35)

(a
%)

S

{(f (@) (N @) fdr) } dr

o:\

. i 1/q; .
= V70 [([ ldvi (0| %dr) T de = T - hVPi Idvill L, s:v-
NN ¢

where foreacht,7 € Sand s >0

l,ifreSNn<t,t+h>,

At +n)(T) = { 0. else.

<t,t+h>= [min{t,t + h}, max{t,t + h}].

Now let us estimate the second pair. Set

t+h
gi(t) = [ dyi(t)dt VteSasi=1,2,
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pointed out that g; € C(S; H), foreach ¢,¢y € S we have

t+h
i (1) — g1 (to) e = / i (1) / i (1)
to+h H
t+h
/||d2,(r)||Hdr + / ld2i (D) ||Hdt| — 0 ast — ty,
ot

IA

because dp; € L1(S;H). Since S is a compact interval, it follows that g; €
L1(S; H). Thus, due to Proposition 8 with X = L;(S; H) it follows the existence
of hg, € Loo(S; H) = X such that

/ i ()]l e = [ (g1 (0. hg, (Nrdi and g, |1 csizry = 1.

Thereforeasi = 1,2

t+h -
S[ t[dzi(r)dr Hdt:! /dzi(f)df’hgi(t) dr
t+h )
:Sf /(dz"(f)7hg,- (Z))deIZS/T/h (d2i (1), hg; (t))dtdT

/ d»i (1), [hg, (t)dt dr<[||d21(r)||H h- esssup lhg )| mdT

S t—h

= h-|\daillL, s < TV daillL,, (s
Having in mind that ++.o := 0, due to relations (1.34) and (1.35), it results in

1y = yallLysivey < T-RYP0 - fldullz, swe + T - 172 diallz,, s
+y TV daallL, sy + TV - ozl o
=< max {|duillL,, s:vy; Ndaille, ;0 §

x [T ./ P +T. Wi/ p2 + yTl/rl h+ yTl/rz -h] )
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If we take the infimum by the all representations (1.33) we obtain the necessary
estimation. O

Let us continue the proof of the given Theorem. We consider the bounded set
K C Wy Then for some C > 0

IVlz, sy + I, <€ [VIx <C VyeKk. (1.36)

Without loss of generality we assume V; C H with the compact embedding. To
prove the precompactness of K in L1 (S; H) we apply Theorem 1.10 with V = V7,
H = H,B =V*, po =1, p1 = p1. The last relations get the estimations (1.36)
and (1.32). Moreover, from the estimation (1.36) and from Theorem 1.7 it follows
the boundness of K in L4 (S; H) Ygq > 1. So, in virtue of Theorem 1.10 it follows
the precompactness of K in L, (S; H) Vg > 1. O

Corollary 1.4. Let Vi C V; with the compact embedding. Then
Wy C Ly, (S;V2)

with the compact embedding.

Proof. From the compact embedding for V; C H it follows that V3 C H with
the compact embedding. Hence, due to Theorem 1.11, W C L4(S; H) with the
compact embedding for each ¢ > 1, in particular, for ¢ = p;.

Now if we consider an arbitrary bounded set K C W we obtain that K is a pre-
compact setin L, (S; H). Thus, in virtue of Corollary 1.3, the set K is precompact
in LPl (S, Vz).

The Corollary is proved. O

Let Banach spaces By, B;, B, satisfy all assumptions (1.28)—(1.29), po, p1 €
[1; 400) be arbitrary numbers. We consider the set with the natural operations

W = {ve Ly (S:Bo) |V € Ly (S: By},

where the derivative v/ of an element v € L, (S; Bo) is considered in the sense of
the scalar distribution space Z(S; B,). It is clear, that

W C Lp,(S: Bo).
Theorem 1.12. The set W with the natural operations and the graph norm
llw = VIl L o (s:80) + IVllL,, (5:8)

is a Banach space.
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Proof. The executing of the norm properties for || - || immediately follows from
its definition. Now we consider the completeness of W referring to just defined
norm. Let {v,},>1 be a Cauchy sequence in W. Hence, due to the completeness
of Lp,(S; Bo) and L, (S; B>) it follows that for some y € L, (S; Bg) and v €
Lp,(S:B2)

Yn — yin Ly (S;Bg) and y, - vinL, (S;B) asn — +oo.

Due to [GGZ74, Lemma IV.1.10] and in virtue of continuous dependence of the
derivative by the distribution in 2*(S; By) (see [GGZ74, p.169)) it follows, that
Y =veLp,(S;Bn).

The Theorem is proved. O

Theorem 1.13. Under conditions (1.28)—(1.29) W C C(S; B,) with the continu-
ous embedding.

Proof. Forafixed y € W let us show that y € C(S; B,). Let us put

t

£(t) = /y/(r)dr Vig,t € S.

to

The integral is well-defined because y’ € L;(S; Bz). On the other hand, from the
inequality [GGZ74, p.153]

1) — ) g, < / 1Y @llgyde Vs>t 5€S

it follows that £ € C(S; Bz). Due to [GGZ74, Lemma IV.1.8] & = y’, so from
[GGZ74, Lemma IV.1.9] it follows that

y(@) =&()+z forae. teS

for some fixed z € B;. Thus the function y also lies in C(S; B>).
In virtue of the continuous embedding of L ,, (S; B,) in L1(S; B2) we have that
for some constant k > 0, which does not depend on y,

1EO)]5, < / 1/ (@)l ydt < kI 2, 5:5) V1 € S.
S

From here, due to the continuous embedding By C B;, we have
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1/p1

Johasanes(s)!7t = | [ Ields | =y =y, s
S

< k1 (17, (5:80) + NEllesisa)

<kz (||y||Lp0(s;B(,) + 1y, (S;Bz)) :

where mes(.S) is the “length” (the measure) of S, k, > 0 is a constant that does not
depend on y € W. Therefore, from the last two relations there exists k3 > 0 such
that

Ivlces:Byy <kslyllw  Vy e W.
The Theorem is proved. O

The next result represents a generalization of the classical compactness Lemma
[LIO69, Theorem 1.5.1, p.70] into the case pg, p1 € [1; +00). The similar propo-
sition formulated in [SIM86] at the page 89 (see (10.6)) without valid proof. The
Author remarks that the proofis based on Theorem 7 (the analogue of Theorem 1.10)
and on Lemma 4 (the analogue of Lemma 1.4). The proof of the given lemma Author
based on the inequalities (1.3)—(1.5), that represented in his paper without substan-
tiation (the citation on the paper [SI3] is baseless). We remark that the proof for
the analogue of (1.37) in the spaces L ,(S; B>) with p > 1 is easer and essentially
differs from the proof for the case p = 1. We remark also that we are not assume
the execution of (10.1) from [SIMS86, p. 87]. So, we try to give the formal proof for
some analogue (10.6) represented in paper [SIMS86].

Theorem 1.14. Under conditions (1.28)—(1.29), for all py, p1 € [1; +00) Banach
space W is compactly embedded in L, (S; By).

Proof. At the beginning we prove the compact embedding of W in L{(S; B>).
Forevery y € W and h € R let us take

y(@+h),ift+hes,
1) = Z
a(0) 0, otherwice.
In virtue of Theorem 1.13 the given definition is correct.

Lemma 1.4, Foreveryy € W andh € R

Iy = yallLics:By < 21 Ly cs:B2)- (1.37)
Proof. Lety € W be fixed. Then

t+h

1y = vl i3 = / 1yt + h) — y ()| gydr = / || / V' (0)d |y dr.
S

S t
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Let us put

t+h
gy(t) = / Y(@)dt =yt +h) —y@) VieS, i=12.

t

37

Due to Theorem 1.13 the element g, € C(S; B>). So, as S is a compact set, we
have that g, € L;(S; B,). Therefore, due to Proposition 8 with X = L;(S; B>)

and to Theorem 1.3 it follows the existence of &1, € Loo(S; By) = X ™ such that

Hence,

/ gy ()| 3yt = / (hy (). 8y (D) pydt and  [hyllz_(sipp) = 1.
S

N

t+h
/ / y'(v)dz|| dt
sl B>

= [ lgy @] 5, ar = / (hy (@), gy (1)) g, di
S S

t+h t+h
/<y<,) /y<,>df> = [ [ ool

B>

[/ (hy (1), y(r) dtdr—/</ hy(t)dt,y’(r)> dt
“h

S t—h B>

= esssup 2y (O By - B / Iy (@)llgdtr < h- 1YL (s:85)-
te

So, we have obtained necessary estimation (1.37).
The Lemma is proved.

O

Let us continue the proof of the given Theorem. Let K C W be an arbitrary bounded
set. Then for some C > 0

VL, cs:80) = Cs IY'llL,, (s:B5) <C ¥y € K.

(1.38)

In order to prove the precompactness of K in L1(S; By) let us apply Theorem 1.10

with BO = Bo, Bl

= By, B = B>, po = 1, p1 = p1. Due to estimates (1.37) and

(1.38) the all conditions of the given Theorem hold. So, the set K is precompact in
L1(S; By) and hence in L1(S; B3). In virtue of Theorem 1.13 and the Lebesgue
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Theorem it follows that the set K is precompact in L ,,(S; Bo). Hence, due to
Corollary 1.3 we obtain the necessary Proposition.
The Theorem is proved. O

Proposition 1.11. Let Banach spaces By, By, By satisfy conditions (1.28)—(1.29),
Po. p1 € [1;400), {unther C Ly, (S; By), where I = (0,6) C Ry, S = [a,b]
such that

(a) {un}ner is boundedin L, (S; Bo).

n—oo

Vhel / lun (6) — wn( + W52 < c(hyh?o.

Then there exists {hpin>1 C I (hp \y 04+ as n — 00) so that {up, }n>1
converges in Ly {po.p,3(S: B1).

Remark 1.9. We assume uy(¢) = 0 when ¢ > b.
Remark 1.10. Without loss of generality let us consider S = [0, 1].
Proof. At first we prove this Proposition for L, (S; B2). In virtue of Minkowski
inequality for every h = 2+V €landk > 1
1
1 70
[ 10 =g 13
0
a 1
1 PO 1 PO
/ ||Lth(l‘)—uh(l+h)||§gdt + [||“h(t+h)_M;lT(t+h)||§gdt
0
B
70

1
_ 0
[||u2Lk(t +h) leik(f)”Bzdt
0

1
Po

1

Po PO
dt
B>

% (h)h + / (1) = w3 )
2 —1

i+1 i
+Z /Mh( & )—u;;((t-i—z—kh)

h
< 7o (Wh + 2"2 70 (h)2%)
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1
20
1 1
| [l =g Olfar ] < b (A + T ni2h)
2
h

1
Po

+ / llun(t) — un(t + h)|| 52 dr

1

Po

4 [||uh<r+h>—uh (t + ) 150di

1
Po

1 1
+ /||u2%(t+h)—uzik(t)||§gdt 5...§2h(c1’0(h)+c1’0(h/2k))

1
Po

+ /||uh(t)—uh(t+h)||p°dt <. <2V (c%(h)+c5*o(h/zk))

- %(h) +¢70 (h)2).

So, forevery N > 1 and k > 1 it results in

ety jov (1) — u Oldr | <o (L) 4emo (L
1/2N 1/2N+k B, < N SNTE )
0

In virtue of assumption (b) we can choose {/,}n>1 C {sz}m>1 (I such that
c¢(hp) — 0asn — oo. So, the sequence {up, },>1 is fundamental in Ly, (S; By).
Because of By C B; with compact embedding, the sequence {u,, }»>1 is bounded
in Luin {po,p;3(S: Bo); due to Corollary 1.3 it follows that {uy,, }»>1 is fundamental

in Luin (pg,p13(S: B1).
The Proposition is proved. O

Now we combine all results to obtain the necessary a priori estimates for the
Faedo—Galerkin method.

Theorem 1.15. Let all conditions of Theorem 1.8 are satisfied and V. C H with
compact embedding. Then (1.27) be true and the set

U D,, is bounded in C(S'; H) and precompact in L,(S; H)

n>1

forevery p > 1.
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Proof. Estimation (1.27) follows from Theorem 1.8. Now we use compactness
Theorem 1.14 with By = V, By = H, B, = V*, po = 1, p1 = 1. Remark
that X* C L1(S;V)and X C L,(S;V*) with continuous embedding. Hence, the
set

U D,, is precompactin L,(S; H).

n>1

In virtue of (1.27) and Theorem 1.7 on continuous embedding of W* in C(S; H),
it follows that the set

U D,, is bounded in C(S; H).

n>1

Further, by using standard conclusions and the Lebesgue Theorem we obtain the
necessary Proposition.
The Theorem is proved. O

Now we consider p;, r;,i = 1,2 suchthat 1 < p; <r; < +o0, pi < +00. Let
gi > r] > 1 well-defined by

—1

pit gt =7 =1 Vi=12.
Remark that 1/c0 = 0.

Now we consider some Banach spaces that play an important role in the inves-
tigation about differential-operator equations and evolution variation inequalities in
nonreflexive Banach spaces.

For evolution triples (V;; H; V;*) (i = 1,2) such that satisfy (1.9) and for some
compact time interval we consider the functional Banach spaces

Xi(l) = L (I; V) + Ly (I3 H), i =1,2

and
X(I) = Ly (I: Vi) + Lgy (I V3) + Lyy (I H) + Ly (I3 H)

with corresponding norms. We remark that if r; < 4o0 then the space X; (/) is
reflexive. Analogously, if max {r1,r,} < 400, then the space X (/) is reflexive.

We identify X" (1), adjoint with X; (1), with L,, (I; H)N L, (I;V;)and X*(1),
adjoint with X (1), with

Ly (I:HYN Lyy(I: HY N Ly (I: V1) O Ly, (I: V).

On X(I) x X *(I) we denote the duality form by the rule:
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<ﬂw1=/Xﬁquw»Hdr+/kﬁxﬂJw»Hm
I I

+/Uﬂmﬂmmﬁ+/Uﬂdﬂmwﬁ

1 1

:/(f(r),y(r))dr VfeX, yeX™,
1

where f = fi1 + fiz + fa1 + fo2, fii € Ly (I:H), f2i € Lg;(1: V), i =1,2.

Let V = Vi N V,, % (V) be a filter of all finite-dimensional subspaces from V.
As V is separable, there exists a countable monotone increasing system of subspaces
{H;}i>1 C .Z#(V)completein V, and consequently in H. On H, we consider inner
product induced from H, that we denote again as (-,-). Moreover, let P, : H —
H, C H be the operator of orthogonal projection from H on H,:

foreveryh € H Pyh = argmin |h — hy, || g.
hn,eH,

Definition 1.5. We say that the triple ({H,;};>1; V; H) satisfies Condition (y), if
sup || Pul|l.2v,v)y < 400, i.e. there exists such C > 1 thatforeveryv € VV andn > 1
n>1

[ Pavlly < C-|viv. (1.39)

Some constructions that satisfy the above condition were presented in [KMPO6].

Remark 1.11. Tt is easy to check that there exists such complete orthonormal in
H vector system {/;};>1 C V such that for every n > 1 H, is a linear capsule
stretched on {h; }7_,. Then Condition (y) means that the system is a Schauder basis
in the space V (see [JAM72, p. 403]).

Remark 1.12. From the identification between H* and H it follows that H,’ and
H,, are also identified.

Remark 1.13. In virtue of P, € Z(V,V) for every n > 1 the adjoint operator
Pf e Z2(V*,V*)and | Pullew,vy = | Pyl v*. Itis obvious that for every
h € H P,h = P}h. Hence, we identify P, with its adjoint P, for every n > 1.
Then, Condition (y) will mean that foreveryv € V andn > 1

[ Povlly < C - lvlly and [[Ppv]ly+ < C - v]y=. (1.40)

Let us denote by S a subset of a real line which can be presented as no more than
numerable join of convex sets in R. We denote by BC(S) = {I4}nco the family of
all convex bounded sets from S, distinct from a point.

Remark 1.14. Notice that ® = ©(S), i.e. the set of indexes depends on the set S
Further, ® will mean ©(S).
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Furthermore we set
X ={y:S > V*|Vae® y|, € X(Iy)}.

where V* = V|* + V.. In this space the local base of topology is the following:

n

By = ﬂV(ak,sk)|8k>O,ake@,k= n, n>1%,
k=1

where for every o € ® and ¢ > 0:
Via,e) = {u € Xloe | lullxcr,) < 8}
Lemma 1.5. By is local base of some topology tx in X', which converts the

given space in a separable locally convex linear topological space and, moreover,

(a) tx is compatible with the set of seminorms

{0 () = || - | X(1) oo on X' (1.41)
(b) A set E C X' is bounded only when Yo € O pg, is bounded on E.

Proof. We prove the system of seminorms {py }oc@ divides points on X¢. Let u €
X'oc\ {0}, then A(t € S | u(t) # 0) > 0, where A is Lebesgue measure on R.
Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have Jag € © : |lu| x( Iay) > 0. From here
it follows pg, (1) > 0.

From [RUD73, Theorem 1.37] it follows, that the system of seminorms {py }qc@
generates some locally convex topology Ty on X/, which converts the given space
in locally convex linear topological space, which local base we obtain by final
intersections of such sets:

{V(Ia,e) = {ueXl(’C | o (1) <8}| a €0, 8>O}.

The Proposition (b) follows from the same Theorem.
The Lemma is proved. O

Let
Xpo={y:S—=>V"|Vae® yl, X ()}

In this space the local base of topology is the following:

n
Bxx = ﬂV(Oék,Sk)|8k>0,0ék€@,k=1,_n, n>1sy,
k=1
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where for every @ € ® and ¢ > O:

Viewe) = {u € Xj, | llullx=a) < &}
Lemma 1.6. SBx= is local base of some topology tx+ in X\, which converts the
given space in a separable locally convex linear topological space and, moreover,

(a) tx~ is compatible with the set of seminorms

{pa () = || - x*(12) taco On X (1.42)

(b) aset E C X _is bounded only when VYo € ©@ py is bounded on E.

loc

Proof. As well as in Lemma 1.5 it is enough to show that system of seminorms
{pu}aco divides points on X . Letu € X5, \ {0}, then A(t € S | u(t) # 0) > 0.
Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have Jog € © : [|u| x+(z,,) > 0. From here
it follows pg, (1) > 0.

From [RUD73, Theorem 1.37] it follows, that the given system of seminorms
{pa}taco generates some locally convex topology tx= on X, which converts the
given space in locally convex linear topological space, which local base we obtain
by find intersections of such sets:

(Vla.8) ={ue X} | pa(u) <&} | € €0, e>0}.

The Proposition (b) follows from same Theorem.
The Lemma is proved. O

Remark 1.15. Let us note that for every I € BC(S) the space X *([I) is topologi-
cally adjoint with X (1), but X * is not topologically adjoint with X /¢,

loc

Foreveryn > 1 and I € BC(S) we consider Banach spaces
Xn(I)=Lgy(I; Hy) C X(I), X,;(I)= Lp,(I;Hy,) C X*(I),

where po := max{ri,r2}, ¢q5' + py' = 1 with the natural norms. The space
Ly, (I; Hy) is isometrically isomorphic to X, (1), the adjoint space of X,([),
moreover, the map

Xu(I) x X,0 (1) 3 (f.x) — /;(f(f)vx(f))Hndt = fl(f(f),X(f))df = (£ X)x, 1)

is the duality form on X, (1) x X5 (I). This statement is correct in virtue of

Lgo(I:Hp) C Lgo(I3H) C Ly (It H) + Ly (15 H) + Lg, (I Vi) + Lg, (11 V5).

Let us point out that (-,-)1|Xn(1)xx;lk(1) = () x,)-



44 1 Auxiliary Statements

Let us also consider the space
Xl =1y:S - H, |Yae® y|, € Xn(Ia)}
which topology is compatible with the set of seminorms {|| - || x,,(7,) }ac®, and

X:locz{y:S_)Hn|vae@ y|1(x€XrT(IOl)}’

which topology is compatible with the set of seminorms {|| - || x(z,) }aco-

Proposition 1.12. For everyn > 1 we have X[°¢ = P, X", i.e.

Xy =P fO) | f() € X"}

Moreover, if the triple ({Hj Yis1: Vi H), i = 1,2 satisfies Condition (y) with C =
Ci, then for each f € Xjpe, n > 1 and I € BC(S) it results in

| Pn fllxry < max{Cr, Ca}- |l fllx)-

Proof. To prove this Proposition we will use Proposition 1.5. Now we consider the
first part.

“C” Let x € X[°¢ be arbitrary fixed. Then for almost all 1 € S P,x(t) = x(¢).
Moreover, for every I € BC(S) x|1 € X,(I) C X(I). Thus, x € P, X,

“>” Let x € P, X" be arbitrary fixed. Then for some y € X P,y(t) = x(t)
for almost all 7 € S. In virtue of Proposition 1.5 and the definition of X it follows
that for every I € BC(S) x|, = P,y|, € X,(I). Thus, x € X},

The second part of the given Proposition is the direct corollary of Proposition 1.5.
This completes the proof. O
= P, X}, ie

Proposition 1.13. For everyn > 1 we have X} o

loc
X;:loc = {PnJ’() | J’() € X;:;C}’

and
(f.Pay); =(fy); VYI€BC(S), yeXp and f € X}

Furthermore, if the triple ({Hj Yis1: Vi H), i = 1,2 satisfies Condition (y) with
C = G, then it results in

| Paylix=cry < max{Cr.Ca} - [yllx=cry VI € BC(S). y € X, andn > 1.

Proof. To prove this Proposition we use Proposition 1.6. Now we consider the first
part.
“C”Let f € X*, be arbitrary fixed. Then for almost allt € S P, f(t) = f(¢).

nloc

Moreover, for every I € BC(S) f|1 e X;(I)cC X*(I). Thus, f € P, X}

loc*
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“D” Let f € P, X, be arbitrary fixed. Then for some g € X, P,g(t) = g(¢)

loc

for almost all # € S. In virtue of Proposition 1.6 and the definition of X’ . it follows
that for every I € BC(S) f|1 = Pn_f|1 € X;(I). Thus, x € X7, ..
The last statements of the Proposition is direct corollary of Proposition 1.6.
Proposition is proved. O
Proposition 1.14. Under the condition max{ri,r2} < +oo, the set |J X, . is
n>1
dense in X[\ .
Proof. Arguing by contradiction, let us assume that for some f € X! there is an

open set from the base of topology of the locally convex linear topological space
X*

loc

o= () Viax. ).
k=1

wheren > 1e; > 0,04 € O,k = 1,n,
Via,e) ={ue Xy | lullx+uy <&}, a€O, e>0,
such that

LJ X;hw (Q‘(f'+ ﬁv== 9.

n>1

Thus

(U1 X,Tzoc) N +0)D (U1 X;,“,OC> N f + V(. £0)) = 0, (1.43)
where

1
go=— min & >0, ag € OR): BCR) 3 Iy D | Iy
nk=1,n
k=1,n

Because of the set
(f +Vi@oeo) |1, = {1y 81, | € € Vi@o.c0)}

is open in X *(/y,), due to Proposition 1.8 the set

U (X:10c|1a0> = U Xy (Io)

n>1 n>1

is dense in (X*(Iao), [ - ||X*(Ioe())) and from (1.43) we obtain the contradiction.
The proof is concluded. O
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Now for an arbitrary / € BC(S) we consider Banach space
W) ={y e X(D)| y' € X*(I)}

with the norm
Iyllway = Iylxay + 1Y | xw).

where we mean the derivative y’ of an element y € X(I)* in the sense of the
scalar distribution space 2*(1;V*) = L(2(1); V), where V.} is equal to V*
with topology o (V*; V) [RS80].

Together with W(/)* we consider Banach space

W) ={y e Lp,(I; V)Y e X()}, i=1.2,
with the norm
Ilweay = IylL,, asvp + 1Y xay Yy € WH().
Also we consider the space Wy'(I) = W*(1) N W,* (1) with the norm
Iylwzay = I, vy + I, v + 1 Ixay - Yy € Wo'(D).

Notice that the space W*(I) is continuously embedded in W;* (1) fori = 0,2.
Let us set

WO*loc = {y € Ll;;f(S, V]) n Ll;;; (S, VZ) | y/ e Xl()[,‘}’

where the derivative y’ of an element y € Li‘,’f S; 1) N L% (S;V>) is regarded

in the sense of space of distributions 2*(S; V*) and in this space a subbase of
topology o is assigned through the following sets:

¢ = {U(a,e) = {u e Woioo | 1L, tuvn) + 1ullL,, (1a:v2)

+ [l | xzy) < 8} | aed, e> 0}.

Lemma 1.7. € is a subbase of some topology o in Wy, ., which turns the given

space into separable locally convex linear topological space and, moreover:

(a) o is compatible with the set of seminorms

{oa (@) = lullL,, (doivi) + Nl ,, (doiva) + 1€ | x(10) baco

divides points on W .
(b) Aset E C Wy, is bounded only when for every a € © py is bounded on E.
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Proof. As well as in Lemma 1.5 it is enough to show that system of seminorms
{Pa}aco divides points on Wi, .. Letu € W) \ {0}, then A(t € S | u(t) # 0) > 0.
Because of S is a subset of a real line which can be presented as no more than
numerable join of convex sets in R, we have Jag € @ : |u|| Wi (Tag) > 0. From here
it follows pq, (1) > 0, as it was to be shown.

From [RUD73, Theorem 1.37] it follows that the system of seminorms {py }¢co
generates some locally convex topology o on W ., which converts the given
space in locally convex linear topological space, which local base we obtain by

final intersections of such sets:
(V. 6) = {u € Wy | pa(u) <&} | @ €O, &> 0}.

The Proposition (b) follows from the same Theorem.
The Lemma is proved. O

For a subset of a real line S which can be presented as no more than numerable
join of convex sets in R, distinct from a point, let us denote the family of all convex
compact sets from S, distinct from a point by BCC(S) = {Iy}xca. We notice that
the family of all subset of a real line S which can be presented as no more than
numerable join of convex sets in R, distinct from a point, coincides with the family
of all subset of a real line S which can be presented as no more than numerable join
of convex compact sets in R, distinct from a point.

Let us also consider the space

C(S:H)={y:S— H |YaeA y|, €Cly:H)}.

which topology is compatible with the set of seminorms {|| - [ c(z,;H#)}acA-

Theorem 1.16. It results in Wy, C C loc(S: H) with continuous embedding.
Moreover, for every y, & € Wy and s,t € S:s < t and (s,t) € BC(S), the
next formula of integration by parts takes place

t

(0.60) - (66).60) = [ {06 + GE.E@dn. 144

s

In particular, when y = & we have:
. t
5 (OB =y = [0/, y@u
s

Proof. At first let us prove the embedding W,. C C loc(S; H) in the sense of the
set theory. Let y € W, be fixed. Then for every t € S, due to the set S can
be presented as no more than numerable join of convex compact sets in R, distinct
from a point, there exists I € BCC(S) such that ¢ € 1. Moreover, we can consider
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that ¢ is an interior point of / in the space (S, | - |). Hence, due to the definition of
Wy, and Theorem 1.7 it follows that y | ; € Wo'(I) C C(I; H). Thus the function
y : S — H is continuous in the point ¢. The necessary statement follows from the
arbitrary of t € §.

Now let us prove the continuous embedding Wy, C C°(S; H). Since the set
S can be presented as no more than numerable join of convex compact sets in R,
distinct from a point, there exists Z C A (card & < Ry) such that

UJ =5

el

So, it is enough to show that for every o € Z there is a continuous seminorm
Jo 2 C(S; H) — R and a constant Cy, > 0 such that

”y”WO*(Ia) = CO!/’LOI(M) Vu e WO*loc'

This fact follows from Theorem 1.7, because for every & € Z I, € BCC(S).
At last we obtain formula (1.44) by using Theorem 1.7 with S = [s, ¢].
The Theorem is proved. O

Let us consider the space
I
VVI:C = {y € Xlt)c"y/ € XOC}’

which topology is compatible with the set of seminorms {|| - |w*,)}aco-

In virtue of W>. C W, with continuous embedding and due to the latter

Theorem the next statement is true.

Corollary 1.5. W c C loc(Sy H) with continuous embedding. Moreover, for

every y, € € W and s,t € S: s <t and (s,t) € BC(S), formula (1.44) takes
place.

Foreveryn > 1 and I € BC(S) let us introduce Banach space
WD) = {y e X;(D| ¥ € Xu(1)}

with the norm
Iyllw,sry = Iy Ilxzy + 1Y 1 x, )

where the derivative y’ is considered in sense of scalar distributions space
2*(1; Hy) and the space

wr.={yeX;

nloc nloc

|y € X},

which topology is compatible with the set of seminorms {|| - |l (z,) }aco-



1.1 Functional Spaces: The Embedding and Approximation Theorems 49

As far as
P*(S;Hy) = L(2(S): Hy) C L(2(S): V) = 2 (S: V™)

it is possible to consider the derivative of an element y € X (S) in the sense of
P*(S: V™). Notice that foreveryn > 1 W, C WS ,,  C Wy

nloc loc*

Proposition 1.15. Foreveryy € X|; andn > 1it resultsin P,y' = (P,y)’, where
we mean the derivative of an element of X' . in the sense of the scalar distributions
space D*(S; V™).

Remark 1.16. We point out that in virtue of the previous assumptions the derivatives
of an element of X7, . in the sense of Z(S; V™) and in the sense of Z(S; Hy,)
coincide.

Proof. Tt is sufficient to show that for every ¢ € Z(S) P,y (¢) = (Pny) (¢). In
virtue of definition of derivative in sense of 2*(S; V*) we have

Vg € D(S) Puy'(¢) = —Puy(¢)) = —Py [ (@) (D)de

S
=~ [ Py @t = ~(Pa)(¢) = () (0)
S
The Proposition is proved. O

From Propositions 1.13, 1.12, 1.15 it follows the next

Proposition 1.16. For everyn > 1 W

nloc

= P,W, ie.
Wn*loc = {Pny(') | y(') € VI/IZC}

Moreover, if the triple ({H,-}l-zl; Vi H), Jj = 1,2 satisfies Condition (y) with C =
C;, then for every y € Wi, n > 1 and o € O it results in

| Pny Ollw(1q) < max{Ci, Ca}- |y () llw=(g)-

Theorem 1.17. Let the triple ({H;}i>1: V;; H), j = 1,2 satisfy Condition (y) with
C = C;. Moreover, let D C X, be bounded in X' set and E C Xy, bounded in
Xioe. For everyn > 1 let us consider

Dy :={yn € X} .| yn € Dandy, € P,E} C W,

nloc*

Then for eacha € ®, n > 1 and y, € Dy,

Iynllw=ua) = IDIE + C-IENE. (1.45)
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where C = max{Cy, C2}, [|D||% = sup [|ylx*uy) and |E|% = sup || fllxs)
yeD f€E

i.e. the set
U D, is boundedin W,

n>1

and, consequently, bounded in C'°(S; H).

Remark 1.17. Due to Proposition 1.12 Dy, is well-defined and D, C W*

nloc*

Remark 1.18. A priori estimates (like (1.45)) appear at studying of global solvabil-
ity of differential-operator equations, inclusions and evolution variation inequalities
in nonreflexive Banach and Frechet spaces with maps of w)-pseudomonotone type
by using the Faedo—Galerkin method at boundary transition, when it is necessary to
obtain a priori estimates of approximate solutions y, in X,*_ and its derivatives y;,
in X'o°.

Proof. The assertion of the Theorem is immediate consequence of the inequality
Vn>1,a€®,y, €Dy

Iynllw=e) = Iynllx+o) + Iynlxae) < IDI% + 1P EN%
< |D|I% + max{Cy. Ca} - | E|%.

that is valid in virtue of Theorem 1.8. O

Further, let By, B1, B> be some Banach spaces that satisfy (1.28) and (1.29),
Po, p1 € [l;+00) be arbitrary numbers. Let us denote by S a set which can
be presented as no more than numerable join of convex sets in R. We denote by
BC(S) = {Iy}aco the family of all convex bounded sets from S, distinct from a
point. Furthermore for p > 1 we set

Lie(s:v) = {y (S >V ‘ VI € BC(S) yli GLp(I;B)}~

In this space the local base of topology is the following:

n

B = { () View. &)

k=1

e >0, 0, €0, k=1,n, nzl},
where for every o € ® and ¢ > 0:
Via,e) = {u € L (S;V) ‘ Nl prasv) < 8}~

Lemma 1.8. % is local base of some topology T in Lé‘,’”(S V), which converts the
given space in a separable locally convex linear topological space and, moreover,
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(a) T is compatible with the set of seminorms
a) =1L,y fgee on Ly (SiV): (1.46)
(b) Aset E C LII‘,’C(S; V) is bounded only when Yo € © py is bounded on E.

Proof. We prove the system of seminorms {p, }qc@ divides points on Li‘,’”(S V).
Letu € Lll‘,’C(S; V) \ {0}, then A(t € S | u(t) # 0) > 0, where A is Lebesgue

measure on R. Because of |J Io = S, we have Jag € O : [[ul|L,(1,,:v) > O.
aE®
From here it follows pg, (1) > 0.

From [GGZ74, Theorem 1.37] it follows, that the given system of seminorms
{pa}aco generates some locally convex topology t on Li‘,’C(S ; V), which converts
the given space in locally convex linear topological space, whose local base we
obtain by find intersections of such sets:

V(ly,e) = {u € LII‘J’C(S; V) | Po (1) < 8}

ae@,£>0}.

The statement (b) follows from the same Theorem.
The Lemma is proved. O

Let Wie = {y ¢ Lé‘,’g(S;BO) |y € Lé‘,’f(S;Bz)}, where the derivative y’
of an element y € Li‘,’g (S; Bo) is regarded in the sense of space of distributions
2*(S; By); 1 < p; < +00,i =0, 1. In the given space a subbase of topology o is

assigned through the following sets:

€ = {U(a,s) = {ue W lee

Nl Ly (1a:Bo) + WLy, (10:B2) < €

0[6@,8>0}.

Lemma 1.9. € is a subbase of some topology o in W', which turns the given
space into separable locally convex linear topological space and, moreover:

(a) o is compatible with the set of seminorms {pa(u) = |[ullL,(1y;By) +
WLy, (1a:B2) Yoo, divides points on Wiee,
(b) A set E C W' is bounded only when for every a € @ pq, is bounded on E.

Proof. As well as in Lemma 1.8 it is enough to show, that the system of seminorms
{pa }aco divides points on W Let u € W'c\ {0}. Then A(t € S | u(t) # 0) > 0.

Because of |J Io = S, we have 3ag € O : |[ullL,(14y:v) + 11|11, (1a:By) =
a€®
[ullL ,(1;v) > 0. From here pg, (1) > 0, as it was to be shown.

The Lemma is proved. O
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For every o € BC(S) we consider the set with the natural operations
W(la) = {v € Lpy(Ia: Bo) |V € Lp, (Ia: B2)},

where the derivative v/ of an element v € L, (I4; Bo) is considered in the sense of
the scalar distribution space Z(I; B>). It is obvious that

W(ly) C Lp,(14; Bo).
Let us also consider the set

Wi ={y e L(S: Bo) | y' € LY(S: By)}.
It is clear, that
W'e C Liy¢(S; Bo).

Theorem 1.18. W' with the natural operations, which is topologically compatible
with set of seminorms {py(-) = || - lw(1y) }aco is a Frechet space.

Proof. Since the set S can be presented as no more than numerable join of convex
sets in R there exists & C © (cardZ < Ry) such that

S=J Lo

aEX

Thus, as well as in Lemma 1.7, we can prove that no more than numerable system
of seminorms {py (*)}¢cz divides points on W, Thus, the families of seminorms
{pa()}aes and {py (*)}aco are equivalent and the locally convex linear topological
space (W', {py()}aez) is metrizable.

Now let us prove that the metrizable space W is complete. Let us consider a
Cauchy sequence {y,}»>1 C W, without loss of generality we can assume that
forevery a, 8 € &: o # B it follows that I, N /g = @. We also consider

E={o; <oy <..<dp <pt1 < ..}

(i1) Because of {yn}n=1 C W' is a Cauchy sequence also {y|, }, ., is
apInz

a Cauchy sequence in W(ly,). Thus in virtue of Theorem 1.12 there is a
subsequence {Vi n}n>1 Of {yn}n>1 that converges in W(ly,) to some x; €
W(ly,);

(i2) Analogously to (i1), due to {vi n}n>1 C W is a Cauchy sequence the same

follows for {vl,n |1 }n>1 in W(Ig,). Thus there is a subsequence {v, , }n>1 of
[2%) = -

{V1,n}n>1 that converges in W([y,) to some x, € W(ly,);
(im) Due to {Vmnins1 C WP is a Cauchy sequence the same follows for
V|, }n>1 in W(lg,,). Thus there is a subsequence {Vi+1n}n>1 Of
{Vm,n}n>1 that converges in W(l,,,) to some x,, € W(ly,,);
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Thanks to (i1), (i), ..., using the diagonal Cantor method, we can choose a
subsequence {yn, }k>1 = {Va,nin>1 from {y,},>1 that converges in W(ly,,) to
Xm € W(ly,,) forevery m > 1.

By setting y(t) = x;,(¢),t € Ig,, m > 1 we obtain that for every o € X
Pa(Yn, —y) = 0ask — oo.

To conclude the proof we remark that y € W in virtue of the definition W
and the condition: Vo, 8 € &: o # B it follows that I, N Ig = @.

The Theorem is proved. O

Analogously with the proof of Theorem 1.18 we can obtain the next:

Theorem 1.19. The set W), (respectively W ., i = 0,2) with the natural oper-
ations, which topology is compatible with the set of seminorms {|| - |lw+,)}aco

(respectively {]| - ||W,.*(Ia)}ae@ i =0,2) is a Frechet space.

Theorem 1.20. Under conditions (1.28)—(1.29), we have W' C C'¢(S; B,) with
the continuous embedding.

Proof. At first let us prove the embedding W C C(S; B,) in the sense of the
set theory. Let y € W be fixed. Then for every ¢ € S, since the set S can be
presented as no more than numerable join of convex compact sets in R, distinct
from a point, there is / € BCC(S) such that ¢t € I. Moreover, we can consider
that ¢ is an interior point of 7 in the space (S, | - |). Hence, due to the definition of
W' and Theorem 1.8 it follows that y| ; € W(I) C C(I; B2). Thus the function
y : S — B, is continuous in the point ¢.

Now let us prove the continuous embedding W c C'¢(S; B,). Since the set S
can be presented as no more than numerable join of convex compact sets in R,
distinct from a point, there exists & C A (card & < Ry) such that

JI.=s.

aEX

So, it is enough to show that for every « € Z there is a continuous seminorm
Wq 1 C°(S; B>) — R and a constant Cy, > 0 such that

IV lwg ) < Cabta(u) Vue wihee,

In fact forevery o« € & I, € BCC(S). Thus the above inequality is true in virtue of
Theorem 1.14.
The Theorem is proved. O

Theorem 1.21. Under above assumptions, the embedding W' in Ll;,’g (S;By) is

compact, that is, an arbitrary bounded in W' set is precompact in Li{,’g (S; By).
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Proof. Arguing by contradiction, let {y, }»>1 C W be bounded in W sequence
that has no any accumulation point in L’;,’(C) (S; By). From [RUD73, Theorem 1.37]
it follows, that for every convex bounded set S, C S

sup (1912503800 + 13312, (50820 ) < +o00. (1.47)
=

As on real line the arbitrary convex set can be presented as join no more than
numerable number of bounded convex sets. Without loss of generality we suppose

S = |J Sy, where Sy is bounded convex set in R Vo € 5 and card & < Ry.
aEE
Further we consider only those & € & for which A(Sy) > 0.

Letitbe & = {ay }n>1, then:

(i1) From (1.47) and Theorem 1.14 about compactness we obtain there is a subse-
quence {Vi,n}n>1 Of {¥n}n>1, that is fundamental in the space L p,(Sq,: B1).

(i) Analogously to (i1), from (1.47) and Theorem 1.14 about compactness it fol-
lows, there exists {v2 »}n>1 C {V1,n}n>1 thatis fundamental in L ,, (Sq,; B1).

(im) From (1.47) and Theorem 1.14 about compactness it follows, there exists
mntn=1 C {Vim—1,nn>1, that is fundamental in L p, (S, : B1).

Thanks to (i1), (i2), . . . , using the diagonal Cantor method, we can choose a sub-
sequence {Yn; }k>1 = {Vn,nin>1 from {y, },>1 that is fundamental in Li‘,’g (S; By).
This is a contradiction.

The Theorem is proved. O

By the analogy with the last Theorem, due to Lemma 1.2, we can obtain the next:

Theorem 1.22. Let assumptions (1.28)—(1.29) for Banach spaces By, By and B,
are valid, p; € [1;400), S = [0, T] and the set K C LII‘J’T (S; Bo) such that

(a) K is precompact set in Lé‘,’f (S; By).

(b) K is bounded set in Li{,’f (S; Bo).
Then K is precompact set in Lll‘,’f (S; By).
Now we combine all results to obtain the necessary a priori estimates.

Theorem 1.23. Let all conditions of Theorem 1.17 are satisfied and V. C H with
compact embedding. Then estimate (1.45) is true and the set

U D,, is bounded in C***(S; H) and precompact in LZ’C(S; H)

n>1

forevery p > 1.
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Proof. Estimate (1.45) follows from Theorem 1.17. Now we apply the compactness
Theorem 1.21 with

B():V,Ble, BzZV*,p():l,p]:l.

Notice that X *

loc
Hence, the set

C L'(S;V) and X"° C L{(S; V*) with continuous embedding.

U Dy, is precompact in LY(S; H).
n>1

In virtue of (1.45) and of Theorem 1.16 on continuous embedding W;*. in C'
(S; H) it follows that the set

|_J Dn is bounded in C"(S: H).

n>1

Further, we complete the proof by using standard conclusions, Lebesgue Theorem
and the diagonal Cantor method.
The Theorem is proved. O

Let B, B; be Banach spaces, & some set supplied with function M : 2 — R,
and 2 C B C B; where the embedding B in B; is continuous; M (Av) = |A|M(v)
Vv e 2 VA € R and the set

{ve 2| M(v) <1} isrelative compactin B.

Let S be a set which can be presented as no more than numerable join of convex
sets in R;

Lg;loc ={v:S>9|ve LIIDC(S;BI);

Sf M(v(r))pOdr <y < 400 VS, C S — convex, (1.48)

bounded: Vv € E C Li‘,’f(S;Bl),
E is bounded in L’I‘J’f (S; By),

where 1 < p; < +o00,i = 0, 1. A derivative v of an element v € Llf’C(S; By) is
regarded in the sense of space of distributions Z*(S; By).

Theorem 1.24. Under above assumptions, .F'° C LII‘J’g (S: B) and .F'* is relative

compact in Ll;; (S; B).

Remark 1.19. This Theorem referred to Banach spaces L,(S; B) is proved by
Yu.A. Dubinsky in [DU65].

Proof. Analogously to the proof of Theorem 1.21, the set S can be presented as

no more than numerable join of bounded convex sets, i.e. S = | J Sq, where Sy
acl
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is the bounded convex set in R Yo € [ and card I < N,. Further we consider
only those a € [ for which A(Sy) > 0; A is Lebesgue measure on R. Let {v,},>1
be a sequence in . "¢, We want to show, that from this sequence it is possible to
eliminate a Cauchy subsequence in Li{,’g (S; B).

Letitbe I = {otn }n>1, then:

(i1) From (1.48), (1.46) and [LIOG69, Theorem 12.1 Chap.I] it follows that there
is a subsequence {vi }n>1 of sequence {v,}»>1, that is fundamental in space
Lpo(Se,; B).

(i) Analogously to (i1), from (1.48), (1.46) and [LIO69, Theorem 12.1 Chap.I]
it follows that there exists {van}n>1 C {Vin}n>1, that is fundamental in
Lo (Say; B).

(im) From (1.48), (1.46) and [LIO69, Theorem 12.1 Chap.1] it follows that there
exists {Vm,n}n>1 C {Vm—1,nn>1, that is fundamental in L 5, (Sq,,; B).

Thanks to (i1), (i2), . . ., using the diagonal Cantor method we can choose a sub-
sequence {Vp, }k>1 = {Vn,njn>1 from sequence {v,},>1, that is fundamental in
loc .
L7o(S: B).
The Theorem is proved. O

1.1.1 On Schauder Basis in Some Banach Spaces

In order to study of solvability of differential-operator equations and inclu-
sions, evolutionary inequalities in functional Banach spaces with maps of w)-
pseudomonotone type by using Faedo—Galerkin method there is a problem of
choosing a basis in “evolution triple” V' C H C V*. In this paper, using the theory
of interpolation of Banach spaces [TRI78], we partially solve this problem, covering
wide enough class of spaces.

Let (V.| - |lv) be a separable Banach space continuously and densely embed-
ded in the Hilbert space (H, (-,-)). As V is separable, there exists countable vector
system {h;};>1 C V complete in V', and consequently in H. For arbitrary n > 1
let H, be linear capsule, stretched on {4;}?_,. On H, we consider inner product
induced from H, that we denote again as (-,-). Moreoverlet P, : H — H, C H
be an operator of orthogonal projection from H on H,, ie. Vh € H P,h =
argming, ep, |h —halla-

Definition 1.6. The vector system {#; };>1 from separable Hilbert space (V; (-, -)v),
continuously and densely embedded in a Hilbert space (H; (-, -) i), is called special
basis for the pair of spaces (V; H), if it satisfies the following conditions:

(1) {hi}i>1 is orthonormalin (H, (-, ") g).
(ii) {hi}i>1 is orthogonal in (V, (-, -)v).
@) Vi > 1 (hi,v)y = Ai(hj,v)g Yve V,where 0 <A; <As,....A; — 0
as j — oo.



1.1 Functional Spaces: The Embedding and Approximation Theorems 57

Lemma 1.10. IfV is a Hilbert space, compactly and densely embedded in a Hilbert
space H, then there exists a special basis {h; }i>1 for (V; H). Moreover, for an arbi-
trary such system, the triple ({h;}i>1;V; H) satisfies Condition (y) with constant
Cc=1

Proof. From [TEM75, pages 54—58] under these assumptions it is well-known, that
there exists a special basis {/;};>1 for the pair (V; H). So, in order to complete
the proof it is enough to show that the triple ({/; };>1; V'; H) satisfies Condition (y)
with constant C = 1 for an arbitrary special basis {/;};>1 for (V; H). Therefore,
let us take as H, a linear span, stretched on {;}_,. We point out H, is a finite-
dimensional space. Thus, the norms || - ||z and || - ||y are equivalent on H,. From
here it follows Vn > 1 3¢, > 0, 3C > 0: Vh € H, ||Puhlly < cn||Puhllag <
cnllhllg < cnC||h|lv. It also means that P, € Z(V, V).
Further let us prove that Va > 1

IPahlly < |klv  VYhe | ) Hn. (1.49)

m>1

Letn > 1be fixed,thenVh € |J Hy, = 3Img>n+1:he H,,,. From here,
m>1 o .
taking into account (i) and (ii), we have h = Z (h,hi)gh;, Pyh = Z (h,hi)gh;.
In order to obtain (1.49) it is necessary to ls;(l)w that P,h is orth(;g:(;nal to (h —
P,h)in V.Because of (P,h,h— Pyh)y = (il(h,h,-)gh,-, ri(;—l(h,hj)th)V =
i= j=n

n m

S>> (h)u(h hj)a(hi,hj)y = 0,{h;}i>1 is orthogonal in V. So, in virtue
i=1j=n+1
of continuity of || - ||y and P, on V ¥n > 1 we have that (1.19) is true. ]

For interpolating pair Ao, A; (i.e. for Banach spaces Ay and Ay, that are linearly
and continuously embedded in some linear topological space) on a set A9 + A; let
us consider the functional

K(t.x) = inf (Wxollag +tlx1lla, ), 20, x € do+ 4r.

x=x0+x1: x0€Ap, Xx1€A

For fixed x € Ay + A;, this map is monotone increasing, continuous and convex
upwards function of the variable t > 0 (see [TRI78, Lemma 1.3.1]).
For 0 € (0,1) and 1 < p < +o0 let us consider the following space:

+00

(Ao, A1)o.p = {x € Ao+ A ‘ / [t_eK(t,x)]p? < +oo}. (1.50)
0



58 1 Auxiliary Statements

+o00
(Ao, A1)a,p with |[x]le, = ([ [t_eK(t,x)]P%)% is a Banach space (for more

0
details see [TRI78, Section 1.3]) and it results in (see [TRI78, Theorem 1.3.3]):
AgNA; C (A(),Al)Q,p C Ao + Ay Vo € (0,1), VI < p <+oo (L51)

with dense and continuous embedding.

Definition 1.7. Let it be 1 < r < 2. We say that the filter of Banach spaces
{Zp}p>r and Hilbert space H satisty main conditions, if

(@) Ypo > p1 >r Z,, C Z,, C H with continuous and dense embedding;

(b) Vpr, > p > p1 > 71 (Zp,,Zpy)o,p = Zp, where 8 = 0(p) € (0,1) :
%: P1 + 2

(c) Zyisa Hllbert space.

(d) For every complete system {h;};i>1 C Zp, p >r,YM > 2, VN € (r,2) the
set I (/_) contains its minimal (maximal) element (when I (/_)# @), where
Iy =1NR2M),I-=1nN2,1I ={p >r|{hi}ti>1;:Zp; H) is not
satisfies Condition (y) with constant C}, C > 1, |-z, = || - lzn.Zs)ocp).p
Vpe(N;:M).

Theorem 1.25. Let us assume: 1 < r < 2, filter of Banach spaces {Zp}p>r
and Hilbert space H satisfy main conditions, vector system {h;}i>1 C Za such

that the triple ({h,-},-zl; Zy; H) satisfies Condition (y) with constant C > 1 and

{hitis1 C Zp forall p > r. Then, for all p > r the triple ({hi}izl;Zp;H>
satisfies Condition (y ).

Remark 1.20. Inthe case Z, C H with compact embedding, thanks to Lemma 1.10,
as a vector system {/;};>1 we can choose a special basis for the pair (Z5; H). In
particular, the above result means that the special basis for (Z,; H) is a Schauder
basis for an arbitrary space Z, atr < p < 2.

Proof. For 1 < r < 2let {h;}i>1 C Z, be a vector system such that the triple
({hi}i=1; Z2; H) satisfies Condition (y).

Let us prove that V p > r the triple ({h; };>1; Z p; H) satisfies Condition (y) with
constant C.

At first we consider the case p > 2. Let N > 2 be an arbitrary fixed number.
We check, that Vp € [2, N) the triple ({h;};>1; Z,; H) satisfies Condition (y)
with constant C. For the proof of this fact we benefit from modified transfinitary
induction method. The set W = [2, N) is ordered by order “<” := “ <”

For an arbitrary p € W the statement G(p) consists of the triple ({h Yis1;
Z,; H) satisfies Condition () with constant C. So,

(1) As p = 2 (for the first element of W) the statement G(p) holds, thanks to
conditions of this Theorem;
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(2) Let p be an arbitrary element in W. Assuming G(gq) is true for all g € I(p) =
[2, p), we prove that from here the statement G(p) follows. Let x be a fixed
element in the space Zy, dense in Z,, a € (r,2) is arbitrary. Then Vq € [2, p],
in virtue of (1.50) and the main condition (b) for {Z,} ,>, and H with p = ¢,
p1 =a, pp = N,itresults in:

“+o00 1
) adt\a
Iz, = IXlzoznn, = ([ [Pk T) 0 as2)
0
1_1 1.1 1_1
where 0 = 0(q) = +—F+ € [0(2).0(p)] = | ~—F.+—%F | C (0,1, ie.
a N a N a N
1 _ 1-6 0
i~ a tw
In the following we prove
Ixllzy = lxllz, as g — p(q €2 p). (1.53)

Denoted by

S = [ Oke 0] Vg € 0,400 x 2.1l

from (1.50) and (1.52) it obviously follows that for every Vg € [2, p] f(-,q) €
L]0, +00); moreover for almost every t € [0, +00) f(t,-) € C[2, p]. Further-
more, pointing out that for every ¢ > 0 and g € [2, p]

[z—"(q)K(t, x)]"% < max {[1—9(2)1((1, x)]z; [:‘9<2)K(t, x)]p;
[;—9(1’)1((:, x)]z; [,—9(;:)[((,, x)]”}; =:g(1);

having in mind (1.51)and x € Zy = Z, N Zy, we have:

“+o00 +o0 +00 2d 1o d
! t
[ |g(t)|dt = /g(l‘)dtf max{/ [l_9(2)K(l,x)] =. [ [I_H(Z)K(t,x)]p_;
! t
0 0 0 5
+o0 2y +o00 .
—6(p) ar —0(p) pdt
/ [f K(I,X)] - / [t K(t,x)] ; }
0 0

. 2 TRy lx|I? ;
= max{||x||(za,ZN)(~)(2),2’ ”xH(Za,ZN)(.)(z),p’ ||x||(ZaaZN)9(p),2’

p
||x||(Za,ZN)9(P)-I’} < e
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Thus, the Theorem of continuous dependence of Lebesgue integral on parameter all
conditions of the Theorem on continuous association of an integral of Lebesgue on
parameter assures the convergence (1.53).

By using the induction assumption

Vge2,p) VxeZy Vn=1 [ Prnxllz, < Clxlz,-
and passing to the limit as ¢ ' p in the last inequality, we obtain
| Puxllz, <Clxlz, VYxe€eZny VYn=>L1

Then from density Zx in Z, and continuity P, on Z, Vn > 1 the statement G(p)
follows. So, for all p € [2, N) the statement G(p) is true. Because of N is arbitrary
greater than 2, the triple ({h,-},-z 1 Zp  H ) satisfies Condition (y) for every p > 2.
In order to conclude the proof of the Theorem it is necessary to remark that the
case p € (r,2] can be proved similarly to the case p > 2, by replacing “<” with
“>" and setting W = (N, 2], where N € (r, 2) is arbitrary.
The Theorem is proved. O

Corollary 1.6. Let V1, V> be Banach spaces, continuously embedded in the Hilbert
space H. Let us assume that for some filters of Banach spaces {Zé}pzri (ri €[1;2),
i = 1,2), that together with H satisfy main conditions, there exist p; > r; such that
V; = Z;i (i = 1,2), within to equivalence of norms. Moreover; there exists Hilbert
space Z C Vi N Va, compactly embedded in H, such that for special basis {h; }i>1
for pair (Z; H), for some 0 < 1 < po,...,pu; —> oo at j — oo ands; > 0
(i=1,2)

A {u eH ‘ iuj’(u,hj)z < +oo}
j=1

be a Hilbert space with inner product
(o)
V) gy = D015 W hp)why). (1.54)
j=1

Then triple ({h,-},-zl; Vi; H) satisfies Condition (y) (i = 1,2).

Proof. Having in mind Lemma and Theorem, it is enough to show that {/;};>1 is
a special basis for (Z5; H) (i = 1,2). Condition (i) of Definition 1.6 is obviously
satisfied. Using (1.54) and condition (i) we have

o0
.. 1, =7,
Vi,j =1 (hhhj)zé = E w2 (hishi)(hj, he) = uis8i; = u?s 0. i #j.
k=1 ’ ’

so the condition (ii) holds. Finally condition (iii) follows from the last equality.
The Lemma is proved. O
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Example 1.1. Let §2 be a bounded domain in R”, that satisfies the cone condition
(see [TRI78, Definition 4.2.3]). Let us note that cubes and bounded domains with
rather smooth interface satisfy such condition (see [TRI78, Remark 4.2.3.5]). We
denote by Wk’p(.Q) the Sobolev space with p > 1,k = 0,1,2.... Let {h,},>1 be
a special basis for (Hy 1 1(£2); L2(£2)), where Hy (2) = WkT1.2(Q).

Next result is the direct consequence of corollary and interpolation Theorem of
Sobolev spaces [TRI78, Theorem 4.3.1.2].

Corollary 1.7. Hence we obtain that for every p>1 the triple ({hn}n>1;
Wk-P(§2): L, (82)) satisfies Condition (y), under the main condition (d).

1.2 The Classes of W, -Pseudomonotone Maps

In this section we consider the main properties of multivalued wy,,-pseudomonotone
maps.
Let (X, || - | x) be some Banach space, 4 : X — 2X” be a strict multivalued
map, i.e.
A(y) #0 VyeX.

We consider the associated maps

* * 3k
cod: X - 2% and ToAd:X — 2%,

defined by relations

(coA)(y) = co(A(y)) and (36 A(y)) = T (A(»)

respectively, where x is weakly star closure in the space X *.
For the multivalued map 4 : X = X™* we define the upper

[A(y), 0]+ = sup (d,w)x
deA(y)

and lower

[A(y), 0]. = deigfy)(d,W)x

support functions, where y, w € X and also the upper

A+ = sup [Id]x~
dedt(y)

and lower

A = inf |d|x=*
[4G)I. = dnf Jd]lx

norms.
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Definition 1.8. Later on y, — y in X means that y, converges weakly to y in
the space X. If the space X is reflexive, then y, — y in X* will mean that y,
converges weakly to y in the space X *. If not, then y, converges to y weakly star
in the space X *.

Denote by C,(X*) the set of all nonempty, convex, weakly star closed subsets
of X*.

Let W be also a normalized space with the norm ||-|| . We consider W C X with
continuous embedding, C € @,i.e. C(r1;-) : Ry — Ris a continuous function for
every r; > 0 and such that t=!C(ry; trp) = Ofort — 04+ V 7y, 75 > O and ||- I
is the (semi)norm on X, that is relatively compact on W and relatively continuous
on X.

Definition 1.9. The multivalued map A : D(A) C X — 2X* with the convex
definitional domain D(A) is called:

e Monotone on D(A), if

[A1), y1 = yal- = [A(y2). y1 = y2l+ ¥V 1,2 € D(A).
e Maximal monotone on D(A), if it is monotone and from
w—dw),v—u)y >0
foreach u € D(L), d(u) € A(u) it follows that v € D(A) and w € A(v).

e An operator with semibounded variation on W (with (X, W)-semibounded vari-
ation) if V y1, y2 € D(A), [y1llx = R, lly2llx =R

[A(y1). y1 — y2l- = [A(y2). y1 — y2]+ — C(R: [ly1 — y2llw):

e An operator with N -semibounded variation on W if

[A(y1). y1 — 2l = [A(¥2), y1 — y2]- — C(R; |y1 — y2l'w):

e An operator with V -semibounded variation on W if

[A(1). y1 — y2l+ = [A(32). y1 — y2l+ — C(R: ly1 — y2l'w)-

e A-pseudomonotone on W (wj-pseudomonotone), if for every sequence
{¥n}n=0 C W N D(A) such that y, — yo in W, from the inequality

Tim (dy, yu — yo)x <0, (1.55)

n—>oo

where d, € A(y,) Yn > 1, it follows the existence of {yn, }x>1 from {y,}n>1
and {dy, }x>1 from {d, },>1 such that

lim (dpy, yn, —w)x = [A(¥0), yo —w]- Vw € D(A); (1.56)

k—o0
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o Ao-pseudomonotone on W (wy,-pseudomonotone), if for every sequence
{¥n}ns0 C W N D(A) such that y, — yo in W, d, — do in X*, where
dy, € A(yn) Yr > 1, from the inequality (1.55), it follows the existence of
{Vn; tie>1 from {yp }n>1 and {dyn, }x>1 from {d,},>1 such that (1.56) is true.

Remark 1.21. The idea of using subsequences in Definition 1.9 for single-valued
pseudomonotone operators was introduced by I.V.Skrypnik [SKR94].

Let X be again some Banach space. Further A : X = X* will mean that A maps
X into 2X” \ 0, i.e. A is a multivalued map with nonempty bounded values.

Proposition 1.17. Let Y1, Y> be reflexive spaces,
L:DLycYi,—Y,

is closed linear operator i.e.
ifD(L)>y, > yinYyand Ly, - y € Yo inY,theny € D(L)and y = Ly.
Then the normalized space D(L) with the graph norm

Iylpw = Iyllyy +ILylly, Vy e D(L) (1.57)
is a reflexive Banach space.

Proof. Let us prove the reflexivity of the normalized space D(L) with the norm
(1.57). To this aim, taking into account that under this condition the given space is
a Banach space, let us consider the reflexive Banach space Z = Y, x Y; with the
norm

lzlz = lzilly, + llz2lly, Yz=(z1.22) € Z

and the linear variety
Z={(Ly.y)ly e D(L)} C Z.
Let us prove that . is closed in Z. Under the following assumption
L3z, = (Lxp,xn) > (,x)=z€Z in Z as n— +oo,
we have
Xy >x in Yy and Lx, -y in Y, as n— +oo.

Whence, due to the closureness of the operator L on D(L) it follows that x € D(L)
and Lx = y.So,z = (y,x) € Z.

Further, since an arbitrary closed linear subspace of a reflexive Banach space is

reflexive [HPOO, Corollary 1, p.51], then the space (.Z, || - || z) is a reflexive Banach
space too.
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Now we consider the isometric isomorphism / between Banach spaces D(L)
and % defined in the following way:

D(L)y>y—>1Iy=(Ly,y)eZL.

Let us prove the reflexivity of D(L) by using the reflexivity criterium [PET67, p.57].
Let us consider an arbitrary bounded sequence {yn}n>1 C D(L), s0 {Iyn}n>1 is
bounded in .Z. Hence, due to the reflexivity criterium, there exists a subsequence
{Vng}k=1 C {yn}n>1 such that

Iyp, =~y in £ a k— +4oo

for some y € .. From here, for an arbitrary f € D(L)* (we observe that fol ™! €
Z*) if follows that

FOn) = fU Y Uyn)) = fU7y) as k — oo.

Thus
Yo 2= I"'yeD(L) in D(L) as k — oo.

Therefore, due to the reflexivity criterium, the space D(L) is reflexive with respect
to the norm (1.57). O

Corollary 1.8. Let Y be reflexive Banach space, L : D(L) C Y — Y* — be linear
maximally monotone on D(L) operator. Then for each bounded in D(L) sequence
there is weakly converged in D(L) subsequence.

Proof. At first let us check the conditions of Proposition 1.17. It is enough to check
the closureness of L on D(L). Let {y,}»>1 C D(L) be such sequence that for some
yeYandyet*

Yyo—y in Y and Ly,—y in Y* as n— oc. (1.58)
Let us show, that

(— Lu,y —u)y >0 forany u € D(L).

Really, due to (1.58) and monotone of L on D(L) it follows that for each n > 1 and
ue D(L)

0<(Lyn,—Lu,y, —u)y > {(y — Lu,y —u)y asn — oo.

From the maximal monotony of L follows that y € D(L) and y = Ly. It means
that L is closed on D(L). Thus from Proposition 1.17 and from the Banach—Alaoglu
Theorem it follows the necessary statement.

The Corollary is proved. O
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Let W be again a normalized space with the norm | - ||w. We consider W C X
with continuous embedding, C € @, i.e. C(r1;-) : Ry — R is a continuous
function for every r; > 0 and such that 17 1C(r1;try) = Ofort — 04+ VYV ry, 10 >
0 and ||- |7, is the (semi)norm on X, that is relatively compact on W and relatively
continuous on X .

The first three lemmas order classes of multi-valued maps with semi-bounded
variation (s.b.v) and classes of locally bounded maps with bounded values which
satisfy Property (IT) and Property (k)+. The obtained statements allow us to retract
additional hypotheses for a supplementary boundedness of the generated multi-
valued maps with s.b.v. in applications when investigating differential-operators
inclusions and multi-variational inequalities which describe mathematical models
for non-linear geophysical processes and fields which contain partial differential
equations with discontinuous or multi-valued relationship between determinative
parameters of the problem. These results are the fundamental generalization of
well-known corresponding results for single-valued maps of monotone type (see
for example [GGZ74,IM88,ZM99,ZM04] and references there).

Lemma 1.11. Every strict multivalued operator A: X — 2X* with (X;W)-
semibounded variation is bounded-valued, i.e. A : X = X*.

Proof. We remark that for every y € X
X>w—[A0),0]+ e RU{+00}, X 3w —[A(y),w]- € RU {—o0}.

So, due to the definition of the semibounded variation on (X, W) we obtain that for
allw € X, forsome R = R(w,y) >0

[A(). 0]+ = [A(y + w). 0] + Ca(R: |@]y) < +oo.

From last, in virtue of Banach—Steinhaus Theorem, it follows that || A(y) ||+ < +o0
forevery y € X. O

Lemma 1.12. The multivalued operator A : X = X* with (X ; W)-semibounded
variation is locally bounded.

Proof. We obtain this statement arguing by contradiction. If A is not locally bounded
then for some y € X there exists a sequence {y,},>1 C X suchthaty, — yin X
and ||A(yn)||l+ — 400 asn — +o0o. We suppose that

an = 14 [Aa)ll+1yn = yllx

for every n > 1. Then, due to Proposition 1, V w € X and some R > 0 we have
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a0, [A(yn). 0]+ <oyt {[A(yn), yn =Y+ +[A(yn), 0 +y — yn]+}
< @ {40, yu = 1+ + A +©). 7 + 0 =yl

+ Ca(R: v =y = 0llip)}-

Since the sequence {r, '} is bounded and ||y, — y — o}, — llw||%, (according to
the assumption ||£]|%, < k||€|lx forall y € X), due to Proposition 1, we have

iz 1 [AG), ol < 0y {CaR ln — y = olly)

1A + @)l - Iy + 0= yallx| +1= M,
where N; does not depend on n > 1. Thus,

sup |ot;1[A(yn),a)]+| <oo YweX.
n>1

Therefore, since the Banach—Steinhaus Theorem, there exists N > 0 such that

A+ = Naw = N (L + [[A(yn)ll+ - Iy = ylx) Vo= 1.

By choosing ng > 1 from the condition N ||y, — y|| < 1/2 Vn > ny we obtain that
forevery n > ng ||A(y»)||+ < 2N, which contradicts the assumption. So, the local
boundness is proved. O

Lemma 1.13. The multivalued operator A : X = X* with (X ; W)-semibounded
variation has Property (IT).

Proof. In virtue of the locally boundness of A there exist ¢ > 0 and M, > 0 such
that |A(&)||+ < M V ||€||x < e. It means that for some R > ¢

[40)lx = swp ~(d().E)x = swp ~ {IAQ).E ~ vl + (). V)x}

€l x <e & &l x <e
1
= sup {4 =yl + (d0). )x + CaR: ly = £llp)}
lEllx <e®
1
= 5o 4@ -1 -yl + 0D 3)x + CatRily = i)}

1
S g(sMg + kzMg + kl + l) - C,

where/ = sup  sup Ca(R:|y —£|l}) < +o0o,since C(R:-) : Ry — Risa
Iyl x <ka 1§l x <e
continuous function and ||- ||7;, is relatively continuous || - || x on X. O
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Lemma 1.14. Let X be a reflexive Banach space. Then every A-pseudomonotone on
W map is Ag-pseudomonotone on W. For bounded maps the converse implication
is true.

Proof. The direct implication is obvious. Let us prove the converse implication.
We consider the Ag-pseudomonotone on W map A : X = X*, y, — y weakly

*
in W, the (1.55) holds, where d,, € co A(y,). From the boundness of the opera-

*
tor A it immediately follows the boundness of €0 A and so the boundness of the
sequence {d,} in X *. Consequently, there exists a subsequence {d,,} C {d,} and,
respectively, {ym} C {¥n}, such that d,, — d weakly in X* and at the same time

im (dm, ym —v)x < lim (dn, yn —Vv)x <0.
m—o0 n—0o00

However the operator A is Ag-pseudomonotone on W, therefore there exist the sub-
sequences {yn; jk>1 C {Vm) and {dn; }x>1 C {dm} for what (1.56) is true. This
proves our statement. O

Remark 1.22. Let us pay our attention to the fact that for the classical definitions
(not passing to the subsequences) this statement is problematic!

In F. Browder and P. Hess work [BP72] the class of generalized pseudomonotone
operators has been introduced.

Definition 1.10. The operator A : X — C,(X*) is called generalized pseudomono-
tone on W, if for each pair of sequences {y, }»>1 C W and {d, },>1 C X* such that
dy € A(Yn), yn — y weakly in W, d,, — d *-weakly in X*, from the inequality

im (dy. yn)x < (d.y)x (1.59)

we have d € A(y) and (d,. yu)x — (d.))x.

Proposition 1.18. Every generalized pseudomonotone on W operator is Ao-
pseudomonotone on W.

Proof. Let y, — y weakly in W, A(y,) > dy — d *-weakly in X* and (1.59)
holds (we remark that in this case the inequality (1.55) is also true). Then, in view of
the generalized pseudomonotony, (d,, y,)x — {(d, y)x, d € A(y), consequently,
in virtue of Proposition 1,

lim (dy,yn —V)y =({d,y —v)y = [A(y),y —Vv]_. VvelX.

n—>oo
The Proposition is proved. O

The converse statement in Proposition 1.18 is not true, but
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Proposition 1.19. Let A: X = X* be a Ay-pseudomonotone operator. Then the
next property takes place:

*

from y, — y weakly in W, co A(y,) 2 dy, — d *-weakly in X* and from the

inequality (1.55) the existence of the subsequences {ym} C {yn} and {dy,} C {dn}
*

such that (dy, ym)x — (d, y)x, with d € co A(y), follows.

Proof. Let {y,}, {d,} be required sequences, consequently, one can choose such
subsequences {ym}, {dm}, that the inequality (1.56) is true. By fixing in the last
relation w = y, we get

(dms ym —y)x =0

or
(dm. ym)x — (d.y)x,
{d.y=vix = lim (dm,ym —v)x 2 [A¥),y —v]_ VveX.
*
From here, in virtue of Proposition 1 we obtain that d € co A(y). O

Proposition 1.20. Let A = Ag+ A1 : X = X* where Ag: X = X*isa
monotone map, and the operator Ay : X = X* has the following properties:

(1) There exists a linear normalized space Z in which W is compactly and densely
enclosed and X C Z with continuous and dense embedding.

(2) The operator Ay : Z = Z* is locally polynomial, i.e. VR > 0 there exists
n = n(R) and a polynomial function Pr(t) = Y. A (R)t* with continuous

O<a<n

factors Ay (R) > 0 such that the estimation is valid

z* .
4100 = DN < PRy = y2l2) Y vilz <R i =1.2.
Then A is the operator with semibounded variation on W.

Proposition 1.21. Let in the previous Proposition the operator Ag : X = X* be
N -monotone, and instead of the condition (2) we make the following one:

(2°) a map (multivalued) Ay : Z = Z* is locally polynomial in the sense that
VR > 0 there exists n = n(R) and a polynomial Pg(t) for which

dist (A1(y1). A1(y2)) = PrR(ly1 = »2llz) Ylyillz =R, i=12. (1.60)
Then A = Ay + A1 is the operator with N -semibounded variation on W.

Proof. We give the proof in Proposition 1.21. In the case of Proposition 1.20 the
reasonings are similar. Since for each yj, y, € X
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[Ao (1), y1 = y2l= = [Ao (2),y1 — »2ly s
we must estimate [A1 (y1),y1 — Y2]— — [41 (b2) , y1 — y2]_.
For any dy € A1 (y1), d> € A1 (y2) we find

(d2, y1 = y2)x — (d1,y1 = y2)x = {d2, y1 — y2)z —{d1,y1 — )2) 2
<|ldi —dz2llz« Ily1 — y2l 2,

hence

[A1 (72), y1 = y2]- = [A1 (y1), y1 — 2]
< dist (Ar (y1), A1 (32)) [Iy1 — »2llz -

From here and from estimation (1.60) as |yi||z < R (i = 1,2) (respectively
lyillx < R, R = R(R)) we obtain

[41 0,1 = 2l = [41 () 31 = vl = € (Rs v = »ally )

where |||y = [|-llz.C (R.t) = Pr(t)t.
It is easy to check that C € @. O

New classes of Ag-pseudomonotone maps are defined in the next statement. It is
fundamentally used when validating an existence of a solution for the second order
differential-operator inclusion by the singular perturbations method [PKZ08,ZK07].

Proposition 1.22. Let one of two conditions hold:

(1) A: X = X* is radially lower semicontinuous operator with semibounded
variation on W.

(2) A:X = X* is radially continuous from above operator with N -semibounded
variation on W with compact values in X *.

Then A is Ag-pseudomonotone on W map.

*
Proof. Lety, — y weaklyin W,co 4 (y,) 2 d, — d weakly starin X* and (1.55)
is true. By using the property of semibounded variation on W of the operator 4, we
conclude that for every v € X

(dn.yn =V)x = [A (). yn == = [A W), yn =] — C (R |lyn —vllw).

The function X > w +— [A4 (v),w], is convex and semicontinuous from below,
and so it is weakly semicontinuous from below, therefore by substituting in the last
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inequality v = y and passing to the limit, in view of the properties of the function
C,weobtain lim (dy, vy, —y)xy >0, i.e (dn, yn — y)x — 0.

n—oo

Forany 7 € X and 7 € [0, 1] we shall put w; = th + (1 — 1) y, then

(dn.yn —ox)x = [A(0r) , yn — 0]y = C (R§ [yn — wr”/W)
or by passing to the limit

T lim (dp.y —h)y = t[A(we),y —hly = C (Rit|ly = hlly) .

n—oo

By dividing the last inequality by 7 and by passing to the limit as 7 — 0+, in view
of the radial lower semicontinuity of A and of the properties of the function C, we
obtain that foreachh € X lim (d,,y —h)y

n—oo

. .1 /
> Jim (4 (e).y — hly + lim SC (Rilly hlly) = [A() .y~
>0+ >0+ T

Moreover as (d,, y» — y)x — 0 we get

Lim (dp, yn —h)x = lim (dn,y —h)x = [A(y),y —h]- VheX,

n—oo n—>oo

and this proves the first statement of Proposition 1.22.
Now we stop on the basic distinctive moments of the second statement. Because
of the N-semiboundness of the variation for the operator A we conclude that

Lim (dy, yn —v)x = lim [A(yn),yn —V]_

n—oo n—>oo

> lim [A().yn—V]- = C (Ri]ly —vllw) (161

n—>oo

Let us estimate the first member in the right part of (1.61). Let us prove that the
function X 3 h — [A (v), h]_ is weakly lower semicontinuous Vv € X.Letz, — z

weakly in X, then foreachn = 1,2,...3§, € c% A (v) such that
[AW).znl- = (En.zn) x -
From the sequence {£,; z, } we take a subsequence {&,; z;,} such that

Lim [A(V).zn]- = lim (En.2n)y = im (Em, 2m) x

*
and by virtue of the compactness of the set co A(v) we find that §,, — £ strongly in

*
X* with £ € co A(v). Hence
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lim [A) 2] = Hm (En.zm)x = (§.2)x = [A(). 2,

and this proves the weak lower semicontinuity of the function & +— [A (v), h]_.
So from (1.61) we get

lim (dn, yn —v)x = Lm [A(yn),yn —V]_-

n—>oo n—o0

>[AW).y —vl_—C(R:|ly —vllw)-

Then by substituting v with y in the last inequality we have (dy, y» — y)xy — O,
therefore

lim (dy. yu —v)x > [AW).v—wl_~C (R:[ly =) VveX.

n—oo

By substituting in the last inequality v for tw + (1 —t) y, wherew € X, ¢ € [0, 1],
then by dividing the result on ¢ and by passing to the limit as ¢ — 0+, because of
the radial semicontinuity from above we find

lim (dp,yn —wW)x = [A(Y),y —w]l_ VweX.

n—>oo
The Proposition is proved. O

Definition 1.11. The multivalued map A : X = X * is called:
e s-radial lower semicontinuous on W, if for fixed y, £ € W and any selector
d eco*A4
lim (d(y —18),8§)x = [A(y).&]-;

t—>0+

o 5;,-pseudomonotone on W, if for every {y, }n>0 C W such that y, — yoin W,
0" A(y,) 3 dy — do in X*, from the inequality (1.55) it follows the existence
of {yny tk>1 from {yn}n>1 and {dy, }x>1 from {dy,},>1 such that

(dng Yny —Yo)x > 0ask - oo and d €co*A(y).

The next Proposition is some generalization of the Minty Lemma on W

Proposition 1.23. Let A : X = X* be radial lower semicontinuous on W with
(X; W)-semibounded variation, the space W is dense in X, y € W. Then the
inequality

(fy=vx Z[AW).y =4 = C(R: |y —vly) VYveW (1.62)

is equivalent to the inclusion
f €0t A(y). (1.63)
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Proof. The implication (1.63) = (1.62) is obvious. Let us consider (1.62) =
(1.63). For each h € W let us set in (1.62) v = y-th, t > 0, divide all parts on
¢t and pass to the limit as ¢ — 0+. Since the radial lower semicontinuity of 4 we
obtain, that

(f,h)x = lim [A(y —tv),hl+ = [A(y).h]l- VheW.
t—>0+

Foreachh € X let W 3 h,, — hin X. Thus for each n > 1 there is d, € 0" A(y)
such that [A(y), hy]—- = (dy, hy)x. In particular, we may assume, that d,, — d €
c0" A(y) weakly star in X *. Therefore,

(fih)x = lm (fhn)x = lim [A(),hp]— = lm (dn,hn)x =(d.h)x VheX,

ie. (fh)x >{d,h)x VYhe X.Thus f =d €coA(y). ]

Corollary 1.9. Let A : X = X* be s-radial lower semicontinuous on W with
(X; W)-semibounded variation, the space W is dense in X. Then the inequality
(1.62) is equivalent to the inclusion f € To"A(y).

Definition 1.12. The multivalued map 4 : X = X ™* is called the /Yariation calculus
operator on W, if it can be represented in the form A(y) = A(y,y) where the
mapping A : X x X = X™* possesses the following properties:

(@ VéEeW Z(S ,) : X = X* is s-radially lower semicontinuous operator with
(X: W)-semibounded variation ((X; W)-s.b.v.).

(b) V & € W the mapping W > y — A(y,§) C X* is weakly precompact, i.e. for
each set B bounded in W the set ©0* A(B, w) is compactin o (X *; X)-topology
of the space X (thus, if {y,} is any bounded in W sequence, d € Co*A(:, w)
is some selector (d, = d(y,,w) € E*Z(yn, w)), then it is possible to extract
such a subsequences {y,,} C {y,} and {d,,} C {d,} thatd,, = d(ym,w) —
&(w) weakly star in X *. R

(c) Let y, — y weakly in W and for some selector d € co*A

(dn,yn) —d(Yn.¥)syn —¥)x = 0

(d(yn,yn) € E*Z(yny yn)sd(yn.y) € ﬁ*Z(yn, ¥)). Then there exists {ym } C
{yn} such that V & € W d(ym,E) — x weakly star in X*, at that y €
To*A(y, w).

(d) If y» — y weakly in W and for some § € W d(yn,§) — y weakly starin X*,
where d(yn. §) € 0" A(yn. £), then (d(yn.§). yn)x — (. ¥)x.

The next statement orders classes of w;,,-pseudo-monotone maps. Particularly,
these results show that energetic extensions of differential operators of Leray—Lions
type, Dubinskii type, operators of hydrodynamic type etc are the maps of wjy,-
pseudo-monotone type [BR68, ET99, KOGO1, PAP87]. Using this statement and
results about an existence of the generalized solution and functional-topological
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properties of the resolving operator of differential-operator inclusions and multi-
variational inequalities we obtained new results concerning properties of set of
solutions for partial differential equations with non-linear, discontinuous or multi-
valued relationship between determinative parameters of non-linear geophysical
processes and fields.

Proposition 1.24. Let the multivalued map A : X = X* has the bounded val-
ues. Then the next implications are true: “A is s-radially lower semicontinuous

1 2
operator with (X; W)-s.b.v.” = “A is a variation calculus operator on W7’ =
3 4
“A is A-pseudomonotone on W” = “A is Ao-pseudomonotone on W” = “A is
14 14

5

Spo-Pseudomonotone on W = “A satisfies the (M ) condition on W [ZMNO4]”.

Proof. Let us consider the first implication. Let A:XxX = X*, defined by
AWv.y) = A(w.y), A(y.y) = A(y)  Vv.o,y €X,

i.e. the constant map by the first argument, when the second fixed. Let us check the
conditions of Definition 1.12.

The condition (a) is clear. The condition (b) follows from the next conclusions:
2(-,0)) : W = X* is constant map for each @ € W. Hence, //I(B,a)) = A(w)
is bounded set in X * fOL each B C W. Thus, in virtue of the Banach—Alaoglu
Theorem [RUD73], co*A(B, ) is a compact set in weakly star topology o the
space X*. Let us check the condition (c). Let y, — yin W and d(yn, yn) —
d(Yn,¥), yn — ¥)x — 0 with some selector d € ¢o* A, at that for each w € W
e(v) = d(yy,v) € E*Z(yn, v) = Co*A(v). Hence, there is a subsequence
{¥ym} C {yn} such that &(v) = d(yn,v) — @(v) weakly star in X*. Moreover,
2(v) 2d(y,v) € B A(y,v) = T AW).

Condition (d). Let y, = in W and for each v € W, for each selector d € co* A
&) = d(yn,v) € C0"A(yy,v), i.e. d(yn,v) — @&(v) weakly star in X*. Thus,
(dyn,v), yn)x = ((v), yn)x = (2(v), y)x, that proves the first implication.

Now we consider the second implication. Let y, — y in W and

lim (dy. yn — y)x <0, (1.64)

n—>oo

where d, = g(y,), g € 0" A is some selector, at that
A(y)=A(y.y), A:XxX = X*

Due to the condition (b) there is a subsequence {y,} C {y,} such, that
g(m,y) = f(y) weakly star in X *. Since the condition (d)

(g€m.¥). ym)x = {f(¥). y)x.
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Hence,
(€ym>¥)s ym — y)x — 0. (1.65)

From (1.64) we find

im (dpm, ym —y)x < lim (dn, y» —y)x <0,
m—00 n—>oo
i.e.
Tim {dm—g(m.¥). ym=y)x = Tm (g(m. Ym)=8Vm.y). ym—y)x. (1.66)
o0 m—00

In virtue of the condition (a)

(€mym)sym —¥)x = (&€m: ). Ym — ¥)x — C(R: |ym — ¥ w)-

Thus from (1.65) and from the properties for real function C we have the estimation

Lim (g(ym,Ym) — &(Ym>¥)s Ym — ¥)x = 0.

m—o0

The inequality (1.66) gives

(&§m:Yym) —&Vm+¥). ym — y)x — 0. (1.67)

In virtue of the condition (c) for each v € W g(y,,v) — &(y,v) € E*Z(y, V)
weakly star in X *. Due to the condition (d) we obtain

(&§m:v), ym —y)x — 0, (1.68)

because (g(Ym, V), Ym)x — (&(y,v),y)x.
Further for each w € W and t € [0, 1] let v(r) = y + t(w — y). Then from the
condition (a)

(gm. ym): Y =) x = [Am. V(D). ym — v(D)]+
—{&(m> Yym)s ym — y)x — C(R; || ym — V(T)”/W)
> [Am V(D) ym = Y- + T[Am. v(2)), y — 0]
—(g(Vms Yym)s Ym — ¥)x — C(R; [|ym —v(D) I}y

(1.69)
For each m there is £, € C0* A(y,, v(t)) such that
[AQm V(@) ym = V= = (Em. ym — ¥)x.
i.e. there exists a selector r € c0*A such that En = r(Ym,v(7)). Furthermore,

due to the condition (b) we may conclude that up to a subsequence r (v, v(t)) —
&(y,v(t)) weakly star in X*. In virtue of the condition (d)
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{rym,v()), ym = y)x — 0

or R
[A(ym,v(T)), ym — y]- — 0.

Hence, up to a limit in (1.69) as m — oo, we get

v 1im (g(ym, Ym), ¥y —V)x = T Lim [A(ym, (1)), y —w]s — C(Ritl|ly — o),

m—0o0 m—00

respectively since (1.67)

v

 lim (gm. Ym). ym —V)x = T lim [A(ym. (1)), y — 0] — C(R; 7l|ly—0|y)

m—0o0 m—0o0

v lim (g(ym, v(1)),y =v)x = C(R; T]ly—wly).

IV

Due to the conditions (b) and (c) we may consider that g(ym, v(t)) — &(y,v(?)) €
0" A(y, v(t)) weakly star in X*. Thus

v lim (¢(Ym. ym). ym —v)x = t{@(y.v(1)). y —v)x — C(R: 7|y —@ly).
m—o0
If we divide the last inequality on 7 and pass to the limit as T — 0+, since the
s-radial lower semicontinuous of the operator A(y,-) : W = W* we finally obtain

Lim (dm, ym —o)x = Lm (g(Ym, Ym), ym — @) x

m—0o0 m—0o0

> [A(y,y),y —0]- = [A(),y —0]- Yo €W,

that proves the second implication.

The third implication is obvious. Let us consider the fourth implication. Let
yn — yin W,c0"A(y,) 3 d,, — d weakly starin X* and n@o(dn yn—y)x <0.
Then due to the Ag-pseudomonotony of A on W there are such subsequences
{ym} C {yn} and {d,} C {du} such that inequality (1.56) is true. Hence,
mli_r)noo(dm, Ym — y)x = 0, or mli_I)noo(dm, Ym)x = (d,y)x. Therefore, from (1.56)

we find

(d,y —v)x = lim (dn, yn —Vv)x = [A(y),y —V]- VveX,

n—oo

ie. (d,w)x > [A(y),w]- Yo € X. Since the set A(y) is bounded in X* we obtain
thatd € Co*A(y).
The implication 5 checks directly. The Proposition is proved. O
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The next propositions concern wj,,-pseudo-monotone demi-closed maps dis-
turbed by w,,-pseudo-monotone maps. Such results allows us (by the help of
corresponding theorems about properties of the resolving operator) to consider new
classes of problems. So, we can state the existence of solutions and continuous (in
some sense) dependence of solutions on functional parameters of the given problem.

Proposition 1.25. Let A : X =2 X™* be a Ag-pseudomonotone on W operator, and
let themap B : X =2 X ™ possess the following properties:

*
1. The map coB : W = X* is compact, i.e. the image of a bounded set in W is
precompact in X*.
*

2. The graph of €0 B is closed in W,, x X* (i.e. with respect to the weak topology
in W and the strong one in X*).

Then the map C = A + B is Ao-pseudomonotone on W.

*
roof. Let y, — y we inW, d, € c0C(yn), dn — d weakly star in X* an
P Let y y weakly in W, d, € coC(yn), d d kly in X* and

Jim {dn, yu = y)x = 0.
* * *
As the operator B : W = X™* is bounded, c6C = ¢0 A + ¢o B. Hence d,, =

"
d, +d), d, € co"A(yn), d;] € 0 B(y,). By virtue of the boundness of B, we
obtain that d,” — d” weakly star in X*, so that d;, — d’ = d — d” weakly star
in X*.

From inequality (1.55), passing to the subsequence {y,,} C {y,}, we find

0> lim (dn,J’n _y)X
n—oo

= Tim (dy. yn = y)x + lm {d/, ys =)y

n—oo

n—>o0
> 1im (dp', ym — ¥)x + lim (d), ym — ¥)x. (1.70)
m—00 m—o00

*
Since co B is compact and the graph is closed in W,, x X*, we can consider that
*

d,, — d” strongly in X* and, moreover,d” € co B(y). Then

Tim (d;,, ym — y)x <O0.

m—>0o0

Again, passing to subsequences, as A is A¢-pseudomonotone, we get

lim (d), ym —v)x = [A(y),y —V]-, Vv e X,

m—o0

and then
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Wm (dp, ym —v)x = Lm (dp, ym —v)x + lim (dy,, ym —v)x

m—o0 m—>0o0

GO A(M).y — V- + {d".y —V)x

*
>[coC(y),y —v]-, Vv e X. O

A%

Proposition 1.26. Let A : X = X™* be a Ag-pseudomonotone operator on W, the
embedding of W in Banach space Y be compact and dense, the embedding of X in Y

*
be continuous and dense, and let co B : Y = Y* be a locally bounded map such

*

that the graph of €0 B is closed in Y x Y* (i.e. with respect to the strong topology
of Y and the weakly star one in Y*). Then C = A + B is a Ag-pseudomonotone on
W map.

*
Proof. Let (1.55) be fulfilled. The operatorco B is locally bounded, i.e. for all
y € Y there exist N > 0 and ¢ > 0 such that

*
o BE)ll+ < N, if [[E—yly <e.
Obv10usly, a locally bounded operator is bounded valued. Therefore co C(y) =

coA(y) + coB(y) and d, = d, +d,, d) € CoA(y,,) d e CoB(y,,) Since
the imbedding W C Y is compact, we have that y, — y strongly in Y and by

*
virtue of local the boundness of co B the sequence {d,'} is bounded in Y* (and
then also in X* ), which means that there will be a subsequence {d,;} C {d,/}
such that d,; — d” weakly star in Y *. The embedding operator [* : Y* — X* is
continuous, so that 7 * remains continuous also in the weakly star topologies [RS80].
Hence, d,, — d” weakly starin X*, sothatd,, = dn—d,, - d’ = d —d" weakly
star in X *. Therefore
(dr/y/w Ym — y)X — 0.

Then from (1.70) we get lim (d),, ym — V) x =< 0, whence up to a subsequence
m—00

*
lim (d,’nk,ymk—v>xz|:ﬁA(y,y—v)i| ,VveX.

my —00 —

* *
Further, as the operator co B is closedin Y x Y,*, d” € co B(y) and

im  (dmy, Y = V) = lim (dy,  ym — )y +mli£1)100<d**,ymk —v)y
mp —>00 my —>00 k

> [%A(y), y - V] +[e0*B(y),y —v]_

- [%C(y),y—v} VveX.

The Proposition is proved. O
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Proposition 1.27. Let the functional ¢ : X — R be convex, lower semicontinuous
on X. Then the multivalued map B = d¢ : X — C,(X™*) is Ao-pseudomonotone
on X and it satisfies Condition (11 ).

Proof. (a) Property (IT). Let k > 0 and the bounded set B C X be arbitrary fixed.
Then Vy € B and Vd(y) € do(y) (d(y),y — yo)x < k is fulfilled. Let u € X be
arbitrary fixed, so

(d(y),u)x = (d(y),u—y)x +{d(y),y)x <o) —o(y) +k
< ou) — yléllfg ©(y) + k = const < +o0,

since every convex lower semicontinuous functional is lower bounded by every
bounded set. Hence, thanks to the Banach—Steinhaus Theorem, there exists N =
N(yo0,k, B) such that |d(y)||x+ < N foreach y € B;

(b) Ap-pseudomonotony on X . Let y,, — yg in X, dp(y,) o d — d in X* and
the inequality (1.55) true. Then, due to the monotony of d¢, for each dy € dp(yo)
and foreachn > 1

(dn, yn — yo)x = (dn — do, yn — yo)x + (do, yn — Yo)x = {do. yn — yo)x.

Hence
lim (du,yn —yo)x = lim (do,yn — yo)x =0.

n——+00 n—-+oo
Because of the last inequality and of inequality (1.55) it results in

lim (dy, yn — yo)x = 0.

n—-+oo

Thus foreachw € X

Lim (dn,yn —w)x > lim (dn, yn — yo)x
n—-4o0 n—-+o00

+ lim (dn,yo —w)x = {do.yo —w)x. (1.71)

n——+o00

From another side we have

(do.w—yo)x < lim (dn,w—yn)x < (W)
n—-+o00o

— lim ¢(yx) < eWw) —e(yo), (1.72)

n—-+oo

since every convex lower semicontinuous functional is weakly lower semicontin-
uous. From (1.72) it follows that dy € d¢(y¢). From here, due to the inequality
(1.71), we obtain inequality (1.56) as B = dp on X. O

Now we consider a functional ¢ : X +— R.
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Definition 1.13. The functional ¢ refers to the locally Lipschitz, if for any x¢o € X
there are r, ¢ > 0 such, that

lp(x) —e(¥)| <cllx = yllx Vx,y € Br(xo) ={x € X ||x —xollx <r}.

For a locally Lipschitz functional ¢, defined on a Banach space X, we consider
the upper Clarke derivative [C190]

1
ol )= Tm  —(p(v+ah) —p(M)eR, x,heX
v—=>x, 00+ O

and Clarke generalized gradient
dcio(x) ={pe X*|{p.v—x)x < (pgl(x,v—x) Vve X}, xeX.

Proposition 1.28. Let W be a Banach space compactly embedded in some Banach
space Y, ¢ : Y +— R be alocally Lipschitz functional. Then the Clarkes generalized
gradient dcjp : Y = Y™ is Ag-pseudomonotone on W.

Proof. From the calculus of Clarkes generalized gradient (see [CI90, Chap.2])
we know that d¢j¢(x) is nonempty, closed, bounded and convex. Hence, for each
x €Y dcrp(x) € C,(Y™).

Now let {y.}n>0 C W be a sequence such, that y, — yo in W, d, — dp in
Y*, where d, € d¢c1¢(yn) ¥Yn > 1 and the inequality (1.55) is true. Due to the
compact embedding W C Y we conclude that y, — yo in Y. Since the mapping
dcrp - Y = Y*is weak-closed (cf. [C190, p. 29]), then dy € d¢c1¢(yo). Thus,

lim (dn, yn — @)y > lim (dy, yn — yo)y + lLim (dn, yo — @)y

n—>oo n—>oo n—o0

=0+ (do. yo — ®)y > [0ci¢(0), yo —w]- VYo €Y,

which completes the proof. O

Now let W = W, N Wy, where (Wq, |- |lw,) and (W2, || - [|w,) are Banach spaces
such that W; C X; with continuous embedding.

Lemma 1.15. Let X1, X, be reflexive Banach spaces, A : X1 — C,(X{) and B :
X5 — Cu(X5) be s-mutually bounded Ao-pseudomonotone respectively on Wy and
on Wy multivalued maps. Then C := A+ B : X — C,(X™) is Ag-pseudomonotone
on W map.

Remark 1.23. If the pair (A; B) is not s-mutually bounded, then the last Proposition
holds only for A-pseudomonotone (respectively on W; and on W,) maps.

Proof. At first we check that Vy € X C(y) € C,(X™*). The convexity of C(y) fol-
lows from the same property for A(y) and B(y). By virtue of the Mazur Theorem,
it is enough to prove that the set C(y) is weakly closed. Let ¢ be a frontier point
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of C(y) with respect to the topology o(X*; X**) = o(X™*; X) (the space X is
reflexive). Then

Hemtm>1 CC(y): cem —c¢ weaklyin X* as m — +oo.

From here, since the maps A and B have bounded values, due to the Banach—
Alaoglu Theorem, we can assume that for each m > 1 there exist v,, € A(y)
and wy, € B(y) such that v,, + wy, = ¢, and by passing (if it is necessary) to the
subsequences we obtain:

. " . %
Vvm —v in X; and wy —w in X,

for some v € A(y) and w € B(y). Hence c = v+ w € C(y). So it is proved that
the set C(y) is weakly closed in X *.

Now let y, — yo in W (from here it follows that y,, — yo in W; and y, — yo
in W), C(yn) 2 d(yn) — dp in X * and the inequality (1.55) be true. Hence

da(yn) € A(yn) and dp(yn) € B(yn): da(yn) +dp(yn) = d(yn).

Since the pair (A4; B) is s-mutually bounded, from the estimation

(dn), yn)x = {da(n)+dBn), yn)x = (da(Wn), yn)x, +{dB(Yn). Yn)x, <k

we have or ||d4 (y,,)||X1* < C or ||dp(yn) ||X;< < C. Then, due to the reflexivity of
X1 and X», by passing (if it is necessary) to a subsequence we get

da(yn) =~ dyin X;{ and dp(ys) — dg in XJ. (1.73)
From the inequality (1.55) we have

lim (dg(yn). ¥n — Yo)x, + 1im (d4(¥n). ya — Yodx, < lim (d(y). yn — yo)x <0,
n—oo n—oo

n—oo

or symmetrically

lim (d4(yn). ya — Yo)x, + 1im (dg(¥u). ya — Yo)x, < 1lim (d(yn). yn — yo)x < 0.
n—oo n—oo

n—oo

Let us consider the last inequality. It is obvious that there exists a subsequence
{ym}m C {yn}nzl such that

0> lim (dp(yn). yn = Yo)x, + im (da(yn). yu — yo)x,

n—oo

= lim (dB(Ym), Ym _yO)X2 + lim (da(ym), ym _yo)Xl~ (1.74)
m—00 m—00
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From here we obtain:

or (da(ym): ym = yo)xy <0, o Tm (dg(ym), ym = yo)x, < 0.

lim
m—>0o0
Without loss of generality we suppose that

(da(ym), ym — yo)x; < 0.

lim
m—00

Then because of (1.73) and of the Ag-pseudomonotony of A on W; there exists a
subsequence {ym; }k>1 C {Vm}m such that

klingo(dA(Ymk)»Ymk —v)x, = [A(yo),yo —Vv]- Vve Xj. (1.75)

By substituting in the last relation v for yy it results in
(da(Ymy), Yymp —Yo)x, = 0 as k — +oo.

Therefore, taking into account (1.74), we have
m (dB()’mk)7 )’mk - yO)X2 < 0.
k—o00
By virtue of the A¢-pseudomonotony of B on W,, up to a subsequence { V), } C
{Ym, tk>1 we find

li_m (dB(ym;()’ ym;( - W)X2 2 [B(y0)7 )’0 - W]— VW € X2' (176)

k—o00

So from the relations (1.75) and (1.76) we finally obtain

lim (d(ymjc)’ ym}( - X)X

k—o00

> lm (da(Vm, ), Y, — %) x; + Im (dB (Y ) Yim), — X) x>
k—o00 k—o00

= [A(¥0). yo — x]- + [B(yo), yo — x]- = [C(y0),yo —x]- Vx € X.
The Lemma is proved. O

Remark 1.24. Lemma 1.15 means that the family of all A¢-pseudomonotone on W
multivalued maps which satisfy Condition (/1) makes a “convex cone” in the space
S(X; X™*).



82 1 Auxiliary Statements

References

[BR68] Brezis H (1968) Equations et inequations non lineaires dans les espaces vectoriels en
dualite. Ann Inst Fourier 18:115-175
[BP72] Browder FE, Hess P (1972) Nonlinear mapping of monotone type in Banach spaces.
J Funct Anal. doi:10.1016/0022-1236(72)90070-5
[C190] Clarke FH (1990) Optimization and nonsmooth analysis. SIAM, Philadelphia
[DU65] Dubinskii YuA (1965) Weak convergence in nonlinear elliptic and parabolic equations.
Mat Sb 67:609-642
[ET99] Ekeland I, Temam R (1999) Convex analysis and variational problems. SIAM,
Philadelphia
[GGZ74] Gajewski H, Groger K, Zacharias K (1974) Nichtlineare operatorgleichungen und
operatordifferentialgleichungen. Akademie-Verlag, Berlin
[HPOO] Hu S, Papageorgiou NS (2000) Handbook of multivalued analysis. Volume II: Applica-
tions. Kluwer, Dordrecht
[IMS88] Ivanenko VI, Mel’nik VS (1988) Variational Methods in Control Problems for Systems
with distributed parameters [in Russian]. Naukova dumka, Kiev
[JAM72] James RC (1972) Super-reflexive spaces with bases. Pac J Math 41:409—419
[KMPO06] Kasyanov PO, Mel’nik VS, Piccirillo AM (2006) On schauder basis in some Banach
spaces. Reports NAS of Ukraine. 4, 23-30
[KOGO1] Kogut PI (2001) On the variational S-compactness of conditional minimization prob-
lems. J Math Sci. doi: 10.1023/A:1012302232380
[LIO69] Lions JL (1969) Quelques methodes de resolution des problemes aux limites non
lineaires. Dunod Gauthier-Villars, Paris
[PAP87] Papageorgiou NS (1987) On multivalued evolution equations and differential inclusions
in Banach spaces. Comment. Math Univ San Pauli 36:21-39
[PKZ08] Perestyuk MO, Kasyanov PO, Zadoyanchuk NV (2008) On solvability for the sec-
ond order evolution inclusions with the volterra type operators. Miskolc Math Notes 9:
119-135
[PET67] Petunin Yul (1967) The reflexivity criterium for a Banach space. RAS USSR. 140:56-58
[RS80] Reed M, Simon B (1980) Methods of mathematical physics. Vol. 1: functional analysis.
Academic, New York
[RUD73] Rudin W (1973) Functional analysis. McGraw-Hill, New York
[SIM86] Simon J (1986) Compact sets in the space L?(0, T'; B). J. Annali di Matematica Pura
ed Applicata. doi: 10.1007/BF01762360
[SKR94] Skrypnik IV (1994) Methods for analysis of nonlinear elliptic boundary value problems.
Providence, RI
[TEM75] Temam R (1975) A non-linear eigenvalue problem: the shape at equilibrium of a con-
fined plasma. Avch Ration Mech Anal. doi:10.1007/BF00281469
[TRI78] Triebel H (1978) Interpolation theory, function spaces, differential operators. North-
Holland Publishing Company, Amsterdam
[ZK07] Zadoyanchuk NV, Kasyanov PO (2007) Faedo—Galerkin method for nonlinear second-
order evolution equations with Volterra operators. Nonlinear Oscillations 10:203-228.
doi:10.1007/s11072-007-0016-y
[ZM99] Zgurovsky MZ, Mel’nik VS (1999) Nonlinear analysis and control of infinite-
dimentional systems [in Russian]. Naukova dumka, Kiev
[ZMO04] Zgurovsky MZ, Mel’nik VS (2004) Nonlinear analysis and control of physical processes
and fields. Springer, Berlin
[ZMNO04] Zgurovsky MZ, Mel’nik VS, Novikov AN (2004) Applied methods of analysis and
control by nonlinear processes and fields [in Russian]. Naukova Dumka, Kiev



Chapter 2
Differential-Operator Inclusions
with W, -Pseudomonotone Maps

Abstract In this chapter differential-operator inclusions with non-coercive maps
of the Volterra type are studied qualitative and constructively. Such objects describe
new mathematical models of non-linear geophysical processes and fields, in particu-
lar, piezoelectric processes which require the developing of corresponding
non-coercive theory and high-precision algorithms of searching of approximate
solutions. In Sect.2.1 we validate the scheme developed by Dubinskii for +-
coercive maps with (W; W)-s.b.v. and consider examples of hydrodynamic prob-
lems. Section 2.2 is devoted to the singular perturbation method for evolutional
inclusions with weakly coercive mappings. In Sect.2.3 we develop the noncoer-
cive theory for evolutional inclusions with maps of the Volterra type mappings.
In Sect.2.4 we study periodic solutions and the Cauchy problems solutions of
differential-operator inclusions with +-coercive maps of pseudomonotone type and
consider some anisotropic problems perturbed by Clarke generalized gradient. In
Sect. 2.5 we validate the finite differences method for evolutional inclusions with
+-coercive Ag-pseudomonotone maps and consider examples of nonlinear bound-
ary value problems with subdifferential operators. In Sect.2.6 we study the sec-
ond order evolution inclusion with noncoercive multivalued damping. Section 2.7
devoted to some geophysical applications. The obtained results are demonstrated
in the example of dynamical contact problem with the non-linear friction. The
results of this chapter together with the theorems of Chap.1 sweep new classes
of differential-operator inclusions with multi-valued maps of the pseudomonotone

type.

2.1 Dubinskij Method for Operators
with (X ; W)-Semibounded Variation

As before let (V1, || - |lv,) and (Va2, || - [|v,) be reflexive Banach spaces continuously
embedded in Hilbert space (H, (-,-)) such that for some numerable set ® C V =
inv,

@ isdensein V, Vi, Vo andin H.
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Processing 1I, Advances in Mechanics and Mathematics 25,
DOI 10.1007/978-3-642-13878-2_2, (© Springer-Verlag Berlin Heidelberg 2011
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After identification H = H™* we obtain
Vi HCV], V,CHCV,,

with continuous and dense embedding, (V*,| - ”V,-*)’ i = 1,2 is topologically
adjoint of V; space with respect to the canonical bilinear form

(y VXV >R,

which coincides on H with the inner product (-,-) on H.

Let us consider the functional spaces X; = L,,(S; H) N Ly, (S;V;), where S
is a finite time interval, 1 < p; < r; < +o00. The spaces X; are reflexive Banach
spaces with the norms

Ivlx; = Iylle,, v + Iylle,, ¢s;m)

X =X1NXa, yllx = lylx, +lyllx,.Let X (i = 1,2)be topologically adjoint
with X;. Then,

X* = X7+ X3 = Lgy (S V") + Ly (S:V3) + Ly (St H) + Ly (S: H).

where r; 1 4 /7! = pi ' +¢;i7! =1( = 1,2). Let us define the duality form

i
on X*x X

(fiy) = / (0. y(@)a dt + [ (fr2(0). y () d
S S

+ / or(0. y(©)y, dT + / (D). y (D)), d

S N

- [ (f(@0).y(0) dx.
S

where f = fi1+ fiz+ fa1 + f22, fri € Ly/(S: H), fai € Lg;(S; V) (i = 1,2).
Note that (-, -) coincides with the inner productin J = L,(S; H) on J€.

Let A : X = X™ be the multivalued map. We consider solutions in class W =
{y € X| y’ € X*} of the following problem:

(V. 6) + [A().§l+ = (L §) VEeW,
y(0) =0,

where f € X* is arbitrary, y’ is the derivative of an element y € X in the sense of
scalar distributions space Z*(S; V*) = Z(2(S); V,)), with V = V1 N V5.
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Let us introduce on Banach space W the graph norm ||y|lw = |[¥lx + |V |l x*,
where

Ifllx= = inf
f=fu+t futfatfo:
Sii € Ly (S5 H), fr € Ly (S; V") (i = 1,2)

maxy [ fulle,, sseni Mzlle, s 1 fatlleg, svpys 122l smp -

Note that the embedding W C C(S; H) is continuous.

Now we prove the Theorem about resolvability of differential operator inclu-
sions with nonlinear coercive w)-pseudomonotone maps using Dubinskij method
developed in [D65]. Further we will assume either r; > 2 or rp > 2.

In order to prove the solvability for the stated problem we use the particular
case of the stationary approximations method introduced by Yu.A. Dubinskii [D65]
for differential-operator equations. Besides the solvability this method allows us to
obtain the series of a priori estimations. Thus for example we can investigate the
dynamics of solutions for a wide class of applied problems. Such problems can
be described by evolutional inequalities with non-coercive multi-valued maps of the
Volterra type. This method based on the conversion from first order problem to the
second order differential-operator inclusion

* -_— -
—ey +yp+C0Ay: 3 fi y(0) =0, y(T)=0. 2.1

Further, when we prove the solvability for the given problem at fixed ¢ > 0, obtain
a priori estimations for solutions and pass & — 0+ we obtain solutions of the initial
problem with series of properties.

Now let us prove the theorem on the existence of the generalized solution
for a differential-operator inclusion with nonlinear weakly coercive map of w)-
pseudomonotone type using the scheme developed by Dubinskii. The introduced
theorem allows us not only to obtain a new method of searching of solutions of the
given problem with new a priori estimations but also use it further for the investiga-
tion of differential-operator inclusions and evolutional multivalued inequalities with
noncoercive maps. In this theorem we validate the Dubinskii method for differential-
operator inclusions with 4--coercive maps and obtain new a priori estimations for
approximative solutions. This result will be applied for the proof of Theorem 2.3
and its corollaries. As the presented results have an independent value we formulate
them as separate theorem.

Theorem 2.1. Let A : X == X* be +-coercive, radial lower semicontinuous mul-
tivalued map with (X; W)-semibounded variation. Then for each f € X™ there
exists at least one solution y € W of the problem:

(V') + [Ay.Ely = (/) VEeW. y(0)=0. (22)
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Remark 2.1. Due to density of W in X and from Proposition 2 it follows that
problem (2.2) is equivalent to:

* —
Y +c0A(y)> f, y(0)=0, yeW.

Remark 2.2. In Theorem 2.1 the scheme developed by Dubinskii for evolutionary
equations is generalized to evolutionary inequalities with multi-valued maps with
(X; W)-semi-bounded variation. This scheme is new for the analyzed class of prob-
lems and enables us not only to prove solvability but also to obtain a series of
estimates for the solutions, which is important for the subsequent investigations
of these objects. Thus, the same scheme is considered in [D65, ZMNO04] but for
equations. At the same time, the other schemes are used in [DMP03, KMVO0§],
[VMO8]-[VMOO] for the differential-operator inclusions with multi-valued maps of
the monotone type taking weakly compact convex values.

Proof. To simplify the proof we assume that S = [0, T']. Let us consider the space
Wj := {y € W|y(0) = 0} with the norm|| - || .

To prove the given Proposition let us use the particulary case of stationary
approximations method. At first, from problem (2.2) we pass to the second order
differential-operator inclusion (2.1).

Let us consider the linear space

W ={y €Ly (S:V1) N Lp,(S:Va)|y' € Lo(S; H) = ., y(0) = 0}

with the norm |y [l57 = IVl ,,, ¢s;v1) + 1YL, (s5v2) + 1Vl 52, ¥ € W. Note that

Wcc (S; H) continuously and moreover, from the assumption max{ry,r2} > 2
it follows that W C W5 C X continuously. If we apply the formula (1.15) to (2.1)
(taking into account y_(T") = 0 and the assumption y_ € % + X*) we obtain

ee EN e + (¥ €) + [Aye. El4 = (f£) VEEW. (2.3)

As solution of problem (2.1) we are going to find an element y, € W, for which
(2.3) is true. i
Now we use the coercivity condition on A. For every y € W

(V.Y + (V. y) +[Ay. yl+ = (f.y)
> (M7 = lyON7)/2 + [Ay. y1+ = I fllx= 1yl x
> [Ay. yl+ = I f Ix=Iyllx = Iylx allylx) = 11/ llx*).

where y4(r) — +o00 as r — +4o00. Therefore there exists Ry > 0 such that Ve > 0

e(V V) + (V) + Ay ]+ = (fi9) 20 VyeW: |ylx = Ri. (24)
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Proposition 2.1. Under the conditions of Theorem 2.1, for each ¢ > 0 problem
(2.1) has at least one solution y, € W for wich the following estimate holds true

ellyele + lyellx <k, 2.5)
where k = k(f) does not depend on ¢.

Proof. Since the space V is separable simultaneously with w (it is easy to
check, using the proof of Theorem 1.6), let {/,},>1 be the complete system in
W . Remark that 4;(0) = 0 for i > 1. The approximate solution of (2.1) has to be
searched in the form

n
Yen = Z Olg’nhj,
j=1
where the constants ozg " can be found from the following system of inequalities
eWens W) oe + (Vens 1) + [AYen, ]+ = (fh)  Vh € Hy, (2.6)

where H), is the linear span of {/; }7_,. Remark that [, is finite-dimensional sepa-
rable Banach space with the norm || - || x . Hence, let {v; }i>1 C H, be a dense system
of vectors in Hj,.

Proposition 2.2. For each n > 1 problem (2.6) has at least one solution y., € Hy,
for which the estimation || yen ||x < Ry holds true.

Proof. We approximate the solutions of (2.6) by a finite systems of algebraic
inequalities

eVenm Vi) + Venm-vi) + [AVenm, vil+ = (fivi)

) (2.7)
g(yénm’vg)«%” + (ys,:nm’vi) + [Ay&nm’vi]— = (f’ Vi)v r=1m,

m .
. . n
where m > 1 is arbitrary and yepm = Y. odmV;.
Jj=1

Proposition 2.3. For each m > 1 problem (2.7) has at least one solution &', =

. m .
(aé,’,"n);f'zl € R™ such that for yepm(@g,) = > aé’,’,’,vj the estimation ||Yenm

j=1
(o7",) lx < Ri holds true and the set

Gen(m) = {yenm (0_527,,) € Hy |
Yenm (&g, is a solution (2.7),

|yenm(@n)llx < Ri}

is compactin H,.
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Proof. For any fixed m > 1 let us consider the multivalued map B : R — C,(R™)
defined in the following way:

Va e R™  B(@) = (B; (@)™,

where foreachi = 1, m

Bi(a) = [8()’,(0_‘)»";)% + (V@) vi) + [Ay(@). vi]- = (fovi).
e(y'(@).v)oe + (y'(@).vi) + [Ay(@).vil+ — (. Vi)] € G(R),

m m
@=()L,. y@ =Yy aqv. Y@=y av.
i=1 i=1
We consider the norm in R™

m
§ (072%)

i=1

lellgm = Va = (@)L, € R

X

and paring
(@ B) = Za,,@, Va = (o)™, e R™, = (B!, € R™.
i=1

Due to Proposition 1 for each & = ()7L, € R™

[B(@),a]+ = sup g Zbiai
i=1

bi € Bi(@), i =1,_n}

3

= 3 (207 @. VDo + (@), ) + Ay @), vl = (fov) )i
i=1

= > ey @). i) e + (¥ (@), aivi) + [Ay(@). civils — (freuvi)
i=1
> 6(y'(@), Y (@) e+ (V' (@), y(@)+[Ay (@), y@)]+ = (£ (@) 2 0,

as ||@|lrm = ||y(@)|lx = R;. Therefore,

[B(@),a@]+ >0 forall @€ R™:|a|gm = R;. (2.8)
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Similarly for each @ = (;)72, € R™ and B = (B, e R

[B(@). Bl+ = sup {Zbiﬂi

i=1

bi € Bi(a), i =1,_n}

= Y (c0' @ + (' @.v) = (f))Bi
i=1
+ 3 (max{[Ay(@). vl [4y@. —vl+3) - il

i=1

The map

R 56— 3 (/@) + ('@.vi) = (fiv)) i

i=1

is affine and hence continuous. The upper semicontinuity of the map

R™ 5 @ — max{[Ay (@), vi]+., [Ay (&), —vi]+} Vi=1,m
follows from the same statement for
R™>a — [Ay(@),vi]+ and R”>a — [Ay(@),—vi]l+ i=1,m.

The latter follows from (finite-dimensional) locally boundness and from (X; W)-
semibounded variation of A (Lemma 1.13). Hence for each B € R™ the map
R™ > @& — [B(@), B]+ is upper semicontinuous. So, in virtue of Castaing Theorem
[AE84], B is upper semicontinuous map on R™.

Now, due to the relation (2.8) we can apply the analogue of “acute angle”
Lemma (see Corollary 2) for the map B. We obtain that for each m > 1 there
exists at least one solution (2.7) &, = (aé”,’:,);f’zl € R™ such that ||&, [[r» < Ry.

m .
Hence, for yenm = Y. af"v; the estimation || yenm||x < R1 holds true.

j=1
The compactness of G, (m) obviously follows from the boundness of G, (m)
and upper semicontinuity of B on R, O

Let us consider the set

Gen = ) Gen(m).

m>1

It is not empty, since for each m > 1 Gg,(m + 1) C Ggp(m) and G, (m) is a
compact set. So, there exists ye, € Ggp, such that ||y, ||x < R; and

eVin Vi) + (Vins Vi) + [Aven,vil+ = (fivi) Vi > 1.

Since {v; };>1 is dense in H,, the validity of (2.6) follows. O



90 2 Differential-Operator Inclusions with W), -Pseudomonotone Maps

From Propositions 2, 3 and (2.6) we obtain that for any ¢ > 0 and n > 1 there

*
exists dg, € €0 Aye, such that

eVen §)or + (Ven §) + (den. &) = (£.§) VE € Hy. (2.9)

Substituting in the last relation § = y,, € H, we obtain

, 1
8||ysn||2% + Enysn(T)”%{ + (dens Yen) = (f: Yen)- (2.10)

Hence
(demysn)f ”f”X*Rl Ve>0,n>1.

So, due to Proposition 2.2 and Property (/1) for A (see. Lemma 1.13) there exists
C > 0 such that
ldenllx <C Ve>0,n>1. (2.11)

From the estimate (2.10) it follows that
elvenlZe < (C + [ fllx*)R Ve>0,n>1.
Due to this and to Proposition 2.2 the estimation:
ellinlZe + lyenllx <k(f) Ve>0,n=>1 (2.12)

follows. Therefore, we may assume that for the arbitrary ¢ > 0 the sequence
{Yen}n>1 (more exactly, some of its subsequences) is weakly convergent in reflex-
ive Banach space W to the function y, and consequently y., — y, in ¢ and
ye(0) = 0.

In virtue of (2.11) for all ¢ > 0 we may consider that up to a subsequence dg,, —
x%e in X*. By passing to the limit in (2.9) we obtain

e EN e + (V) + (e, E) = (f1§) VEEW. (2.13)

*
Now, we show that x, € co Ay.. Because of (X; W)-semibounded variation of
A we have that

E(Ys/:n —E/,yg,, - f/)ﬂ' + (yén - E/’yen — &) + [Ayen, yen — §]-
> [AE, yen — El4 — Ca(R; |yen —Ely) VEE W, (2.14)

where || - ||}, is a seminorm compact with respect to the norm in W and to the norm
in W. Here R > 0 such that || yes|lx < R, [€]lx < R, k(f) < R.
Since U,>1 H, is dense in W there exists a sequence vy, € H, such that for
fixed e > 0 —
Ven —> Ye stronglyin W as n — oo.
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Hence in virtue of (2.9) and (2.14) we obtain

8()’;;17 y;n—f/)%-i-(y;ny Yen = &)+ (den, yen — ) —e(E’, ygzz —ENor—(E, yen—E)
= (/. Yen — Ven) + g(yg”,vgn _g/)ﬁf + (ygnaven — &) + {den ven — §)
— e v —E)w = (E yen — E)
Z ey =& Yin —EDow + (Vi = Yen — §) + [AVen. yen — ]
> [AE, yen — El4+ — CA(R; || Yen _§-||;/V) (2.15)

Following relations hold true:
(ﬂYen—Ven) _)07 (y;rwv/en_S/)W_)(y;’y;_g/)if?

(Ven-ven — &) = (e, ye — &), (den,ven — &) — (%e, ye — &),
E . yen 8w — E yi =)o, (. yen —§) — (£, ye — &),
lim [A§, yen — El+ = [4E. ye — §]+.

n—>oo

CAR: [|yen — Ellw) = Ca(R: |lye — ),

as n — oo. Then by passing to the limit in (2.15) as n — oo, we have

eVe Ve = 8w + (Ve ve — &) + (xe, ye — &) — €€y — &) — (E, ye — &)
==& ye = + (e — & ye — &) + (e, ye — &)
> [A§, yo — El+ — Ca(R: |lye — Ellw)- (2.16)

In last inequality we set £ = y, — tw where w € W . Hence
1
te(w’, ) + T(0', 0) + (%, 0) = [A(ys — T0), 0] — ;CA(R§ Izl )-

Due to radial lower semicontinuity of A we can pass to the limit as t — 0+, we
have "
<%87w) 2 [A)’£,a)]— Vw € W

*
So x. € co Ay, namely y, satisfies inequality (2.3).
Remark also, that from (2.13) and from the definition of the derivative in the

sense of Z(S; V*) it follows that

ey! =die +dre YU(T)=0 (2.17)

*
where di; = %, — f € C0A(ye) — f C X* and do, = y, € . Hence y! €
X*+ 7. ]
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Let & — 0. Then up to a subsequence y, — y in X. So, in virtue of (2.17) and
due to y.(T) = 0 we have:

t

T—
yi(t) = —! / di(T —0)e Tt D/egr 18,
0

o0

where {d} is a bounded set in X*. Since ¢! [ e~ ®/9dr = 1 then from the
0

convolution product inequality it follows that {y.} is a bounded set in X *. Therefore

we may assume that y, — y in W up to a subsequence.
Using (2.5) we obtain

el(yi €Nl < ellyilll e < VEelE |l e — 0ase — 0+

*
Then due to (2.13) (remark that x, € co Ay,),

(V. 6) + (x.6) = (f§) YEeW, (2.18)

where x is a weak limit of the sequence x, in X *. Note, though, that the equality
(2.18) holds true Y& € W. Due to Proposition 2 to prove the Theorem it is sufficient
to show that (x, &) < [Ay, &]+ V& € W. From the inequality (2.16), which is valid
for y,, and in virtue of (2.13) the relation

(fye—§) —e@ vy, — &) — (£ e — §) 2 [A4E, ye — El+ — Ca(R: [lys — Elw).

follows and after passing to the limit as ¢ — 0+ (due to (2.18)), up to a subsequence
we have that

(Y —&.y—8 +(x,y—§) = [A6.y — €]y — Ca(R:|ly — €lw)

isvalidV £ € W. Settinginité =y — tw, w € W we find
! 1 /
t{@, o) + (x,0) 2 [A(y — 70), 0]t — —Ca(R:7llo]ly).

Hence passing to the limit as t — 0+ due to radial lower semicontinuity of the
operator A and properties of the function C4 we obtain the required relation:

(x.0) = [A(y). 0]- Vo e W.

The Theorem is proved. O

Remark 2.3. Let in the last Theorem A be Volterra type operator, namely for any
u,v € X,t € S from the equality u(s) = v(s) for a.e. s € [0,¢] it follows that
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[A(w), &]+ = [AW), &)+ V& € X:&(s) = Oforae.s € S\[0,¢]; []y; is some
) 1/pi
seminorm on V; (i = 1,2), assume that [y]x, = (f[y(t)]’;; dr) . Obviously
S

that [-]x, is a seminorm on X . We can obtain the uniform boundness of solutions of
problem (2.6), if instead of +-coercivity of the operator A : X = X* the following
condition hold true:

JX0>0,8>0,91>0, >0, €Rand f € X*suchthat Vy € W

(y',y) +{d(y),y) < (f.y) for the given d € %A, (2.19)
lx, + lx, + Aolylle,,s:m) = Blyllx, (2.20)
([d(3),y) = nbIg, +rblg, +a 221

where pg = max {ry,r,}.
Remark that sufficient conditions for (2.19)—(2.21) are following: foreach y € X

lx; + lx, + Aollyllz,gs:m) = Bllylx. (2.22)
[Ay. yl- = nbI%, + r2DIE, +a (2.23)

but the conditions (2.19)—(2.21) are weaker then (2.20), (2.21).

Proof. All the difference lies in the estimation obtaining:
[venllx < Ry foreache > 0,n>1,

since the resolvability of problem (2.6) often follows from the resolvability of alge-
braic inequalities and inclusions theory (in Theorem 2.1 then, firstly, we choose a
bounded set in which solutions will lie and here we show that solutions of problem
(2.6) (if they do exist) are uniformly bounded). Since A is Volterra operator with
semibounded variation on W, then from (2.19) to (2.21) it follows that for each
t,eS

Ly O — 1y O %

: +(d).¥)x, = (f¥)x, forgivend € 4. (224)

lxi, + Dlxo, + Aollylie o008 = Bllylx, (2.25)

and
([d3).y)x Z DI, +r2DIg, +a (2.26)
t
where for i = 1,2 [ylx;,, = ([Iy()lvpidz)l/p; is a seminorm on X; =
0

X([0,1]), (-, ) x, is paring on X;* x X;. Then, using Cauchi and Young inequalities,
and also (2.9), (2.10), (2.24), (2.25), (2.26) and y¢,(0) = 0 we obtain
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t

t
1
SOl + 71 [Den @17 + 2 [ en @137
0 0

1
EHJ’en(t)”fq + (den, Yen)x, — @

IA

< (foyen)x, =@ < [ f x| yenllx, —

1 ~
< gl e, (Denlrs, +Denlis, + Rolvenlz 005 — @
t t t 2/
Po
=t 2 [ba@de + 2 [ba@zde+ & [ o @lgar)
0 0 0

Y1 V2
<C+ ?[yen]fyj(l” + ?[st]fyj(zzt + C2||yen||2L[,0([(),t];H)~

Therefore

2

| ven (t)”%{ +n [ysn]?” + V2[ysn]§(2[ =2C + 2C2||J’en||%,p0([o,t];1-1)v

hence

t
[yen |5 < C3 +C3[ [ yen(T)|I%Ydt foreacht € S, e >0andn > 1.
0

S0, [[yen ()| < C4e€*' namely || yen (t)||lg < Cs. Then [yenlx,, < Co,i = 1,2
and || yen||x, < C7. The arbitrariness of 1 € S gives us the required estimation. O

2.2 Brezis Method for W, -Pseudomonotone Maps

2.2.1 Problem Definition

Let X be the reflexive Banach space, X * be its topologically adjoint,
(,)x : X* x X — R is canonical paring.

We assume that for some interpolation pair of reflexive Banach spaces X, X5, X =
X1 N X5. Then due to Theorem 1.3 X* = X + XJ. Remark also that

(fo)x = {(fi.rdx, +{f2.))x, VS eX"VyeX,

where f = fi + fo, fi € X[, i =1,2.
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Let L : D(L) C X — X™ be linear operator, with dense definitional domain,
A Xy = C(XY), B : Xo — C,(X}) are the multivalued maps. We consider the
following problem:

Ly +A(y)+ B(y)> f. ye€ D), (2.27)

where f € X* is arbitrary fixed.

Remark 2.4. Further we will assume that D(L) is reflexive Banach space with the
norm

IyIipw = Iylx + ILylx~ Vy e D(L).

The given condition is true through the maximal monotony of L on D(L)
(Corollary 1.8).

2.2.2 Singular Perturbations Method

Let us consider generally speaking the multivalued duality map

J) =X [ Eyx = €G- = lylx } € C(X™) VyeX,

namely
J) =3l 1%/2() VyeX,

which is the corollary of Proposition 8. From Theorem 2 it follows that this map
is defined on the whole space X, and from [AE84] its maximal monotony follows.
Besides, due to [AE84, Theorem 4, p. 202 and Proposition 8, p. 203] for each
f € X* the map

JTNH=eX|fely)

— e X Unx =1/ B =By e

is also defined on the whole space X and it is the maximal monotone multivalued
map.
We will approximate the inclusion from (2.27) by the following:

eL*J 7 (Lye) + Lye + A(ye) + B(ye) > f. (2.29)

Definition 2.1. We will say that a solution y € D(L) of problem (2.27) turns out
by Singular perturbations method, if y is a weak limit of a subsequence { Ven, V=1
of the sequence {ye, }n>1 (¢n \y 0+ as n — 00) in the space D(L) that for every
n>1 D(L) > yg, is a solution of problem (2.29).
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2.2.3 The Main Result

Theorem 2.2. Let X be a reflexive Banach space,
L:D(L)ycX »>X*

be a linear, densely defined, maximal monotone on D(L) operator;, A : X; —
C,(X{)and B : Xo — C,(X}) be finite-dimensionally locally bounded, s-mutually
bounded, Ao-pseudomonotone on D(L) multivalued maps, for which Condition (IT)
is valid. Also let for some f € X* there exists R > 0 such that

[AD). Y]+ + [BOD). Y]+ = (fiy)x =0 VyeX: |ylx =R (2.30)
Then there exists at least one solution y € D(L) of problem (2.27).

Proof. Firstly let us show that for each ¢ > 0 problem (2.29) has a solution in the
space D(L).
For each y,w € D(L) we set

Me(y,w) = ¢[Lo, J7(Ly)], + (Ly,®)x

2.31
AG). 0l + [BO).0ls — (f0)x. 3D

Remark that for any y € D(L) the form
D(L) > w — I,(y,w)
is positively homogeneous, convex and lower semicontinuous in the graph norm L
lollpwy = llollx + |Lolx+ VYo € D(L).

Therefore due to Proposition 3 it follows that for each ¢ > 0 there exists a
multivalued map
Pe(y) : D(L) — C,((D(L))"),

such that
Hs(%w) = [%E(y)7w]+ for any y,w € D(L) (232)

Proposition 2.4. For every ¢ > 0%, : D(L) — Cv((D(L))*) is finitedimension-
ally locally bounded, Ay-pseudomonotone on D(L) multivalued map.

Proof. Since for each y € D(L) the form
D(L) 3w — e[Lo, JTH(Ly)]+ + (Ly,0)x

is positively homogeneous, convex and lower semicontinuous on D(L) then due to
Proposition 3 we define new multivalued map
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M D(L) — C,((D(L))")
in the following way:
[#e(y) V4 = elLv. T (Ly)4 + (Ly.v)x  Yy.ve D).  (2.33)

Remark that ., has bounded values since for each y,v € D(L) the right side of
the last equality is bounded above.

Lemma 2.1. For every ¢ > 0 the multivalued map M. is monotone, bounded and
upper hemicontinuous on D(L).

Proof. Firstly let us prove monotony of .#. From (2.33) and from Proposition 1
for all yy, y» € D(L) we obtain:

[#s(y1). y1 — y2]_ = &[Ly1 — Ly2.J " (Ly1)]_ + (Ly1. y1 — y2)x.

[Ae(y2). y1 — y2) = &[Ly1 — Ly2, 7 (Ly2)], + (Lya2, y1 — y2)x.

Since J ! is a monotone map, and the operator L is positive, then comparing the
last two equalities we have

[#:(y1). y1 — y2]- = [#:(y2). y1 — y2]4  forany yi,y2 € D(L).
So monotony of .#Z, on D(L) is proved.
Now we prove hemicontinuity of .#, on D(L). We will prove the statement by
contradiction. Let w € D(L), y, — y in D(L) and § > 0 such that
V=1 [ Me(y).oly = B+ [Me(y). 0], . (234)
Remark that

[%g(yn),a)]-',— = (LYn»w)X +8[La)7 J_I(Lyn)]+ Vl’l 2 1

In virtue of Proposition 3 and the definition of the upper support function, for each
n > 1 the existence of [, = I,(w) € J~'(Ly,) such that

[Lo. J7N(Lyn)], = (Lo.l)x

follows. Hence similarly for any n > 1 the existence of mg, = mey(w) € Me(yy)
such that

(men, a))D(L) = (Lyn,0)x + (Lo, ln)x = [A:(yn), w]+
follows. Due to boundness of J ! (see (2.28) and Proposition 1.17) we have:

Ly, — Ly in X* as m — oo, (2.35)
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and therefore, in virtue of the Banach—Alaoglu Theorem the existence of a subse-
quence {l,, }m>1 C {ln}n>1 such that

ln, =1 in X as n—>oo forsome [€X (2.36)

m

follows. This implies that

lim [Lo.J " (Lyn,)], = (Lo.l)x.

m—>0o0

Now we prove that/ € J~1(Ly). From l,,,, € J ™ (yy,,) and from (2.28) it follows
that for all m > 1

(LYnps b)) % = 1LY 15x = 1%
Hence by passing to the limit as m — oo in virtue of (2.35) and (2.36) we have:
(Ly.D)x = IILy %= = 1%
but

(Ly, Dx = [ILylx~[llx.

So,
ILy[% = 1% = (Ly.Dx

and due to (2.28) it implies that [ € J~1(Ly).
Finally we have
T -1 -1
Jim [Lo. J7 (Lyn,)], = (Lo.l)x < [Lo.J7  (Ly)],

and

Tim_[Me () @], = (Ly,0)x + &(Lo,l)x
< (Ly.o)x +¢[Lo. T (Ly)], = [Me (). 0], .

We obtained the contradiction with (2.34).

All we have to do is to prove boundness of M, on D(L). In virtue of (2.33) and
(2.28) it implies that for every bounded in D(L) set D C D(L) forall y € D and
ve D(L)

[Mc(y). V4 < el Lvllx=J 7 (Ly)ll+ + ILyllx=Ivx
<elvilpwylILyllx= + Iyllpwylviipey
<+ Dlylpw Vo) < e+ DID+IIVlipr) < +oo.
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Therefore in virtue of Banach—Steinhaus Theorem
[Me(D)|l+ < (e + DD+ < 4o0.

Boundedness above is proved. Lemma 2.1 is proved. O

Since every hemicontinuous monotone on D(L) multivalued map is
Ao-pseudomonotone on D(L) (see [ZMOO, Proposition 6 and Remark 3, c.63])
then the multivalued map M, also is Ag-pseudomonotone on D(L). Hence, due to
Lemma 1.15 and s-mutual bounededness of (A4, B) on X the same is valid for %,.
Finite-dimensional local boundness of %, follows from the same property for A, B
and M, and from (2.31), (2.32). The Proposition is proved. O

From Lemma 1.15 and from Remark 1 it follows thatthemap A + B : X = X*
is Ag-pseudomonotone on D (L) and satisfies Condition (I7) on X .
The relations (2.33) and (2.28) imply for arbitrary ¢ > 0 and y € D(L)

[Mc(). y]+ = e[Ly. J " (Ly)]+ + (Ly. y)x > e[| Ly[%« = 0.

Hence, due to Proposition 1 and (2.30) for every ¢ > 0

[B:(), ]+ = e[Ly, J ' (Ly)],
+(Ly,y)x +[A(Y), y]+ + [BY), y]+ (2.37)
—(fiy)x =0 VyeD(L): |ylx =R.

Proposition 2.5. For every ¢ > 0 there exists at least one solution of the problem
0€ Be(ye). ye€D(L), |yellx <R. (2.38)

Remark 2.5. Remark that || - || x is the norm on D(L).

Proof. Let % be a filter of all finite-dimensional subspaces of the space D(L). In
an arbitrary subspace F € % let us consider the norm || - ||F = || - || x | 7 induced
from the space X to the space F' C X. Now we fix an arbitrary ¢ > 0 and prove the
validity of the following Proposition.

Proposition 2.6. For any F € % there exists at least one solution y.rp € F of the
problem
[Be(yer),hl+ >0 VheF (2.39)

for which the estimation || ysF ||x < R is true.

Proof. Let a space F € .Z be arbitrary fixed. Since F is finite-dimensional sepa-
rable Banach space with respect to the norm || - || on F then there exists a vector
system {v; };>1 C F which is dense in F. We will approximate (2.39) by the finite
system of algebraic inequalities
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(Be(Verm), vil- < 0 < [Be(YVeFm) vil+ i L_m, (2.40)

m .
where m > 1 and the solution y.r,, € F are represented in the form of aé’,ﬁ V.
j=1

Proposition 2.7. For m > 1 problem (2.40) has at least one solution &gnF —
(@Lm )=y € R™ such that for
m
yeFm(&Z:F) = Z ag,’,f;vj

j=1

the estimation
[yeFm(@g p)llx < R

holds true. Moreover, the set

Ger(m) = {y,;Fm(ang) € F | yerm(@'y) satisfies (2.40)

and \|yerm(@"p)x < R |

is compactin F.

Proof. For any fixed m > 1 let us consider the multivalued map B : R — C,(R"™)
which is defined in the following way:

vaeR" B@ = (B@)L.
where for everyi = 1,m
Bi(@ = [ [#:(:@). v [Z0@).vl+ ] € C®). &= @)L,

In R™ we consider the norm

m
E (o782

i=1

lalenm = lly@lx = Va = (o)L, € R™

X

and the paring

(@B) =) aipi Ya= (@), eR", B =(B)L eR".

i=1
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Due to Proposition 1 and (2.37) it implies that for each @ = (o)7L, € R™

[B(@).a]+ = sup {Zbiai

i=1

bi € Bi(a@), i =1,_n}

m

D [ Be(y@). vilyai = > [Ze(y(@)). ivil 4

i=1 i=1

> [%’e(y(&)), > a v,} = [Z:(y(@). y(@)]; =0,
J’_

i=1

v

as |lallgm = ||y (@) x = R. Hence,
[B(@).&]+ >0 forall @eR™ : ||&|gn = R. (2.41)

Similarly for all & = (e;)"., € R™ and B = (B;)I, € R™

i=1

[B(@), B+ = sup %Zblﬂi

i=1

bi € Bi(@), i =1,_n}

m

>~ (maxt (. (v(@).vil, [Ze(r(@), —vil43) - Bl

i=1

Upper semicontinuity of the map
R™ 5 @ — max{[Z:(y(@)), vil+, [Be(y(@)), —vi]+} Vi=1,m
follows from the same Proposition for the maps

R™ 3@ — [Be(y(@),vi]+ and R™ 3@ — [ZBe(y(@), —vil+ i=1,m.
(2.42)
The latter follows from finite-dimensional local boundness and A¢-pseudomonotony
of ¢ on D(L). Indeed due to Lemma 1.14 and Proposition 2.4 we have that %, is
A-pseudomonotone and locally bounded on F,and hence, due to [M0O, Lemma 1,
p. 1516] and [AE84, Proposition 2, p. 127] for each 8 € R™ the map (2.42) is upper
semicontinuous. Therefore,

R™ 5 & — [B(@). Bl+

is upper semicontinuous. So, in virtue of Castaing Theorem [AES84, p. 132], B is
upper semicontinuous on R”. Now, due to (2.41) we can apply the “acute angle”
Lemma for multivalued maps (see Lemma 2) to the map B. The given Lemma
implies that for every m > 1 there exists at least one solution (2.40)

@ = (alF)"_ € R™  suchthat @ [lm < R.
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Hence, for

m
i F
YeFm = Zaé Vj
=1

the estimation || yerm|x < R is valid.
The compactness of G.r(m) directly follows from boundness of G (m) and
hemicontinuity of B on R™. Proposition 2.7 is proved. O

We continue the proof of Proposition 2.6. Let us consider the set

Ger = ﬁ Ger (m).

m>1
It is not empty, since for any m > 1
Ger(m + 1) C Ger(m),

and G.r(m) is the compact (namely, the family {G.r (m)}n,>1 is centered in F).
Therefore

Ayer € Ger @ ||yerllx < R and [Be(Ver).vil+ =0 Vi=>1.

Due to the density of the system {v;};>1 in the space F we have the validity of
(2.39) for y.r € F. Proposition 2.6 is proved. O

We continue the proof of Proposition 2.5. For arbitrary ¢ > 0 and F € .# let us
consider the nonempty set

Ger = {Ver € F | yer satisfies(2.39) and || yer|lx < R}

and prove its boundness in D(L) uniformly by F for any fixed ¢ > 0.
From inequality (2.39) and equalities (2.31), (2.32) and (2.28) we obtain that for
any e >0, F € Z, yer € GeF
ell(Lyer)llx + (Lyer. yer)x + [A(VeF), YeF]+ + [B(VeF), YeF ]+
—(foyeF)x = 0> ¢el[(Lyer)llx* + (LyeF.Yer)x
+[AeF), yer]- + [B(yeF), yer]- — (f, yeF)x-

Hence due to the definition of upper and lower support functions the existence of

d'(yer) € A(yer) and  d"(yer) € B(yer).

such that
el Lysr I3« + (Lyer. yer)x + (d'(yer). yeF) x,

2.43
+(d"(yeF). ysF)Xz = (f.yeF)x ( )
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follows. Due to L > 0 and (2.43) we obtain that

(d'(yer). yer)x, +(d"(ver). yer)x, = | fllx=R.

Since for the map A + B : X — C,(X*) Condition (/T) is valid, the existence of
C1 > 0 such that

ld"(yer) +d"(yer)llx» < Cv Ve>0, F € 7, yer € Ger (2.44)

follows. In virtue of validity of estimations (2.43) and (2.44) we obtain also that for
eache > 0
el Lyer |l < (Ci 4+ |1 fx*)R

forall F € .% and y.r € G.F. Hence, for each fixed ¢ > 0
1
sup [|Ger | < R+ —(Ci+ || f xR =: G, (2.45)
Fez &

where

D(L
Gk P = sup Iyl
Y€Ger

Remark that C, depends on & > 0.
From the inequality (2.39) and from Proposition 2 for any ¢ > 0, F € Z,
ver € GeF the existence of B(yer) € PBe(yer) such that

(B(yer),hr)pw)y =0 VYhpeF (2.46)

follows. Now we prove boundness of {8(yer)}Fez in the space (D(L))* Ve > 0.
From (2.32), (2.31), (2.28), (2.44), (2.45), from the definitions G and || - || p(z)
forall F € %, yer € Ger and w € D(L) it follows that:

(BOyer), 0)pwy < [Ze(Ver), o]+ = el Lo x+[|Lyer | x
HILyerlx«lollx + Cillollx + 1/ x=[yerllx
= (L +o)llollpw)llyerllpw + Cillollpw) + 1 Lx=l1yerllpw)
< (I +9)llwllpw)llGerll+ + Cillwlpwy + ILf Ix+11Ger | +-

Hence for every w € D(L)

sup  sup (B(yer),@)p) < sup [Be(Ger), 0]+
FeZ y.reGyr FeZ
< (A +&)llwllpwyllGerll+ + Cillwllpwy + | f I x11GeF I+ < +o0.

Therefore, in virtue of Banach—Steinhaus Theorem there exists C3 > 0 such that

VF €7, yer € Ger |B(ver)l(py)+ < Cs. (2.47)
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Remark that C3 depends on ¢ > 0.
For each Fyy € % we define the following set:

Ker, = U GeF.
FeZ:FoF,

Due to (2.45) we have
sup || Ker | < G
Fe7z

and for any finite set of subspaces {F;};_; C Z and any F € % such that F D
U=, F; we have:
n
] 75 K.r C ﬂ Kst~
j=1

Hence, in virtue of the Banach—Alaoglu Theorem (the D(L) due to Proposition 1.17
is reflexive) { K,y } Fe.# is the centered system of weakly compact sets where K,
is a weak closure of K r in D(L). So, due to [RS80, Proposition, p. 98] there exists

—=
FeZ

Now let us show that yj is a solution of problem (2.38). We prove this Proposition
by contradiction. Is 0 & %, (o) then due to [R73, Theorem 3.4, p. 70] there exists
wo € D(L) such that

[Ze (o), wo]- > 0. (2.48)

We take Fy € % from the condition yg, wy € Fy. Then there exist subsequences

{yn}nzl C KsFo and {Fn}nzl CF (FO C m Fn),

n>1

such that
Ger, > Yyn —yo InD(L) asn — oo. (2.49)

Due to (2.47) and in virtue of the Banach—Alaoglu Theorem (the space D(L) is
reflexive due to Proposition 1.17) we can assume that

Ps(yn) 3 Byn) = B in(D(L)* asn — oo (2.50)

fore some B € (D(L))*.
Setting in (2.46) hr, = y, — Yo € F, we obtain

0= (B(yn)yn—Yo)pw) =0 asn— oo.

Therefore, due to (2.49) and (2.50) we can apply Ag-pseudomonotony for B,
on D(L). It implies the existence of subsequences {yn,,}m>1 C {Vn}ln>1 and



2.2 Brezis Method for W, -Pseudomonotone Maps 105
{Bnytm=1 C {Bnin>1 such that

[Be(¥0), yo—w]- < Lim (B(yn,,), Yn,,—@)pw) < (B, yo—®)pw) Yo € D(L).

m—00

Substituting in the last relation v = yy — wg we obtain:
[Ze(y0), wo]- < (B, wo)pry = lim (B(yn,,),@o)pr) = lim 0=0.
m—00 m—o0

The latter contradicts with (2.48). Hence, yo € D(L) is the solution of problem
(2.38).

To complete the proof let us remark that n > 1 ||y, ||x < R. Due to (2.49) and
the continuity of the embedding of D(L) in X it follows that y, — y¢ in X. Hence,

R > lim [|ysllx = llyollx-

n—>oo
Proposition 2.5 is proved. O

Let us continue the proving Theorem 2.2. Due to (2.31)—(2.33) and Proposition 3
we have that for every ¢ > 0 there exist d’'(ye) € A(ye), d”(ve) € B(ye) and
me(ye) € %g(yg) such that

(me(ye). h)pwy + (d'(ve). By x, +(d"(ye). h)x, = (S h)x =0 Vh e D(L),
(2.51)

moreover, due to (2.28),

(me(ye)’J’E)D(L) = 8||Lye||§(* + (Lye, ye)x -

Hence from (2.51) we obtain:

8||Lye||§(* + (Lye, ye)x + (d,(ye)’ye)& + (d”(ys)»ye)Xz = (fiye)x-
(2.52)

Due to L > 0 and (2.52) we have:

(d'(ve). ye)x, +(d"(ye). ye)xo < I flx=R Ve >0.

Since the map A (and B respectively) satisfies Condition (IT) on X; (on X»
respectively) then there exist C4 > 0 and Cs > 0 such that

ld"(ye)llxy < Ca, lld"(ye)llxy <Cs Ve>0. (2.53)
From (2.51) and (2.33) it follows that for any 4 € D(L)

elLh, J ' (Lye)l+ + (Lye. h)x + (d'(ye). h)x, + (d"(ye). h)x, — (f.h)x = 0.
(2.54)
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For every ¢ > 0 due to Proposition 3 (the space X is reflexive)we take h, €
J~1(Lye) from (2.54) such that

e(Lh,he)x + (Lye,h)x + (d'(ye), h)x,
+(d"(ye). hyx, — (fLh)x =0 Vh e D(L). (2.55)

The form

D)5 h > {Lh he)x = ((f: By, — {Lye. B)x
- (d/(y8)7h)X1 - (d//(ye)’h)XQ)

is continuous in the topology induced from X on D(L). Due to the definition of the
operator L* adjoint with L it follows that

he € D(L*) and (Lhg he)x = (L*he, he)x.
Hence and from (2.55), specifically, it follows:

e(L*he,h)x + (Lye.h)x + (d'(ye). h)x, + {d"(ye), h)x, — ([ h)x
= (eL™he + Lye +d'(ys) +d"(ye) — f.h)x =0 Vh e D(L),

namely, due to density of D(L) in Y, y, satisfies the inclusion (2.29).
Now we set in (2.55) h = h,. Hence we obtain:

e(Lhe, he)x + (Lye, he)x + (d/(ys)7hs)X1 + (d”(ye)vhe)Xz = (fihe)x.

Due to L > 0, (2.28) and (2.53) we have:
ILyel%+ < (Ca+ Cs + | fllx*) - 1Lyl x+ Ve > 0.
Hence, there exists Cg¢ > 0 such that
ILyellx+ < Cs Ve > 0.

Therefore due to Proposition 1, estimations (2.53) and previous inequality, in virtue
of the Banach—Alaoglu Theorem we can affirm that up to a subsequence

ye = yoin D(L), A(ye) + B(ye) 3 d'(ye) + d"(ye) =: d(ys) = do in X*
(2.56)
for some yg € D(L) and dy € X*. We will denote the given subsequences as {y.}
and {d,} respectively.
Let us prove that

lim (d(ye). ye — yo)x < 0. (2.57)
e—>0+
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Indeed, due to (2.54)—(2.56) (since L > 0) we obtain that

82_%1+(d(ys), Ye — Yo)x < Eggr 2CgRe + engJr(Lyo, Ve — Yo)x

lim - <0.
+8_1>%1+(f, Ye — Yo)x <

Now we show that yo € D(L) is a solution of problem (2.27). Due to
Ao-pseudomonotony of A + B on D(L), (2.56) and (2.57) by passing (if it nec-
essary) to the subsequence we obtain:

(do, yo —w)x = lim (d(ye), ye — yo)x + lim (d(ye), yo — @) x
§—>0+ e—>0+

> lim {(d(ye), ye —w)x
e—>0+

> [(A+ B)(y0), yo —w]- Yo € D(L). (2.58)

On the other hand setting in (2.54) h = @ — yg, we obtain:

(do,yo — w)x = (d(ye), yo — w)x

lim
e—>0+4
< Tim (C R Iim (Ly,,w — Im (f,y, —

—8_1>%1+( s+llwllx) 8+€_1>%1+( Ve, @ = Yo)x +E_1>%1+(f)’e )y

= (f —Lyo,yo—w)x Yo e D(L).
Hence, due to (2.58), for any w € D(L)

(f = Lyo, w)x < [(A+ B)(yo), w]+.

This means that for any w € D(L)

(Lyo, w)x + [A(yo), 0]+ + [B(yo), 0]+ > (f, ®)x,

namely, due to density of D(L) in X, yo € D(L) is a solution of problem (2.27).
The Theorem is proved. O

Corollary 2.1. Let X be a reflexive Banach space,
L:D(L)ycX - X*

be a linear, densely defined, maximal monotony on D(L) operator, A:X1 — C,(X7)
and B:X, — C,(X3) be finite-dimensionally locally bounded, Ao-pseudomo-
notone on D(L) multivalued maps, which satisfy Condition (IT). We assume that
the embedding of D(L) in some Banach space Y is compact and dense, and the
embedding of X in'Y is dense and continuous, and let N : Y = Y™ be locally
bounded multivalued map such that the graph N is closed in Y x Y, (namely with
respect to strong topology in Y and weakly star one in Y*) and which satisfies
Condition (IT). Moreover, for [ € X* there exists R > 0 such that
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[AD). yl+ +[BOY). yl+ + IND). Y]+ —(fy)x 20 VyeX: |lylx =R.
(2.59)
Then there exists at least one solution of the problem

Ly +A(y)+ B(y) + N(y)> f, y € D(L), (2.60)

turned out by the singular perturbations method.

Proof. Weset C(y) = B(y) + N(y) forany y € X C Y. Due to continuity of the
embedding X C Y and Lemma 2 it follows that C satisfies Condition (I7) on X.
Finite-dimensional local boundness of C is obvious. In virtue of Proposition 1.26
the map C is Ag-pseudomonotone on D(L). Therefore, we apply Theorem 2.2 to
A, C, L. Consequently, problem (2.60) has at least one solution, turned out by
singular perturbations method. O

Example 2.1. The symmetrical hyperbolic systems. Let 2 C R” be a bounded
domain with the boundary 952 of the class C! and £2 locally lies on one side of
d52. Consider the controlled system

ay “ ay
g+ZBI(I7X)§+U(t7x))’+a(t,x,Y) —I/l(t,x) (261)

i=1 !

where (;x) € (0,T) x 2 = Q; y(t,x) = {y1(t,x),..., yu(t, x)}, Bi(z, x) are the
real symmetrical m X m-matrixes of the class C 1(0), U(t, x) is a real m x m-matrix
of the class C ' (Q). The operator

A(r) = ZB,-(t,x)aix +U(1, x)

is formally positive, i.e.

n

Ut.x) + U*(t.x) =Y %(Z,X) >0, (t,x)€0.

i=1

Consider m x [-matrix L(t,x) having the constant rank / < m and the boundary
conditions generated by it

L, x)y(t,x) =0, (t,x)€(0,T)x052. (2.62)

Let v(x) be an external normal to d§2 and suppose that the matrix B (¢, x) =

n
> Bi(t,x)vx(x) is invertible V (¢, x) € (0, T) x 952. In addition, let

i=1

(6, B"(t,x)&§) =0 V& eKerL(t,x)
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and the maximality condition is fulfilled: for any subspace E C R”, strictly
containing Ker L(z, x), there may be found £ € E that (¢, BY (¢, x)&) > 0.
Define X = (L ,(Q))™, the operator

ay " dy
Ay = =+ Bi(t.x) > ,
y o +l-:1 (¢ x)ax,- 4+ U(t,x)y

with the definition domain D(A) = {£ € X|Af € X*, L(t,x)E = 0on ) =
(0,T) x 382,£(0,x) = 0V x € £2}. In these conditions the differentiable operator
A: D(A) C X — X* is maximally monotone for p > 2 [ZMO04].

Afterwards suppose thata : (0, T) x £2 x R” — R™ is a Caratheodory mapping,
and here

(1) la(t,x.&)] < CLE|P7V + Ca, (t,x,6) €(0,T) x 2 x R™,

() (a(t,x,8),86) <af]? + B, (t,x,§) € (0,T) x 2 xR™.

3) (a(t,x,&1)—a(t,x,8),61—8&) >0V E,E6 eR™; (t,x) € (0,T) x 2. Here
the constants C; > 0, o > 0, C3, B € R does not depend on (¢; x; £).

For a fixed U the corresponding Nemitskii operator A(y) for @ and A satisfy all
the requirements of Theorem 2.2.

Example 2.2. The nonlinear transfer equation. Let ® be a locally compact space in
R” with the Radon measure p and the following controlled system is considered

3y < 0 - .
iy ey / K(t,x.0,0)y(t.x.0)u(dB)+a(t.x,0) = Ut x.y) (2.63)
Jt — 0x;

b= 0

where 0 € @, (t,x) € (0,T) x 2 = Q, the kernel K is such that y — Ky =
fK(t x,0,0)y(t, x, 9)u(d9) is the linear continuous operator in L ,(Q x ) =

X And here the function a satisfies the requirements of the previous example.
Equation (2.63) is studied under the initial-bounded conditions y(z, x,0) =0 if
(t,x)ed., 6 € ®and

Z 6; cos(v,x;) <0, y(0,x,0)=0. (2.64)

i=1

On the operator Ay = g_lt’ +

it

0; 837}’] + Ky with the definition domain

D(A) = {§ € X|AE € X™ and (2.64) is valid}

the closure A is constructed. As it is known [ZMO04], the operator A constructed in
such a way is maximally monotone. Therefore, adequately choosingu € U C X*
we obtain the conditions of Theorem 2.2.
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Example 2.3. The nonlinear Schrodinger equation (complex case). Consider the
controlled system
dy
ot
with the initial-bounded conditions y|x = 0, y(0,x) = 0, x € 2. Passing to the
real case we obtain

iAy +[y|P2y =ue L3(Q)

d _ _
%+Ay2+|Y|p yi=u1, — —Ay+yP =

where y = y1 + iy2. Suppose X = (L ,(Q))?,

y1 0y2
Ay = ¢ — ;= ;
y TR el
A, y) = {y1P2y1 —urs [y 1P 2y2 —un},

D(A)0 = {y € X|Ay € X*, y10 = y20 =0, y1x = yax = 0}.

The operator A:D(A) € X — X* is maximally monotone [ZMO04] and it is
easy to describe the subset of the admissible controls for the operator A to satisfy
Theorem 2.2.

2.3 Dubinskii Method for Noncoercive Operators

Differential-operator equations, inclusions and evolutional variational inequalities
have been extensively studied for last several decades. Interest in these objects
is caused, first of all, by their wide applications. As a rule, they are associated
with problems in mathematical physics, partial differential equations the differen-
tial operators of which admit a discontinuity with respect to the phase variable,
differential equations with discontinuous right-hand side, problems in the theory of
control and optimization, etc. In physics and mechanics, applied problems related to
phase transitions, unidirectional conductivity of boundaries of substances, propaga-
tion of electromagnetic, acoustic, vibroacoustic, hydroacoustic, and seismoacoustic
waves, quantum mechanical effects, etc., simulated the investigation of evolution
equations and inclusions [DL76,ZMNO04, SY02]. The latest investigations in this
direction have been devoted to quasilinear equations with homogeneous bound-
ary conditions and linearized equations with non-linear conditions on the boundary
of the domain that can be reduced to non-linear operator differential equations
and inclusions. However, linearized objects do not always adequately describe the
investigated processes. For this reason, it is necessary to consider inclusions and
variational inequalities with substantially narrower set of properties. For monotone
noncoercive maps, such objects were studied in [GGZ74]. The differential-operator
inclusions with noncoercive maps of pseudomonotone type multimaps have not
been systematically studied yet.
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In this section we consider the first order evolutional inclusions with non-
coercive maps of the Volterra type. Our aim is to develop a noncoercive theory
for these objects and to obtain new results related to solvability and to validate con-
structive methods of investigation. The results obtained in this section are new for
both evolutional equations and evolutional inclusions.

As before let (V1, || - ||v,) and (V2. | - |ly,) be reflexive Banach spaces, con-
tinuously embedded in a Hilbert space (H, (-,-)) such that for a numerable set
dCcV=Vnw,

@ isdensein V, Vi, Vo andin H.

After identifying H = H™* we obtain
VicHCV", V,CHCVy,

with continuous and dense embedding, (V*, || - ”Vi*)’ i = 1,2 be the topologically
adjoint with V; space with respect to the form

(o)y, VXV >R,

that coincides (on H x @) with the inner productin H.

Let us consider functional spaces X; = L, (S; H) N Ly, (S;V;), where § is
finite time interval, 1 < p; < r; < +o00. The spaces X; are reflexive Banach spaces
with the norms

Iyllx, = 1y 0L,, v + 1YL, s:m)-
X =X1NnXa, lyllx = Ilyllx, +1Iyllx,.Let X;* (i = 1,2)be topologically adjoint
with X;. Then

1—1
i

where r; 7' + /7" = pi ' +¢;7' = 1 (i = 1,2). Let us define the pairing on

X*x X

() = / (@) y (@) dr + / (fra(0). y () dv + / (o (0). 3 (D), d
S S

S

+ /<f22(f)7 y(f))Vz dt

S

- / (). y(0) dx.
S

where f = fi1+ fiz+ fa1 + f22, fri € Ly/(S: H), fai € Lg;(S; V") (i = 1,2).
We recall that (-, -) coincides with the inner productin J# = L,(S; H) on JZ.

Let A : X = X* be the multivalued noncoercive map. We consider solutions in
the class W = {y € X| y’ € X*} of the following problem:
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(0.6 +[A).El+ = (f.§) VEeW,
y(0) =0,

where f € X* is arbitrary, y’ is the derivative of an element y € X considered
in the sense of the scalar distributions space Z*(S;V*) = Z(Z(S); V,r), with
V=Vinv,.

On the reflexive Banach space W let us introduce the graph norm ||y||lw =
Iylix + 11y'llx=, where

I llx~ = inf max) || fi1llz,, (s:m):
f=fu+ futfut fo: 1
Sii € Ly(S5H), far € Ly(S; V) (i =1,2)

112l s:mi I f21lley, sivi: ||f22||Lq2(s;V2*)}-

Remark that the embedding W C C(S; H) is continuous.

Now let us prove the Theorem about resolvability of differential-operator inclu-
sions with nonlinear noncoercive maps of w; -pseudomonotone type. Theorem 2.3
and its Corollary deal with the solvability of evolutional inequalities with non-
coercive multi-valued Volterra operators with (X ; W)-semi-bounded variation. The
proof of these statements is based on the results of Theorem 2.1. For differential-
operator equations, similar results were obtained for monotone single-valued maps
in [GGZ74]. For single-valued maps with semi-bounded variation, the corre-
sponding results are presented in [ZMNO4]. For the analysis of the solvability of
differential-operator inclusions and evolutional variational inequalities with coer-
cive multivalued maps, see [D65], [K94]-[VMOO0]. We remark that there are no
similar results for differential-operator inclusions and evolutional inequalities.

Theorem 2.3. Let max{ry,r2} > 2, A: X =2 X™* be the radial lower semicontin-
uous multivalued operator and for some A > 0

sup / (L)@ + Ay (). y0)dt = y(ylolylx Yy € X, (265

A
t()eA®R) s

where y : Ry — R is bounded below on bounded in R sets function such that
y(r) > +ooasr — 0o, and VR >0, Vy, £ € X: |yllx <R, |lfllx <R,

. —2At
Lt S/ 2 (G (9)(1) + Ay (o), y(0) — £(0)d

> sup [e_m(i(é)(t)+/\S(t),y(t)—$(l))dl

£(E)eA® 5

— CAR: |y =&l (55v0))- (2.66)
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where C4 € @, po = min{py, p2}, V is compactly embedded in Banach space Vy
and Vo C V* is continuous. Then the statement of Theorem 2.1 is valid.

Proof. Let us introduce the following notation: y; (1) = e *y(t), fi(t) =
e M f(1), forany y € X the set o7 (y) € C,(X*) is well-defined by the relation

[ (r), o]+ = [ (y) + Ay, 0]+ Yo eX

(we remark that the functional w +— [&/(y) + Ay, w;]+ is semiadditive, posi-
tively homogenous and lower semicontinuous as supremum of linear continuous
functionals). Then y € W is a solution of problem (2.2) if and only if y, satisfies

(V3 &) + [Aaya. El+ = (2. &) YEE W, y,(0)=0.

Therefore we must make sure that A, satisfies all conditions of Theorem 2.1.
Radial lower semicontinuity is obvious. Further, since ||y |lx < [ly|lx and ||y [|%'

[Aaya, yal+

> |Iylx'  sup /e_m(é(y)(l) + Ay, y@)de = y(Iy0llyllx.

(€A 5

then the operator A, is +-coercive. By definition

[Arya.yn —61l— = inf /(e_*’i(y)(t) +Ay(0)e ™M eTH (1) — £(1)))dr

cneao) )
— 3 —2Mt
_§<y>nel/f4<y>S/e MO + Ay @),y —EO)dr
= s [P0 + 25050 - s0)dr
to=a®) )

—Ca(R; ||y =&l L, (5:%0)

= sup /(e_hé(é)(t)+?&E(t)€_“,€_“(y(t)—E(t)))dt

t&)<A®)
—Ca(R:|ly = &llL,os:v0) = [Ana. ya — &+
—Cua(R: |y = §llL,0s:v0) (2.67)

Let us consider the weighting space L, 5 (S; Vo) consisting of measurable func-
tions y, : S — Vj for which the integral fe)”p(’||yl(t)||€8dt is finite. Then
S

1/po

1y =&llL g (s5v0) = /ekt"ollyx(t) — &0 drt = [va—8llL 2 (s:0)-
S
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Therefore due to (2.67) we obtain

[Aaya. ya — &= = [Aaén. ya — 6]+ — Ca(R: [lya —allL 0 53v0)-

The Proposition about compactness of the embedding W C L, 1(S; Vo) com-
pletes the proof of the Theorem. This fact directly follows from continuity of the
embedding

W C v e Lpn(S:V)1Y € Luinry gy (S: V)

and from Theorem 1.14 with Bg = V, B = Vp, By = V*, po = po and p; =
min {r{, 75} O
Definition 2.2. The set B belongs to the class /(X ™) if and only if, when for
arbitrary n > 1, {d;}/_, C Band E; C S, j = 1,m:Vj = 1L,n E; is
measurable, U;?ZIEJ- =S, ENE;, =0Vi # j,i,j = 1,n the element

() = Z’}:l di()xe; () € %B where

o 1, T E Ej,
rE; () = 0, elsewhere.

We remark that @, X* € J2(X*),Vf e X*{f} e A (X*);if K: S = V*is
a multivalued map, then

(feX*| f(t)e K(t)forae.t € S} € (X%).

On another hand, as for any v € V* (v # 0) g(-) = v+ x[o;7/2)(-) ¢ B, then the
convexclosedset B={f € X*| f()=aveV* ael0,1]} ¢ H(X¥).
Further let us assume the validity of the following condition for A:

Definition 2.3. The multivalued map 4 : X = X* satisfies Condition (H ), if for
arbitrary y € X A(y) € H#(X™).

Definition 2.4. The multivalued map A : X = X™* be the Volterra type operator,
if forany u,v € X, t € S from the equality u(s) = v(s) for a.e. s € [0, 7] it follows
that [A(u), &)+ = [A(), &)+ V& € X1 &(s) = Oforae. s € S\[O,¢].

Corollary 2.2. If max{ry,r2} > 2 and for some A > 0 A+ Al : X = X*
is radial lower semicontinuous +-coercive operator of Volterra type with (X ; W)-
semibounded variation with || - ||y, = || - ||L,,0 (5:V) (Po, Vo satisfy conditions of
Theorem 2.3) and also satisfy Condition (H ). Then the statement of Theorem 2.3 is
valid.

Remark 2.6. In Corollary 2.2 Condition (H) for A and +-coercivity of A + A on
X can de replaced by —-coercivity of A + Al on X.

Proof. Let us prove that while the conditions of given corollary hold true the rela-
tions (2.65) and (2.66) are valid. Radial lower semicontinuity is easily verified. We
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prove the semiboundness of variation. Let for all R > 0, y,§ € X: |yllx < R,
|€llx < R the following relation be true:

[A(y) — AE) + Ay — A&,y — ] + Ca(R: |y —&ly) = 0.

We set C4(R;-) = max Ca(R:7)forall R,t > 0 (C4 € ®y),
7€[0,¢

2(r),0 <t <1,

teS, ze X.
0, t<t<T, .

72 (1) =

Let ¢, n € A are fixed selectors. Since A is the Volterra type operator then V¢ € S

/(E(y)(f) + Ay(r) = n(E)(1) — AE(0), (1) —£(0))dT + Ca (R |y — Elly,)
0

T

= /(é“(yz)(f) + 296 (1) = 0(E) (D) = A& (D), yi (2) = & (v))d T

0
+Ca (R; lly: —&llw)
> [(A+ A () — (A + A)(ED, ye — &)= + Ca(R; ||y — &llw) =0,

since ||y [lx < llyllx and [|&]lx < [[§llx. Here || - [, = I I o, (r0.61:v0)-
We set

g0 = (E)@) + 4y(D) = 1) (©) = AED). y (1) —£(D). TES,
ht) = Ca (R:lly —£l,) . 1€S.

Remark that the function S > ¢t — h(t) is monotone nondecreasing and

t
/g(f)dr > —h(t) VteSs.
0

Hence,

T
[ e (LW + Ay(x) = n(E)(x) = AE(D), ¥ () — E(v))d T
0

T T T T

= [e_””g(r)dr = e_ZAT[g(r)dr +2A[e_2)"/g(s)dsdf
0

0 0 0



116 2 Differential-Operator Inclusions with W), -Pseudomonotone Maps

v

T T
—e 22T (T) =24 / e h(v)dt = —h(T) [e—m + 21 / €_2Ard7,’i|
0 0

~h(T) = —Ca (R: Iy — £lliy) ,

and this implies (2.66).
Let us verify (2.65). For any r > 0 let us set

d+ Ay, -
y(r) = inf sup M; 7(0) := 0.
yeX, lx=r geayy  IVIlx

(a) Let us prove that y(r) > —oo. If it is not true, then I{y,},>1 C {y €
X yvlx =r}, {dutn>1 C X*,dy € A(yn) VR > 1:

(dn + Ayn7 yn)X

— —00 as n — +oo.

lvnllx
Then (dy., Yn)x < (dn, yn)x +Al|yull} = (dn+Ayn, ya)x = r-d2h2nlx
—o0 as n — +00. Due to the boundedness of A we have that 3¢y > 0 : ||dy || x* <

¢1 Vn > 1. We obtain the contradiction with the assumption. Thus, y(r) > —oco.
(b) We remark, that Vy € X

[A(y) + Ay, ¥+ = vy IOy lx. (2.68)

Due to the boundednes of A (similarly to the case a) it follows that y is lower
bounded on bounded sets.

(c) Let us show that (r) — 400 as r — +o0. Ifitis not true, then I{r, },>1 C
0,4+):r, /" 4o0asn — +ooand y(r,) < ¢ Vn > 1, where c is not depends
onn>1.S0,Vn>13y, € X :||ysllx = rn and

[A(Yn) + Ayn, Ynl+
lvnllx

<c+1 Vn>1.

Due to |yn]lx — 400 as n — 400, then we have the contradiction with +-
coercivity of A + Al.

Finally, [A(y) + Ay, yl+ = 7(Iylx)ylx Yy € X, where y : Ry — Risa
lower bounded on bounded in R sets function such that y (r) — +oc asr — +o0.
So, r11>1£ y(r) =: a > —oo. For any b > a we consider the nonempty bounded set

Ap :_{c > 0| y(c) <b}.Letcy = sup Ap, b > a. We remark that Vb, > by > a
Cp, < Cp; < +00 and ¢, — +ooasb — +o00. We set

a, t e [O,Ca_H],

5() —
v a+k,te(CorkCarir1]s k>1.
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Then, ¥ : R4+ — R is a lower bounded on bounded sets nondecreasing function
such that y(r) — +ooasr — ocoand y(z) < 7(t) Vt > 0.
Let us fix an arbitrary y € X. As A is the Volterra type, then

VteS sup ft(d(r) + Ay(x), y(v))dt
deA(y) 0
T
= sup f(d(f) + Ay (7), yt(T))dT > Yyl yellx

deA(y) 0
=Yy Ix)Iylx,

y(r), T € [0,1],

h = =
where [y, = yellx. ye(m) = 137

Letforany d € A(y)
ga(r) = (d(x) + Ay(r). y(v)). forae. tTE€S,
@) =7ylx)ylx, teS.

We remark that for all £ € S h(t) > min{y(0), 0}||y||x and

t

VteS sup [gd(r)dr > h(t).
deA(y) o

Let us show that

T
sup [ ¢ (d(0) + Ay(0). y(0)dt = ¢ AT sup [ (d() + Ay (D). y(D)d7
deA(y) deA(y)

sup /(e e_MT)(d(r) + Ay (1), y(1))dr. (2.69)
deA(y)

Let us set p(r) = e 2279 ¢ ¢ [0,T], (¢ € (0,1]). Vn > 1 @u(r) =

n—1 X

> w(%)x[g a+ur)(t), T € [0,T]. Then, Vdy € A(y) Vd2 € A(y) Vi =

l:() n’ n

0.n—1 o(D)dy + (1 — o(*L))d, € A(y). We remark that Yt € [0,7]
n—1 i

lon (7)) — ()| < ”TT Due the Condition (H) we obtain thatd = ) (go(%)dl +

i=0
(1= @(EENd2) 111,441y (1) € A(). So,
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T

T
sup /e—zu(d(f) +Ay(7), y(v))d7 > /(d(r) 4 2y(0), y()ePT)d
deAB) 4 J

T
= /‘Pn(f)(dl(‘[) + 2y(2), y(1)e ) d ¢

0

T
+ [(1 — ¢a(D))(da(7) + Ay (), y()e )dt
0

T

— [ (d1(0) + Ay(2), y(D)d
0
T

+ @ =P @ + 250,y
0
20T

—T(IIA(y)IIJrIIyIIX + AT + TAI+Iylx + AlylIF)-

When n — +o0, taking sup by d; € A(y), d> € A(y) ia last inequality we will

obtain (2.69). From (2.69) it follows that

T

sup /e_z'“(d(r) + Ay(r), y(x))dt
deA(y) o

T K}

> e 2TR(T) + 24 sup /e_m“‘/gd(t)dfds
deA(y) o o

S
> e 2 Th(T) + 20T sup inf e 24 /(d(f) +Ay(@), y(0)dr.
deA(y) sES
0
Let us show that

s

sup inf ¢4 [ (d(@) + Ay (D). y(@)dT = —c1]ylxs
deA(y) seS .

where ¢; = max{—7y(0),0} > 0, that does not depend on y € X.
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Let y € X be fixed. Let us set

s

¢(s.d) = e 2 /(d(r) + Ay(x),y(r))dr, a= sup infg(s,d),
o dEA(y) seS

Ag={se S|e(s,d)<a}, se€S8.,deA).

In virtue of the continuity of ¢(-,d) on S it follows that A, is nonempty closed set
for any d € A(y). Really let for any fixed d € A(y) thereis s; € S such that

©(sg,d) = ming(s,d) <a.
ses

The closureness of A4 follows from the continuity of ¢(-,d) on S.
Let us prove that {A44}4ea(y) is a centered system. For fixed {d;}7_; C A(y),

n > 1 let us set
Vi) = (i) +2y().70).  ¥() = maxyi(),

Eg=0. E;j={res\(U5E) lv@=y@) j=Tn

d() =Y d;()xE, ().

Jj=1

We remark that V;j = 1.n E; is measurable set, U;'-ZIE]- =S, ENE; =40
Vi # j,i,j = 1,n,d € X*. Furthermore,

S N
o(s.di) = e / Vi(r)dt < e / v(t)dt = ¢(s.d), seS,i=1n.
0 0

So, due to Condition (H), d € A(y) and for some s € S

<0(Sd,d,-)§<o(scz,d)={ni§1¢(§,d)§a, i=1,n.
XSS

Thus, sq € N7_,Aq, # 0.
As S is a compact and the family of closed subsets {4, }ze4(y) is centered, then
dso € S: 50 € Ngea(y)Aa- This means that
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s

sup inf e™24 /(d(r) + Ay(x), y(v))dt
dEA(y) sES 5

50
> sup e 2Mo /(d(t) + Ay(x), y(r))dt
deA(y) o

50

= ¢~ 2450 sup /gd ()dt = e 0 (s0)
deA(y) o

> "2 min{7(0), 0}y x > —max{—7(0),0}[y|x = —c1lyx.
So,Vy e X

T

de}() )/e_m(d(f) +2y(0). y(@)dT = (e 2 TP(yllx) — 2Ae1 T) [1yllx -
€Ay
0

If we set y(r) = e 2*T9(r) — 2Ac; T, then we obtain (2.65). O

Remark 2.7. The condition (2.65) in Theorem 2.3 can be replaced by similar one
(2.20), (2.21), namely for each y € X

lx, + lx, + Aolylle,gs:m) = Blyllx,

inf e M 1)+ Ay@@), y(@))dt > Py N

c<y)eA<y>[ EW@O +Ay0). y0)dt = Iy, +r2DIK,
S

Proof. Indeed (see the proof of Theorem 2.3), || y[|x > ||yallx and [y]lx;, > [yalx;.

i = 1, 2. Therefore

iyl = it S[ IO + Ay, y©)ds

= by, +72DIE + oz nlialy, + 72l +o

Then using the identity of weighting norms it is easy to show the validity of the
inequality
alx, + alxs + Aollyallz,,cs;my = Bllyalx.
O

Corollary 2.3. Let Vo, = H,r1 = 2, py = rp = 2, Ao >0, A+ Aol : X1 =
X 1* is +-coercive, radial lower semicontinuous multivalued map with (X1, W )-
semibounded variation, ¢ : X, — R is convex lower semicontinuous functional.
Then for every [ € X* there exists at least one solution y € W of the problem:
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(V. E=2) +[Ay.& =yl +0) —0(y) = (fE—y) YEeW, y(0) =0,
(2.70)
under the condition that A and d¢ are operators of Volterra type which satisfy
Condition (H ).

Remark 2.8. In Corollary 2.3 Condition (H) for A and d¢ and +-coercivity for
A + Aol can be replaced by —-coercivity for A + Aol on X;.

Remark 2.9. The inequality in (2.70) is equivalent to the following one:

(V. E=y)+[Ay.E —yl+ +[00(»).E —yl+ = (fE—y) VE€W, (271

where
Ip(y) ={p € X5 | 0&) —o(y) > (p.§ —y) V&€ Xa}

is a subdifferential of the convex functional ¢.

The inequality (2.71) follows from the formula: Vu,v € X,

Dpluiv—u) = lim o+t (v _t W) — o)

= [0p@), v —u]+.

Remark 2.10. In the last corollary we do not demand coercivity of ¢ (respectively,
of dp) on X5.

Proof. Now we show that the operator C = Al + Aol + A+ dp : X = X*
satisfies all conditions of Corollary 2.2 for some A > 0.
To prove this it is sufficient to show the same for the multivalued operator

B(y) = Ay +0¢(y) Vye€ Xa,

where A > 0 is arbitrary fixed. Radial lower semicontinuity follows from upper
semicontinuity of dg on X,. Due to monotony of d¢ on X, for each y € X5,

[B(y),yl+ = [(AI +03¢)(¥), y]+ = l(y,y) + [0p(»), y]+ i i
= Ao + [0().y = 0]+ = Mlyl%, + [09(0), y — 0]+
> Mylx, = 199+ 11yl x,

Hence, forall y € X,

[B(y), y]+

= AMlylix, = 18¢O)]l+ — +ooas [[yllx, — +o.
Iy lx,

So, B is +-coercive. From monotony of dg, since A > 0 it follows that B is also
monotone and therefore has semibounded variation on W. Hence problem (2.71)
has at least one solution y € W such that y(0) = 0. So y is a solution of (2.70). O
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2.4 Faedo-Galerkin Method for Differential-Operator
Inclusions

Differential-operator equations and inclusions appear at an analysis and control
of mathematical models of non-linear technological and industrial processes and
fields [ZN96,ZMNO04]. Since the monotonous and continuous relationship between
determinative parameters is not natural [P85], we must take into account such non-
linear effects as unsmoothness, unmonotony etc [P85] when studying more exact
geophysical models. All of it leads to the necessity of qualitative and numeri-
cal investigation of models which can be described, in particular, by partial dif-
ferential equations that contain the unmonotony non-linearity in the main part
[S94]. One of the main classes of such operators is the class of operators of w),,-
pseudomonotone type [CVMO04,K91,S94]. The stationary operator inclusions with
such maps were systematically studied in works [KKKO08a, KKKO8b]. The goal
of the given section is to validate the Faedo-Galerkin method for periodic solu-
tions and Cauchi problem solutions of the class of the evolutional inclusions with
maps of w,,-pseudomonotone type in infinite-dimensional spaces. This is the new
direction of investigations in comparison with well-known results (see for example
[KKKO08a, KM05a, Pap94, P85, S94,7ZN96] and references there).

2.4.1 Faedo-Galerkin Method I

2.4.1.1 Problem Definition

Again let (V;; H; V;*) — be evolutionary triples such that the space V = Vi NV,
is continuously and densely embedded in H, {h;};>1 C V — is complete in V
countable vectors system, H, = span{h;}’_,,n > 1;

X = Ly (S H) N Lyy(S:H) N Ly, (S: V1) N Ly, (S: Va),
X*=Lg (S; V") + Ly (S: V) + Ly (S:H) + Ly (S: H),
Xi = Lp(S;H)N Ly, (S:Vi),  X{" = Lg; (S: Vi) + Ly (S: H),
W={yeX|yeX*, Wi={yeX|yeX* i=1,2.

with the norms corresponding, we assume that pg := max{ry,r2} < +o00o (see

Remark 1.3).
For the multivalued map C : X = X™* we consider the problem:

Y+Cy)s f

V(0) = yo. 272)
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Here f € X*, yo € H is arbitrary fixed, y’ is the derivative of an element y € X
considered in the sense of scalar distributions space 2*(S;V*), S = [0; T].

2.4.1.2 Faedo-Galerkin Method
For each n > 1 let us consider Banach spaces
Xn = Lpy(S: Hp), X::qu(S;Hn)v an{yEXn|y/€X:},

where 1/po + 1/qgo = 1. Let us also remind, that for any n > 1 I, — the canonical
embedding of X, in X, I, : X* — X¥ —is adjoint with [,,.
Let us introduce the following maps:

Co:=1Cl, X, =2 X, fa:=1f€X,.
Let us consider the sequence {yon }n>0 C H:
Vn>1 H,>ypyy —>yo inH asn— +oo. (2.73)

Together with problem (2.72) Vn > 1 we consider the following class of
problems:
Yn + Cn(yn) > fu
yn(0) = yon.
Definition 2.5. We will say, that the solution y € W of (2.72) turns out by Faedo-
Galerkin method, if y is a weak limit of a subsequence {y,; }x>1 from {y,}n>1
in W, which satisfies the following conditions:
(@) Van>1 W, > y, is asolution of (2.74).
(b) yon — yoin H asn — oo.

(2.74)

2.4.1.3 Main Results

Theorem 2.4. Let the multivalued map C : X — C,(X™*) satisfies the following
conditions:

(1) C is Ag-pseudomonotone on W.

(2) C is finite-dimensionally locally bounded.
(3) C satisfies Property (I1) on X.

(4) C satisfies the following coercive property:

C(»),y]+ —c|C
I >0 [C(y),y]+ —cl (y)||+_)Jrc>o as ylx — co.

Iylix

Besides, let the system of vectors {h;};j>1 C V1 NV, exists, it is complete in V1, V>
and such that for i = 1,2 the triple ({h;};>1;V;; H) satisfies Condition (y) with
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constant C;. Then for arbitrary f € X*, yo € H the set

Ky(f):= {y ew | y is the solution of problem (2.72),

which turns out by Faedo-Galerkin method}

is nonempty. Moreover the representation

Kn(f) = U N[ U &ntom]| . @79

ontn=1 CH satisfies (2.73)n=1 - m=n Xy

is true, where for eachn > 1

Ky(fn)(yon) = {yn € W, | yn is a solution of problem (2.74)},

[-1x, is closuring operator in the space (X;0(X; X™)).

Proof. Letus consider the arbitrary sequence {yon }n>1 C H, which satisfies (2.73).
Then 3§ > 0:
sup || yon lg < 8. (2.76)
n>1

Proposition 2.8. There exists a sequence {x,},>1 C W such that

(a) Vn>1 x,eW,CW.
2 . -
(b) Vi =1 |xullx < c, xpllxe < moiCEQdd = §
where ¢ > 0 is the constant from the condition (4) of Theorem 2.4.

(c) Vn=1 xn(0) = yon.
Proof. Let us fix the arbitrary n > 1 and prove the solvability of the problem:

ul, + e2J(un) 3 0,

2.77
un(0) = Yon. @77

in class W, where u;l is the derivative of the element u,, € X considered in the sense
of 2(S; V™),
- C, C
L dmax{Ci Gy

2 '

C;, i = 1,2 are the constants from the condition of Theorem 2.4,

1
s = (5115 ) @ = p € X [pax = Il = Iplfe- } € CX°)

for all u € X (see Proposition 8).
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Lemma 2.2. Problem (2.77) has at least one solution u, € W such that ||u,||x <
c / max{C;,C}-§2
max{C1,C>}’ ||Lln||X* = 2c :

Proof. Let us consider the auxiliary problem:

Lv, + €2Z,(vs) 30,

o & D). (2.78)

where L : D(L) C X — X™ is taken in the following way:
Lv=Vv VveD(L)={veW|v() =0}
V' is the derivative of an element v € X considered in the sense of 2(S; V™),
Zy,v)=J(v—z,) € C(X™) VYveX, zu(-) = yon € W.
Let us prove the solvability of problem (2.78) using Theorem 2.2 with
X, =X,=X, A=Z, B=0, f=0 L=L, D(L)=D().

At first let us make sure that maps L and Z,, satisfy the following conditions:

(i1) L:D(L) C X — X* is linear maximal monotone on D(L).

(i) Z,:X — C,(X™) is monotone, radial lower semicontinuous, bounded, coer-
cive.

(i3) the set D(L) is dense in X.

Now we consider (i1). Linearity of L follows from linearity of the set D(L) and
from linearity of the derivative. Now we prove the monotony. For each y € D(L),
using equality (1.16) we have:

(Ly.)x = 0 ) = 5 (DI = O = 31T =0

Hence and using linearity of L on D(L) monotony of L on D(L) follows. Let us
prove maximal monotony of L on D(L). Letv € X, w € X™* be such that

Yue D(L) (w—Lu,v—u)x > 0.

Firstly we are going to prove that v € W and v' = w. Indeed, let u = hpx € D(L),
where ¢ € 2(S), x € H, h > 0. Then

0<{w—¢hx,v—ophx)xy = (w,v)x — (/S (@' ($)v(s) + (p(s)w(s))ds,hx)

+ {¢'hx, phx)x
= (Wv V)X + ]’Z(V/(§0) - W(§0)7 x)X’
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where V/(¢), w(p) are the values of distribution v/, w on the element ¢ € Z(S).
Therefore,
Vo e 2(S)Vxe X (V(p)—w(p),x)x = 0.

Hence, B
Vi) —w(p) =0 VYo e 2(S).

This means that v/ = w € X*. To prove that v(0) = 0 let us take
t
u(t) =v(T) - T VteS, ueD(L).

Using (1.16) we obtain, that

0<{(V—-Luv—u)y = —u,v—u)x

3 (M) =T, = 1v0) = w1

1
—5 MO < 0.

Hence ||[v(0)||g = 0. So,v € D(L) andVv' = w.

Let us consider (i). Monotony and boundness of Z, on X follow from the
same properties as those ones of J, which in their turn follow from Theorem 2 and
Proposition 8. Let us prove radial lower semicontinuity. Let y, £ € X be arbitrary
fixed. From Proposition |

lim [Z,(y +1§). ]+ > lim [Z,(y + 1), £]-
t—0+ 504
== Jim [/ =z + 16 = 12). =8+,

but since J = 9 (|| 1%/ 2), from Theorem 1 and the identity (15) we have:

[J(y —Zn +t€_tzn)v_§]+ = [J(y _Zn)v_§]+
=—[J(y —zn). 8- = —[Zn(y). 6]

lim
t—>0+

Therefore, radial lower semicontinuity of Z, on X is proved. At last we prove
coercivity of Z,. From Proposition 1 and identity (15) we have:

VYue X : |ulx =2lznllx  [Zn(),ul+ = [J(u — zn), u — z2n]+
+ [T —20),20)- = lu =zl — 4 — 2l x 20l x
= |lu—znllx (lux | = 2llznllx) = (lullx — llza [l x)lullx —2[znllx)
= lulk = 3llzallx lulx + lzallk = lullx (lullx — 3llzallx)-
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Hence, forallu € X : |lullx > 2||zallx

[Zn (M), Lt]+

x> lullx =3llznllx — +oo as [lufx — 4oc.

Coercivity of Z, on X is proved.
Let us prove (i3). From Proposition 1.8 it is sufficient to prove that foreachn > 1
the set D(L) N X,, is dense in Xj,.

Lemma 2.3. Foreachn > 1
D(L)NX, ={y € W, |y(0) =0} =: 2,.

Proof. “C”Lety € D(L)NX, C X,. Then from Proposition 1.9 and Corollary 1.2
we have:
V' = (Pny) = Py € P,X* = I;X* = X,

Hence, y € W, and y(0) = 0. B
“D” Let y € Wy: y(0) = 0. This means that y € X,, y’ € X; C X* and
¥(0) = 0, namely y € D(L) N X,. Lemma 2.3 is proved. O

Let us continue proving the condition (i3). From [GGZ74, Lemma VI.1.5, p. 249] it
is sufficient to approximate an arbitrary function from C ! (S; H,) by functions from
£, by the norm of the space || - ||x,. Let y € C'(S; Hy,) be an arbitrary function,

¢ :=max ||y (®)llm, + max ||y ()|,
teS tes

For each m > 1 let us set

[y’ (1/m) = m?y(1/m)] 12
ym(t) = + [2my(1/m)—y'(1/m)]t, t € [0,1/m],
y(1), te(/m,T].
Note that y,, € £2,. Indeed,
ym(©0) =0, ym(1/m=)=y(1/m), y,(1/m=) = y,(1/m+) = y,(1/m).

From the fact that for each m > 1

1/m 1/po
Iy = ymllx, = [wm—mmmm
0
¢ me + m?c 2me +c _ 6c o
~ ml/po + m?2+1/po mi+t1/p0 = m1/po - as m — o0,

the validity of (i3) follows.
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From the properties (i1)—(i3) it follows that all conditions of Theorem 2.2 hold
true, and therefore the auxiliary problem (2.78) has at least one solution v,, € W:
v2(0) = 0. Hence, keeping in mind the substitution x = v + z, (noticing that
Lz, = (_)) we have that y, = v, + z, € W is a solution of problem (2.77).
Therefore the solvability of problem (2.77) is proved.

Now let u, € W be one of the solutions of problem (2.77). Then from Proposi-
tion 1, Proposition § and formula (1.16) we obtain:

§ . ||J’0;||%1 . (||un<20)||%, _ ||un(§)||%,) ) > €21 ) ]
= lunll = 1)} ) = 5 Iy I+
Hence, )
linll < el e < PSS
Lemma 2.2 is proved. O

Let us continue proving Proposition 2.8. We take u, € W from the Lemma just
proved and set x, (-) = P,uy,(-). From Proposition 1.6 it follows that x, (0) = yop.
From Proposition 1.6 and Lemma 2.2 it follows that x,, € W,, and

[Xnllx = l[Prun()l|lx = max{Ci, Co}l|lunlx < c.
From Proposition 1.5 and Lemma 2.2 it follows that x,, € W}, and

maX{Cl, Cz}z . 82
2c

il = | Parey ()l x+ < max{Cy, Co}uy [l x+ < =34

From arbitrariness of n > 1 it follows that Proposition 2.8 is proved. O

Let us continue to prove Theorem 2.4. From Proposition 2.8 for each n > 1 we
take x, € W, in such way that x,(0) = yon, |[Xzllx < ¢ and ||x} || x* < 8. We use
the coercivity condition (4). Let y : R4 +— R be defined in the following way:

y(r) = ”yﬁr)l(f:r Iyvlx" - (C(). yl+ —clCW)ll+)  Vr=0.

From condition (4) of the current Theorem it follows that
y(r) — 400 as r — +o00,

also from Proposition | foralln > 1 and y € X it follows:
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[C(y +xn) — [ + x5, V]+
> [C(y + Xn), ¥ + Xnl4 + (x, = £ 0)x +[C(y + xn), —xn]-
> [C(y +xn), ¥ + Xnl+ = (Il lxx + 1 £ Ix<) 1y Ix = 1CO + x) 4 1xallx
> [CO + %),y + Xal+ = S+ 1 flx=) [¥llx —cICQ + xa)ll+

Therefore, forall y € X: ||y||lx > ¢

[Cy+x)— f +x;/1’y]+ > [C(y + xn), y + xu]4+ —c|C(y + xa) [+ .

Iy 1lx - Iy 1lx

Iyllx —c
Iy 1lx

=11 fllx~

> y([y + xallx) — I fllx* =8 — +o0

uniformly onn > 1 as ||y|lx — oo, since ||y + x||x > ||¥||x — c. Hence, there
exists ro > § such that

[C(y+xn)— f+x,,9]1+ >0 Vn>1,yeX: ||ylx > ro. (2.79)

We set R = 3r¢. Then Vz € Eg 0) c Ero (0), in particular for z = x,,,
B0 C Bary @ = {y e X ' Iy =zllx < 2ro} € Br(®). (2.80)

Resolvability of approximating problems

Lemma 2.4. For each n > 1 there exists a solution y, € W, of problem (2.74)
such that ||y, |lx < R.

Proof. Letforeveryn > 1
Dp() :=Cu(- +xn): Xn =3 X:-

Given maps satisfy the following properties (see. [KMO05a, p. 115-117]:

(i1) Cu, Dy : X — Co(X))).
(i) Cy, Dy, is Ag-pseudomonotone on W, locally finite-dimensionally bounded;
Moreover,

(i3) [Dn(y) = fa+ x5, ¥]+ =20 ¥y e Xy: |ylx, =2ro.
(is) D, satisfies Property (IT) on X,,.

Simultaneously with problem (2.74) we consider the following one:

Z;, + Du(zn) 3 fn— x;,

22(0) = 0. 281)

to find a solution z, in W,,.



130 2 Differential-Operator Inclusions with W), -Pseudomonotone Maps

Let us introduce the operator L, : D(L,) C X, — X, with definitional domain
D(Lp) ={y € Wp | y(0) =0} = W,
that maps by the rule:
VyeW? L,y=y,

where the derivative y’ is considered in the sense of distributions space 2*(S; Hy).
Note that L, well-defined, since W,0 C W,,.

Lemma 2.5. [KMO05a, Lemma 5, p. 117] For the operator L, the following prop-
erties take place:

(is) Ly is linear.

(is) Yy € W) (Lny.y) = 0.

(i7) Ly is maximal monotone.

Let us get back to the proof of Lemma 2.4. To prove the solvability of prob-
lem (2.81) we apply Theorem 2.2 with X; = X, =X =X,, A=D,, B=0,
L =1Ly, D(L)y=W2?, f = fy—x),, R=2ry. Due to properties (i1)—(i7) The
existence of a solution z, € W, of problem (2.81) follows: ||z, ||x < 2ro.

To complete the proof of Lemma 2.4 it is necessary to note that

Yni=2Zn+ x4, €Wy
is a solution of problem (2.74), if
i €Wyt znllx < 2ro

is a solution of problem (2.81). From ||z, ||x < 2ro, due to (2.80), it follows that
l¥nllx < R.Lemma 2.4 is proved. O

Passing to limit Due to Lemma 2.4 we have a sequence of Galerkin approximate
solutions {y, }»>1, that satisfies following conditions:

(@Vn>=1: |yullx =R (2.82)
®VYn=1: y,eW, CW, y,+Cu(yn)> fus (2.83)
©Vn>1: y,(0) = yo, — yoin H asn — oo. (2.84)

From inclusion (2.83) we have that
Vn>13d, € C(y,): Lidy =:d) = fu —y), € Co(yn) = LC(yn). (2.85)

Lemma 2.6. From sequences {yn}n>1, {dn}n>1, that satisfy (2.82)—(2.85), subse-
quences {Yn; tk>1 C {Vnin=1 and {dn, }k>1 C {dn}n=1 can be isolated in such
way that for some y € W, d € X*, z € H following types of convergence will take
place:
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M) yn, =y inX ask — oo; (2.86)
@ yp, =Y inX* ask — oo (2.87)
B)dn, ~d inX* ask — oo; (2.88)
4 yn, (T) =~z inH ask — oc. (2.89)

Moreover in (2.86)—(2.89):
(i) y(0) = yo, (ii)z= y(T). (2.90)

Proof. 1°. Let us prove boundness of {d,},>1 in X*. Due to (2.85), (1.16) and
(2.76),¥n > 1

oo > [ flix«R = [ fllxlynllx = (f.yn) = (fn: yn)
= ) (k) = 5 (19D = Dn OF ) + ()
Therefore, Vn > 1
(dn, vn) < || fllx* R+ 8%/2 =: ca < +00.
From here, and also from the estimate (2.82) and Property (I7) for C it follows that
dea>0: Vn=>1 |du|x* <ca. (2.91)

2°. Let us prove boundness of {y; },>1 in X *. Due to (2.85) it follows that Vn > 1
vy, = L (f — dy), and therefore keeping in mind (2.82), (2.91), we have:

[yallxs < llynllw < R+ max{Cy, Ca} (|| fllx+ + c4) =t ¢c5 < +00, (2.92)

where C; > 1 are the constant from Condition (y). Hence from the continuity of
the embedding W in C(S; H) (Corollary 1.1) the existence of cg > 0 follows:

Vn>1 foeallt €S lvaOllg < cs < 400,

In particular,

V=1 |ya(T)la = ce. (2.93)
3°. From estimates (2.92), (2.91) and (2.93), due to the Banach—Alaoglu Theorem
(Theorem 1.2), keeping in mind reflexivity of X, the existence of subsequences

{ynk}kzl C {yn}nzlv {dnk}kzl C {dn}nzl

and of elements y € W, d € X* and z € H, for which consequence types (2.86)—
(2.89) follows.
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4°. Let us prove that
y = f—d. (2.94)
Leto € D(S), n e Nand h € H,. Then Yk : ny > n we have:

( [ #0030+ dn i h) -/ (go(r)(y:,k (¥) + duy (0)), h)dr
S S

-/ (y,;k (t) + dn, (0), go(r)h)dr
S

= (y;;k + dnk’ w>’
where ¥ (t) = h-¢(t) € X, C X.

Note that we use the property of Bochner’s integral here [GGZ74, Theorem
IV.1.8, c.153]. Since for ny > n H,, D H,, then

Gy + W) = e+ dnges I V) = Ly Oy + ) ¥)
= (py Fdp V) = (o ).

Due to Proposition 1.5 we have:

Vi = 1 (e 2 n)(fo V) = (f Ing V)

- [ (f(@).p(Oh)dT = [ (0(0) /(). hyd T = ( [ w(r).f(r)dr,h).
S S

S

Therefore, forallk : ny >n

( / go(r)y,;k(r)dr,h)

S

/ () (f(x) = dn,(1))d, h)

g
/

((f(©) = dn, (). p(Oh)dT = (f — dny.. V)

S

- (f—-d,¥) = (/ () (f(r) —d(r))dr, h) ask —o00. (2.95)

The latter follows from the weak convergence of d,, to d in X*.
From convergence (2.87) we have:

({ ¢(0) I, (T)df’h> - (é[‘/’(f)yl(f)df, h) = (y’((/)),h) as k — 400,
(2.96)
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where
Vo e 2(S) y(p) = —y(g)) = — / YO (D)
S

is the derivative of an element y considered in the sense of 2*(S, V*).
Hence, due to (2.95) and (2.96) it follows that

Voe2(S)Vhe | JH, (V(p).h) = (/ p(0)(f (D) —d(f))df,h) :

n>1 S

Since | J Hy in dense in V' then

n>1

Vo e 2(S) y(p) = /w(f)(f(f) —d(r))dz.

S

So,y' = f —d.
5°. Let us prove that y(0) = yo. Let h € H,, ¢ € 2(S), n € N, ¥(7) :=
(T —1)h € X;,. From (2.94) it follows:

oY) = / /(). y(0)dr = / (f(0) — d(0). y(t))d
S S

= Jin [ (£2) = du @9 (DT = fim (£ = duy. Do)
S

= lm (17, (f = du) ¥) = Hm ((fue =) y) = Bim (v, ).

= lim lim
k—o00 k—o00

Now we use the formula (1.15). Noting that ¥'(t) = —h, t € S, we obtain:

kli>rr;o<y;1k7 I//) = kli{lgo{ - (I///7 )’nk> + (J’nk(T)7 I//(T‘)) - (J’nk07 Th)}

i { [ Gue @) = (o, T
N
= fin [ O @0z = fim (0. 7H)
S
= [0@.mde= 0. Th = ~(9'3) = 0. Th.
S

The latter holds true due to y,, — y in X and y,, 0 — Yo in H. Again we apply
the formula (1.15) to the last expression:
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= y) = (o.Th)y = (' ¥) = (). ¥(T)) + (¥(0), ¥(0)) — (yo. Th)
=y ¥) + T(y(0) — yo,h).
Hence, Vh € | Hy

n>1

(Y )= ")+ T ()= yo.h) < (y(0) — yo.h) = 0.

Due to density of | J H, in H it follows that y(0) = yo, and the statement (i)
n>1

from (2.90) is proved. -
6°. To complete the proof we must show that y(7') = z. The proof is similar to that
of 5°. Indeed, we take v = h € |J H,. Hence ¢ € Xy, for some ng. Again we

n>1

use the formula (1.15):
0 =y = [(/@.nde = tin [, 0.0
S S
= kli)ngo(ynk (T) = yn, (0),h) = (z— y(0), h).
The last equality holds true due to (2.89) and (i) from (2.90). Therefore,

Vhe | JHr ((T)—z.h) =0,

n>1

that is equivalent to y(T') = z.
Lemma 2.6 is proved. O

Now, to prove that y is a solution of problem (2.72) it is necessary to show that
y satisfies the inclusion from (2.72). Due to identity (2.94), it is sufficient to prove
thatd € C(y).

At first let us make sure that

(dng> yn —¥) < 0. (2.97)

im
k—o00

Indeed, due to (2.94), Vk > 1 we have:
(dnk’ynk _y) = (dnkvynk) - (dnk’y) = (dr}kvynk - y) - (dnk,y)

= (fnk _y;,k»Ynk) - (dnk’y)
= (fnk7ynk) - (y}/’Lk7ynk) - (dnk7y)

= () = U )+ 5 (g Oy = o (D) 299)
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The latter is obtained from (1.16). Further in left and right sides of the equality
(2.98) we pass to upper limit as k — co. We have:

m (dnkJ’nk - y) 5 m (ﬂYnk) + m (dnk7_y)

k—o0 k—00 k—00

+ lim

k—o0
<{(fiy)x —{d,y)+ % (YOI = Iy (M)11%)
=(f—=d.y)=(.y)=0"=y.y)=0.

(17ne OV 137 = 1ymg (D)%)

N =

The latter holds true due to Lemma 2.6, formulas (1.16), (2.94), the inequality
im (=l yn, (Dlla) < =y (M)l a.
k—o00

due to [GGZ74, Lemma 1.5.3], (2.89) and (ii) from (2.90). The inequality (2.97) is
proved.

From the conditions (2.86), (2.87), (2.88), (2.97) and A¢-pseudomonotony of C
on W it follows that there exist {d,n} C {dn; }k>1, {¥m} C {¥n; }k>1, such that

Vo € X lim (dm, ym —w) > [C(y),y —o]_. (2.99)

m—0o0

If we prove that L
(d.y) = lim (dm, ym). (2.100)
m—>o00

hence from (2.99) and from convergence of (2.91) we will have:
YoeX [C(y)y—-o]l_=({d.y-o)

and using Proposition 2 we obtain that this is equivalent to the inclusion y € C(y).
Therefore, y is a solution of problem (2.72).
Let us prove (2.100):

im (dp. ym) = M (d. Inym) = B (dp. ym) = HM (fon = Y} )
< m (fon. ym) + Hm (=(yp. ym)) = Tm (f.ym)
3 (m O — m(TI) < (£3)
- % (D7 = Iy OlF) = (fy) = (' y) = (d.y).

So, y € W is a solution of problem (2.72).
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The representation (2.75) follows immediately from passing to limit of the
current Theorem, from the property of upper topological limits [K66, Property
2.29.1V.8] and from Definition 2.5.

The Theorem is proved. O

2.4.2 Faedo-Galerkin Method I1

2.4.2.1 Problem Definition

Again let (V;; H; V;*) be evolutionary triples such that the space V = Vi NV,
is continuously and densely embedded in H, {h;};>1 C V — is complete in V
countable vectors system, H, = span{h;}?_,,n > 1;

X =Lp(S:H)NLy,(S;H)NLp (S;V1) N Lp,(S:V2),
X*=Lg(S:V{") + Lgp(S:V3) + Ly (S: H) + Ly (S: H).
Xi=L,(S:H)YNLp (S:Vi), X' =Lg(S:V)+ Lr;(S;H),
W={yeX|yeX*, Wi={peX|yeX* i=1,2.

with the norms corresponding, we assume that po := max{ri,r} < +oo (see
Remark 1.3).

For the multivalued map 4 : X = X ™ and linear dense defined map L : D(L) C
X — X* we consider the problem:

Ly +A(y)> f
2.101

y € D(L). ( )

Here f € X* is arbitrary fixed. On D(L) we consider the graph norm

I¥Ipw = Iylx + ILylx~ Vy e D(L).

2.4.2.2 Faedo-Galerkin Method
Foe each n > 1 let us consider Banach spaces
Xn = Lpy(S: Hp), X::qu(S;Hn)v an{yEXn|y/€X:},
where 1/po + 1/qgo = 1. Let us also remind, that for any n > 1 I, — the canonical
embedding of X, in X, I, : X* — X7 —is adjoint with [,,.
Let us introduce the following maps: A, := IJ AL, : X, =2 X},

Ly:=1I*LI,:D(L,) = X, N D(L) C X, =3 X}, fo:=1*f € X},
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Together with problem (2.101) Vn > 1 we consider the following class of
problems:
Lnyn %+ An(yn) > Jn (2.102)
yn €D (Ln)
Definition 2.6. We will say, that the solution y € W of (2.101) turns out by the
Faedo-Galerkin method, if y is the weak limit of a subsequence {y,, }x>1 from
{¥n}n>11in D(L), where for each n > 1 y, is a solution of problem (2.102).

2.4.2.3 Main Results

Theorem 2.5. Let L : D(L) C X — X* be a linear operator; A : X1 — C,(X7)
and B : Xo — C\(X5) be multivalued maps such that

(1) L is maximal monotone on D(L) and satisfies

e Condition L: foreachn > 1 and x, € D(L,) Lx, € X,
e Condition L;: for eachn > 1 the set D(Ly,) is dense in Xy,.
e Condition L3: for eachn > 1 Ly is maximal monotone on D(L).

(2) There exist Banach spaces Wi and W, such that W, C X1, Wo C X, and
D(L) C W1 N Wy with continuous embedding.
(3) A is Ao-pseudomonotone on Wy and satisfies Condition (IT).
(4) B is Ao-pseudomonotone on Wy and satisfies Condition (IT).
(5) The sum C = A+ B : XZX™* is finite-dimensionally locally bounded and
weakly +-coercive.
Furthermore, let {h;}j>1 C V be a complete vectors system in V1, V,, H such
that Vi = 1,2 the triple ({hj}jzl; Vis H) satisfies Condition (y ).
Then for each f € X* the set

Ku(f):={y € D(L) | y is the solution of (2.101),
obtained by Faedo-Galerkin method }

is nonempty and the representation

Ku(f) = N[U Knlhim)] (2.103)

n>1 m>n
is true, where for eachn > 1
Ky (fn) = {yn € D(Ly) | yn is the solution of (2.102)}

and [-x,, is the closure operator in the space X with respect to the weak topology.
Moreover, if the operator A + B : X X* is —-coercive, then Ky (f) is weakly
compact in X and in D(L) concerning the graph norm.
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Remark 2.11. The sufficient condition to get the weak +-coercivity of A + B is
that: A is +-coercive and it satisfies Condition (k) on X, B is +-coercive and it
satisfies Condition (k) on X, (see Lemma 1).

Remark 2.12. From Condition L, on the operator L and from Proposition 1.8 it
follows that L is dense defined.

Proof. By Lemma 1.15 and Lemma 2 we consider the Ag-pseudomonotone on

Wi N W, (and hence on D(L)), finite-dimensionally locally bounded, weakly
+-coercive map

X3y —>C(y):=A() + B(y) € Cu(X™),
which satisfies Condition (/7).

Let f € X™* be fixed. Now let us use the weak +-coercivity condition for C.
There exists R > 0 such that

[CO)—fyl+ =20 VyeX:|yllx =R (2.104)

Resolvability of Approximating Problems

Lemma 2.7. Foreachn > 1 there exists a solution of problem (2.102) y,, € D(Ly,)
such that ||y, |lx < R.

Proof. Let us prove that for each n > 1
Ch:=An+B,=1;(A+B): X, » C,(X,)

satisfies the next hypothesis:

(i;) C, satisfies Condition (/7).
(i2) Cy is Ag-pseudomonotone on D (L), locally finite-dimensionally bounded.
(i3) [Cn(Yn) = frsYul+ =0 Vyn € Xnt ynllx, = R.

Let us consider (i1). Let B C X,, be some nonempty bounded subset, k¥ > 0 be
aconstantand d, = I'd € C, (where d € C is a selector) is such that

(dn(y),y) <k foreachy € B.

Since foreach y € X, (dn(y),y) = (I,;d(y),y) = (d(»),y) then
(d(y),y) <k foreachy € B.

Since C satisfies Condition (/7) there exists K > 0 such that

ld)|lx+ < K forally € B.
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Consequently,

sup ldn D llx = KN Nl x5 < +00.
ye

Now we consider (i3). Since the boundness of
I, e £(Xun; X), 1] e L(X* X))
and the locally finite-dimensional boundness of C : X — C,(X*) then the locally
finite-dimensional boundness of C,, on X, follows.
Now we prove the Ao-pseudomonotony of C,, on D(L,). Let {ym}m>0 C D(Ly)
be an arbitrary sequence such that

Ym = Yo in D(Ly), dn(ym) = I,;d(ym) € Cn(ym) =~ d € X;; asm — 400,

where d(y,) € C(yn) is a selector, and inequality (1.55) holds. Since D(L,) C
D(L) with continuous embedding then

Ym — Yo in  D(L) as m — +oo. (2.105)

Since Vim > 1
(I:d(ym), Ym = Yo) = (d(Ym): ym — Yo)
then

lim (d(ym), Ym — yo) = lim (dn(Ym), ym — yo) < 0. (2.106)
m-—>00 m—0Q
Hence
im (d(ym). ym)< 1im (dn(Ym). ym—yo)+ 1im (dn(ym). yo)<(d. yo) < +oc.
m-—>00 m—0Q m—0Q

Since C satisfies Condition (/7) we have that the sequence {d(ym)}m>1 is bounded
in X*. Hence, up to a subsequence

dlym)—g in X"asm— oo

for some g € X*. Consequently from (2.105) and (2.106), we get the existence of
the subsequence {ym,; }k>1 C {¥m}m>1 such that Vw € X

li_m (d(J’mk)7 Ymy — W) = [C(y0)7 Yo — W]—'

k—o0
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This means that for each w € X,

Lim (dn(Ymy)s Ymg —w) = [Cu(¥0), yo — w]—.

k—o0

So, C,, is Ag-pseudomonotone on D(Ly).

The condition (i3) holds thanks to (2.104).

Now let us continue the proof of the given Lemma. From Theorem 2.2 with
V=W=X=X,,A=C,,B=0,L=0L,,D(L)=D(L,), f = fu,r =R
and with the properties (i;)—(i3) for C,,, L, — L3 for L,, it follows that problem
(2.102) has at least one solution y, € D(Ly) such that ||y, || x < R.

Let us remark that under condition (/1) on C,, it is easy to find the next estimate
(2.109) from which it is possible to use the A¢-pseudomonotony for C on D(L,).

The Lemma is proved. O

Passing to Limit

Due to Lemma 2.7 we have a sequence of Galerkin’s approximate solutions {y, }n>1
that satisfies the next conditions

Vn=1 |ynllx <R (2.107)

Vn>1 yn € D(Ly) CD(L), Lnyn+dn(yn) = fn, (2.108)

where d,(yn) = 1,;d(ys), d(yn) € C(yn) is a selector.
In order to prove the given Theorem we need to obtain the next important

Lemma 2.8. Let for some subsequence {ny }x>1 from the natural scale the sequence
{Vny Yk>1 satisfy the next conditions:

o Vk>1yn €D(Ly)=D(L)NX,,.

e Vk > L Ly yny +dnk (ynk) = fnk, dnk(Ynk) = [:kd(ynk), d(ynk) IS C(ynk),
® Ynp = yinX ask — +oo for somey € X.

Then, y € Kg(f).

Proof. From the definitions of L,, , d,, and f,, foreachk > 1
(dnk (Ynk),ynk) = (fnk - Lnkynk’ynk) = (f - Lynkvynk)

< ./ llx* sup lyn; | x =: K1 < +o0,
k>1

where K is a constant which does not depend on k > 1. Hence, due to Property
(IT) for operator C it follows that there exists K, > 0 such that for each k > 1

d(n)llx* < K2 < +00. (2.109)



2.4 Faedo-Galerkin Method for Differential-Operator Inclusions 141

Since Condition L; for L and Proposition 1.7 it follows that for all k > 1

SUp | Lyn, | x+ = sup | Ly yn |l x*
k>1 k>1 (2.110)
< max{C1, C2}(D + | fllx*) =: C3 < 4o0.

where K3 is a constant which does not depend on k > 1. Hence, for each k > 1

Iynillp@y = lynellx 4 1 Lyng llx- < sup [Vnellx + K3 =: K4 < +00,
>1

where K4 is a constant which does not depend on k > 1. Consequently, due to
(2.109), Corollary 1.8 and the Banach—Alaoglu Theorem there exists a subsequence
{ym} from {yn, } such that for some y € D(L) and d € X* the next convergence
takes place:

Ym — yin D(L), d(ym)—d in X*. (2.111)

(a) Let us prove that

(Lym +d(ym), ym —y) = 0. (2.112)

lim
m—00

Since the set |J X, is dense in X then for each m there exists u,, € X, (for
n>1

example u,, € argmin |y — vy|x) such that u,, — y in X. So, due to (2.110),
vm€Xm
(2.109) we obtain that for each m

{LYm +dYm), Yym — V) < ULYm + dYm)s Ym — )| + (LY + d(Ym), i — )]
<L ym —um)| + (K3 + K2) - |y —umllx = [{f.y —»)| =0.

(b) Now we obtain that
lim (d(ym), ym —y) < 0. (2.113)
m—>00

From (2.112), (2.111) and from the monotony of L we have

lim (d(ym). ym—)
m—00
= lim (Lyn+d(ym). ym=y)= im ((Lym—Ly.ym=y) + (Ly.ym = y))

m—00

<0+ Tim (= (Lym—Ly,ym—y)) + lim (Ly,y—ym) <0.
m—00 m—>00

From (2.111) and (2.113) we can use the Ag-pseudomonotony of C on D(L).
Hence, there exists a subsequence { yg }x from {y;, },» such that
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Yo e X lim (d(yk), yx — o) = [C(y),y —w]-. (2.114)

k—o0

In particular, from (2.113) and (2.114) it follows that
lim (d(yk), yx —y) = 0.
k—o0
(c) Let us prove that

Vue D) (\(\JXa) (f—d—Ly+Luu)=0. (2.115)

n>1

In order to prove (2.115) it is necessary to obtain that

Vue DL)(\(LJ Xa) lim (Lyx — Ly + Lu,u) > 0. (2.116)

n>1 k—o00

From the monotony of L and from (2.111), for each u € D(L) ﬂ( U X,,) we have

n>1

lim (Lyx — Ly + Lu,u) > lim (Lyx — Ly,u) = 0.

k—o0 k—o0

Further let u € D(L) ﬂ( U X ,,) be arbitrary fixed. Then there exists 7o > 1 such
n>1
thatu € D(L) N X, and for each k > ng

Vm > no (Lym’u)X = (Lmym’u)Xm = (fm_lr;k;dm’”)Xm (2 117)
={(f—dpu)xy — (f —d,u)x. '

So, (2.115) directly follows from (2.116) and (2.117).

(d) Now we prove that Ly = f — d. Let us use (2.115). We obtain that for each

t>0andue D(L)N(U X»)

n>1
(f —d —Ly,t-u)>—(t-Lu,t-u).
that is equivalent to
(f —d —Ly,u) > —t-(Lu, u).
Hence,

Vvue DIL)(\(|JXn) (f—d—Ly.u)=0

and, by Proposition 1.8, the last relation is equivalentto Ly = f —d.
(e) In order to prove that y € D(L) is the solution of (2.101) it is enough to show
that d € C(y). Since (2.113), (2.114) and (2.111) it follows that for each w € X
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[C(y).y —o]- = lim (d(yk). yx — @)

k—o0

< lim (d(ye), ye —y) + lim (d(yx),y — ) < (d.y — o),
k—o00 k—o00

that is equivalent to the required statement. So, y € Ky (f).
The Lemma is proved. O

Since (2.107), (2.108), Lemma 2.8, the Banach—Alaoglu Theorem and the topo-
logical property of the upper limit [K66, Property 2.29.1V.8] it follows that

0% N[U Enlhm)], < Kn(h).

n>1 m=n

The converse inclusion is obviously; it follows from the same topological property
of upper limit and from D(L) C X with continuous embedding.

Now let us prove that Kg (f) is weakly compact in X and in D(L) under the —
-coercivity condition on the operator C = A + B : X — C,(X™). Since (2.103)
and D(L) C X with continuous embedding it is enough to show that the given set is
bounded in D(L). Let {y,}n>1 C Ku (f) be an arbitrary sequence. Then for some
dn € C(yn)

Lyn, +d(yn) = f.

If {yn}n>1 is such that
lyallx = +00 as n — oo,

we obtain the contradiction

+00 <«

[C(Yn). yn]- = (d(yn): yn)

1
lynllx lynllx

< — 0 ” (Lyn +d(yn). yn)

1
= nlx T {(fovn) = fllxx <400 (2.118)

Hence, for some k > 0
lyallx <k Vn=1. (2.119)

Due to Condition (/T) for C, from (2.118) to (2.119) it follows the existence of
K > 0:
ldnllx+ < K.

Hence,

ILynllx+ < K+ fllx and |ynllpey =k + K+ | fllx+

The Theorem is proved. O
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2.4.3 On Searching the Periodic Solutions
for Differential-Operator Inclusions
by Faedo-Galerkin Method

Let A: X; — Cy(X{)and B : X, — C,(XJ) be multivalued maps. We consider
the next problem:

Y +A() + B(y) > f.
y(0) = y(T),

in order to find the solutions by FG method in the class

(2.120)

W={yeX|y eX*),

where the derivative y’ of an element y € X is considered in the sense of scalar
distributions space Z*(S; V*) = Z(2(S5); V,)), with V. = V1 N V,, V¥ equals to
V* with the topology o (V*, V') [RS80]. We consider the norm on W

Iyllw = Iyllx + 1y'llx= for each y € W.

We also consider the spaces W; = {y € X; |y’ € X*},i = 1,2.

Remark 2.13. Tt is clear that the space W is continuously embedded in C(S; V*).
Hence, the condition from (2.120) has sense.

In parallel with problem (2.120) we consider the next class of problems in order
to search the solutionsin W, = {y € X, | y' € X7 }:

y;/z + An(yn) + Bn(yn) > fu,

y(0) = y(T), (2.121)

where the maps A, B,, f, were introduced later, the derivative y,, of an element
Yn € X, is considered in the sense of 2*(S; Hy).
Let

I/Vper:: {y€W|J’(O)=)’(T)}7

let us introduce the map
L:D(L) =Wy CX —> X"
in such way Ly = y’ foreach y € W,,,.
From the main resolvability Theorem it follows the next Corollary:

Corollary 2.4. Let A : X; — C,(X{)and B : Xo — C,(X}) be multivalued maps
such that

(1) A is Ao-pseudomonotone on Wy and it satisfies Condition (IT).
(2) B is Ag-pseudomonotone on W, and it satisfies Condition (IT).
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(3) The sum C = A+ B : X X™* is finite-dimensionally locally bounded and
weakly +-coercive.

Furthermore, let {h};>1 C V be a complete vector system in Vi, Vo, H such
that as i = 1,2 the triple ({hj}jzl; Vis H) satisfies Condition (y ).
Then for each f € X* the set

KY'(f) = {y ew | y is the solution of (2.120),
obtained by Faedo-Galerkin method }

is nonempty and the representation

&5 =N[U Knrim],

n>1 m>n
is true, where for eachn > 1
KE"(fn) = {yn € Wq | yn is the solution of (2.121)} .

Moreover, if the operator A + B : XZ X* is —-coercive, then K"Her(f) is weakly
compactin X andin W.

Proof. Atfirst let us prove the maximal monotony of L on W,,,. Forv € X, w € X*
such that for each u € W, (w — Lu,v — u) > 0 is true, let us prove that v € W,,,
and v = w. If we take u = hox € W, with ¢ € Z(S), x € V and h > 0 we get

0<{w—¢hx,v—phx) = {(w,v) — </;~ (@' (s)v(s) + (s)w(s))ds, hx>

+(¢'hx, phx)
= (w,v) + h{v'(p) — w(p), x),

where V' (p) and w(p) are the values of the distributions v/ and w on ¢ € 2(S).
So, for each ¢ € 2(S) and x € V (V' (¢) — w(p),x) > 0 is true. Thus we obtain
V(p) = w(p) for all ¢ € 2(S). It means that v/ = w € X*. Now we prove
v(0) = w(T). If we use [GGZ74, Theorem VI.1.17] with u(t) = v(T') € W, we
obtain that

' —Lu,v—u) = —u,v—u)

(
2 (V) (@), = ) 1) 1)
~3Iv0) = v(T) I <0

and then v(0) = v(T).

In order to prove the given Proposition, it is enough to show that L satisfies
Conditions L{—L3. Condition L; follows from Proposition 1.9.
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Condition L, follows from [GGZ74, Lemma VI.1.5] and from the fact that the
set C1(S; Hy,) is dense in Ly, (S, Hy) = X,. Condition L3 follows from [GGZ74,
Lemma VI.1.7]with V = H = H, and X = X,,. O

2.4.4 On the Solvability for One Cauchi Problem by FG Method

Let A: Xy — Cy(X{)and B : X» — C,(XJ) be multivalued maps. We consider
the next problem:

Y +A(y) + B(y) > f.
50 <D, (2.122)

in order to find the solutions by FG method in the class
W={yeX|y eX*),

where the derivative y’ of an element y € X is considered in the sense 2*(S; V*).
We consider the norm on W

Iyllw = Iyllx + 1y'llx= for each y € W.

We also consider the spaces W; = {y € X; |y’ € X*},i = 1,2.

Remark 2.14. Tt is clear that the space W is continuously embedded in C(S; V*).
Hence, the condition (2.122) has sense.

In parallel with problem (2.122) we consider the next class of problems in order
to search the solutionsin W, = {y € X, | y' € X7}

y;/l + An_(yn) + Bn(yn) > fu.

) =D (2.123)

where the maps A,, By, f, were introduced latter, the derivative y;, of an element
Yn € X, is considered in the sense of 2*(S; Hy).
Let
Wo:={yeW|y0) =0},

let us introduce the map
L:D(L)y=WgCX —> X"

in such way Ly = y’ foreach y € Wj,.
From the main resolvability Theorem it follows the next

Corollary 2.5. Let A : X; — C,(X[) and B : X5 — C,(X5) be multivalued maps
such that
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(1) A is Ao-pseudomonotone on Wy and it satisfies Condition (IT).

(2) B is Ag-pseudomonotone on W, and it satisfies Condition (IT).

(3) The sum C = A+ B : XZX™* is finite-dimensionally locally bounded and
weakly +-coercive.

Furthermore, let {h;}j>1 C V be a complete vector system in Vi, Vo, H such
that as i = 1,2 the triple ({hj}jzl; Vis H) satisfies Condition (y ).
Then for each f € X* the set

K%(f) :={y € W | y is the solution of (2.122),
obtained by Faedo-Galerkin method }

is nonempty and the representation

&5 =NU &ntm],

n>1 m=>n

is true, where for eachn > 1
K,(;)(fn) = {yn € W, | yn is the solution of (2.123)} .

Moreover, if the operator A + B : X X™* is —coercive, then K?{ (f) is weakly
compactin X andin W.

Proof. At first let us prove the maximal monotony of L on Wj. Forv € X, w €
X* such that for each u € Wy (w — Lu,v —u) > 0 is true, let us prove that
v € W5 and v/ = w. By the analogy with the proof of Corollary 2.4, we obtain
vV =w e X*. Now we prove v(0) = 0. If we use [GGZ74, Theorem IV.1.17] with
u(t) = v(T)% € Wj, we obtain that

0<{(V—Luyv—u)={(—u,v—u)

S (D) (D)1~ WO ) = 5 IvO) I <0

and then v(0) = 0.
In order to prove the given Proposition, it is enough to show that L satisfies
Conditions L;—L3. It follows from the proof of Lemma 2.2. O

Example 2.4. Let us consider the bounded domain £2 C R with rather smooth
boundary 0§2, S = [0,7], Q = 2 x (0;T), I'T = 082 x (0;T). Let,asi = 1,2,
m; € N, N { (respectively Né) the number of the derivatives respect to the variable x
of order < m; — 1 (respectively m;) and {Afx (x,t,n, E)} be a family of real

functions defined in Q0 x RV I x RV: . Let

loe|<m;
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DFu = {Dﬁu, |B| = k} be the differentiations by x,
Siu = {u, Du, ..., D™ 1y},
AL (x,t,8;u, D™iv) : x,t — Al (x,t,8;u(x,t), D™iv(x,1)).

Let ¥ : R — R be some locally Lipschitzean real function and its Clarke
generalized gradient @ = d¢; ¥ : R = R satisfies the growth condition

Ap3 >2.C >0: @)+ <CA+ [t]737Y) Vi eR. (2.124)

Let us consider the next problem with Dirichlet boundary conditions:

dy(x,t
DD S MDAl v 81y. D™ )
lee|<my
+ > (=DID¥(AZ(x.1.8y. D™ y)) + P(y(x.1)) > f(x.1)in O,
lee|<m>
(2.125)
D%y(x,t) =0 onlras|a|<m;—1landi =1,2 (2.126)
and y(x,0) =0 in$2. (2.127)

Let us assume for i = 1,3 ¢; > 1: pit+qt =1L, H = L1(2), Vs =
Lp,(82) and V; = Wy""P1(2) with p; > 1,m; = 0,1,2,...such that V; C H
with continuous embedding, i = 1,2. Consider the function ¢ : L,,(Q) — R
defined by

o(y) = /Q VO 0)dxdi Vy e Ly, (Q).

Using the growth condition (2.124) and Lebourgs mean value Theorem, we note that
the function ¢ is well-defined and Lipschitz continuous on bounded sets in L 5, (Q),
thus locally Lipschitz so that Clarkes generalized gradient dc;¢ : L, ,(Q) =
L4, (Q) is well-defined. Moreover, the Aubin—Clarke Theorem (see [C90, p. 83])
ensures that, for each y € L,,(Q) we have

p €dcip(y) = p € Ly (0Q) with p(x,t) € 91y (y(x,1)) forae. (x,¢1) € Q.

Under suitable conditions on the coefficients A/,, the given problems can be
written again:

V' A+ A1(y) + A2(y) + dcip(y) > £, y(0) =0, (2.128)

where

f c X* — qu (S, W—ml,‘II(Q)) + qu(S; W—Mz,qz(Q)) + Lq3(Q)
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Each element y € W that satisfies (2.128) is called a generalized solution of
problem (2.125)—(2.127).

Choice of basis. We assume that there is a complete vectors system {/;};j>; C
Wy P1(£2) N Wy">*P2(£2) such that the triples

(thj} =1 Wo" P (2): La(R)) . i = 1.2

satisfy Condition (y).

For example, when n = 1 as {/;};>; we may take the “special” basis for the
pair (Hy™™m2i+e (). [, (£2)) with a suitable & > 0 [KMPO6a, KMTO6]. As it is
well-known, the triple ({#;} ;>1; L ,(§2); L»(£2)) satisfies Condition (y) for p > 1.
Then, using (for example) the results [KMP06a, KMTO06], we obtain the necessary
condition. ) ]

Definition of operators A;. Let AL, (x, 1,1, £), defined in Q x RV x RV2, satisfy
the conditions _

for almost each x, ¢ € Q the map 1, £ — AL, (x,7,7,£) is continuous on RV x

RNé;
for all n, £ the map x,t — Afx(x, t,n,§) is measurable on Q, (2.129)
forallu,v € L?(0,T;V;) =: % AL(x,t,8;u, D™u) e LI (Q). (2.130)

Then for each u € #; the map

w— a;(u,w) = Z Afl(x, t,8;u, D™ u)D%*wdxdt,

lel<m; g
is continuous on ¥; and then
there exists 4; (u) € ¥;* such that a; (u, w) = (A4; (u), w). (2.131)
Conditions on A;. Similarly to [L69, Sects.2.2.5,2.2.6, 3.2.1] we have
Ai(w) = Ai(u,u), Ai(u,v) = Ai1(u,v) + Aiz(u),
where

A1 (u,v),w) = Al (x,1,8;u, D™ v)D%wdxdt,
( "

lal=m; o

(Aia(u), w) = Z Al (x,1,8;u, D™ u)D*wdxdt.

|Ot|5mi—1Q
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We add the next conditions:
(A1 (u,u),u —v) — (Ai1(u,v),u—v) >0 Yu,v e ¥; (2.132)
if uj —win %, u; — o' in ¥;* and if (A;1 (uj,u;) — Ain(uj, ), u; —u) — 0,
then A’ (x,t,8u;, D™ u;) — A, (x,t,8u, D™ u) inL% (Q); (2.133)
“coercivity”. (2.134)

Remark 2.15. Similarly to [L69, Theorem 2.2.8] the sufficient conditions to get
(2.132), (2.133) are:

Y ALt €k

loe|=m;

1
—|f| e — 400 as [§] > o0

for almost each x,¢ € Q and |n| bounded;

D (ALt €) — AL (X1 EF)) (e —£2) > Oas § £ £*

loe|=m;

for almost each x,¢ € Q and V7.
The next condition lets the coercivity:

Z Al (x,t,m,8)€ > c|£|Pi for rather large |£|.
loe|=m;
A sufficient condition to get (2.130) (see [L69, p. 332]) is:
AL Gt ) < cllnP ™ + 5P+ kD] k€ Lg (0).  (2.135)

By analogy with the proof of [L69, Theorem 3.2.1] and [L69, Proposition 2.2.6]
we get the next

Proposition 2.9. Let operator A; : V; — V;* (i = 1,2), defined in (2.131), satisfy
(2.129), (2.130), (2.132), (2.133) and (2.134). Then A; is pseudomonotone on W;
(in classical sense). Moreover it is bounded if (2.135) holds.

Under the listed above conditions for each f € X* there exists a generalized
solution of problem (2.125)-(2.127) y € W.
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2.5 The Method of Finite Differences for Differential-Operator
Inclusions in Banach Spaces

In the analysis of mathematical models of nonlinear processes and fields in physics,
chemical kinetics, and geophysics, mathematical objects such as operator dif-
ferential equations occur in problems of optimal control theory. In physics and
mechanics, studying evolution equations and inclusions of second order was initi-
ated by applied problems dealt with phase transitions and unilateral conductivity of
boundaries of substances, propagation of electromagnetic, acoustic, vibro-, hydro-,
and seismoacoustic waves, and quantum-mechanical effects. Studying equations
that describe wave processes with “nonlinear friction” is rather difficult and needs
a special technique [SYO02]. Recent related studies cover quasilinear equations with
homogeneous boundary conditions and linearized equations with nonlinear bound-
ary conditions reduced to nonlinear differential-operator equations and inclusions.
However, linearized objects not always adequately describe the process under study.
Therefore, a need arises to consider evolution inclusions and variational inequali-
ties with a much narrower set of properties. Recent developments on this subject
are concerned with operator differential equations and inclusions with nonmono-
tonic nonlinearity globally bounded in the phase variable. We will develop the finite
differences method for solutions of evolution inclusion with A¢-pseudomonotonic
mappings. The purpose of the study is to derive new theorems on the resolvability
and substantiation of constructive methods for the approximation of such solu-
tions. The results can be applied, for example, to analyze processes in the structural
dynamics of a system of knowledge accumulated by large groups of people during
purposeful learning [KZY09].

2.5.1 Setting of the Problem

Let @ be a separable locally convex linear topological space, @* be the topolog-
ically adjoint with @. By (f, §) we denote the canonical pairing of f € @* and
Eed.

Let the spaces ¥/, ¢ and ¥ be given. Moreover

®CV CoF, b CH CP*, ® CV*CP*, (2.136)

with continuous and dense embeddings. We assume that .77 is a Hilbert space with
the scalar product (A1, h2) % and norm ||h]| ,¢, ¥ is a reflexive separable Banach
space with norm ||v||y, ¥ is the adjoint with %" with the norm || ||+ associated
with the bilinear form (-, -) s.

If&, v € @, then (§,¢) = (§,¥) e , ie., it coincides with the scalar product
in 2.
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Let# =710 %5and |- lly = | Iy + -, where (45, - )i = T2,
are reflexive separable Banach spaces and the embeddings ® C ¥ C &* and
@ C ¥;* C @* are dense and continuous. The spaces (#;*, || - ), i = 1,2, are
the topologically adjoint with (#;, || - || ). Then ¥™* = ¥* + 7;*.

Leto/ : %1 = V{*, % : V> = ¥,* be amultivalued maps with nonempty convex
closed bounded values, A : ¥ — ¥™ be an unbounded operator with domain
D(A; ¥, 7). We consider the following problem

ue DAYV, V™), (2.137)

Au+ o (u) + Bw) > f, (2.138)

where f € V* is a fixed element.
Our aim consists in proving the existence of solutions by the method of finite
differences (see [L69, Chap.2.7]).

2.5.2 Preliminary Results

Let us assume that the space @ is dense in (¥ N ¥™*, ||v||» + ||[v|¥=*). From this
assumption it follows that
YNV CH. (2.139)

In fact, if § € @, then ||v[|3, < [[v]|ly*[[v]l¥, so that (2.139) follows.

Remark 2.16. 1If ¥ C 2, it is possible to avoid the space @. Identifying .7# and
A* we obtain the following embeddings:

vV CcHCVE. (2.140)

Definition 2.7. The family of maps {G(s)}s>0 is said to be a semigroup of class Cyp
in a Banach space X if G(s) € Z(X; X), foranys > 0, G(0) = Id, G(s +¢) =
G(s)oG(t), Vs,t > 0,and G(t)x — xast — 07, forall x € X.

Let the family of maps {G(s)}s>0 be a semigroup of class Cy on ¥, 5, ¥*, that
is, there are three semigroups, defined in the spaces ¥, 7, and ¥'*, respectively,
which coincide on @. Each of them will be denoted by {G(s)}s>0. Moreover, we
assume the following:

{G(s)}s>0 is a nonexpansive semigroup on ¢, (2.141)

ie. [G($)llzuew) <1, Vs 2 0. '

Further let —A be the infinitesimal generator of the semigroup {G(s)}s>0 With

D(A;Y) (resp. D(A; ) or D(A; V™)) in ¥ (resp. S or ¥*). It is well known

[R73] that such generator exists. Moreover, it is a densely defined closed linear
operator in the space ¥ (resp. in J# or V™).
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Let {G*(s)}s>0 be the semigroup adjoint with G(s). Let —A* be the infinitesimal
generator of the semigroup {G*(s)}s>0 with domain D(A*;¥) in ¥, D(A*; )
in 5 and D(A*; ¥*) in ¥*. The operator A* in S (resp. in #2 or ¥'*) is adjoint
with the operator A in JZ (resp. in ¥ or ¥'*).

Lemma 2.9. The sets D(A; V*) N Y and D(A*; V*) NV are dense in V.

Proof. In fact, for any u € ¥ and ¢ > 0 there exists £ € @ such that ||u —&||» < e.
Then &, := (I — 1A' e D(A;V*)N Y, & — Ein ¥ asn — oo. O

Now we shall define A as an unbounded operator, which operates from ¥ in ¥ *
with domain D(A; ¥, ¥*). Let us put

the formw — (v, A*w)

is continuous in D(A*; ¥*)N ¥
with respect to the topology
induced by the space 7.

DAYV, 7y ={ver (2.142)

Then there is a unique element &, € ¥ such that (v, A*w),, = (&, w),.Ifv €
D(A;7*) N ¥, then § = Av. Thus, generally speaking we can put §, = Av,
whence

(v, A*w)y = (Av, W)y, Yw € D(A®; V)N V. (2.143)

Defining on D(A; ¥, ¥*) the norm ||v||y + || Av||»*, we obtain Banach space. We
define the space D(A*; ¥, ¥*) in a similar way.

Remark 2.17. If ¥ C 7, then
DAYV, V") =¥ ND(A;¥*) and D(A*; ¥, V™) =¥ N DA*; V™).
In the case when ¥ is not contained in 7, we shall assume that

¥ N D(A;¥*)is dense in D(A; ¥, ™),
¥ N D(A*; ¥*)isdensein D(A*; ¥V, V™). (2.144)

Remark 2.18. Ttis known [L69, Chap. 2] that

(Av,v)y > 0,Vv e D(A; YV, V™), (A%v,v), > 0,Vv e DA™ ¥V, V™).

2.5.3 Method of Finite Differences

The natural approximation of inclusion (2.138) is the inclusion

I —G(h)

i+ () + Blun) 3 f (> 0). (2.145)
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However, if ¥ is not contained in 7, then (2.145), generally speaking, has not
solutions, and it is necessary to modify the given inclusion in an appropriate way.
We shall choose a sequence 8y, € (0, 1) such that

1-06,

—0ash — 0. (2.146)

We put 6, = 1if ¥ C 2. Further, we define

1 —0,G(h)
Ap= ———=
h h
and replace (2.145) by the inclusion
Apup + o (up) + B(up) > f. (2.147)

Definition 2.8. We will say, that the solution u of (2.137)—(2.138) turns out by finite
differences method, if u is the weak limit of a subsequence {“hnk bie>1 from {up, }n>1
(hn L 0+ asn — oo)in ¥, where foreachn > 1uy, € ¥ is a solution of problem
(2.147).

2.5.4 Main Result

Let us validate the finite differences method for the class of differential-operator
inclusions with +-coercive A¢-pseudo-monotone maps. This method is the impor-
tant method for the numerical investigation of such problems.

Theorem 2.6. Assume the following conditions:

1. o " — C,(¥]%) is a bounded, A-pseudomonotone on V1 operator, which
satisfies the +-coerciveness condition on ¥1;

2. B : V> — C,(15) is Ao-pseudomonotone on ¥, operator, which satisfies the
+-coerciveness condition on V3 and Condition (IT)

3. The operator A satisfies all the conditions given in (2.141)—(2.144).

Then for any f € V'™ there exists u € V satisfying (2.137)—(2.138).
Remark 2.19. If ¥ C 2, inclusion (2.137) implies that u € ¥ N D(A; V™).

Proof. Let us use the coercitivity condition. From Lemma 1 it follows that
o + BV = V*is +-coercive on ¥ Let us define y : Ry — Roas

yer)= inf IyI5" - [ () + BO). ¥+ ¥r =0,
o
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at that,
y(r) — 400 as r — 4oo,

and foreach y € ¥/

[ (y) + () — L]+ = Uylly) = 1Lf )yl
Hence, there exists R > 0 such that for all u € ¥ satistying |lul|, = R we get
[ (y) + Z(y) — f.y]+ = 0. (2.148)
Lemma 2.10. Inclusion (2.147) has a solution up, € ¥V (€ such that |up|» <R.
Proof. Let us consider the map
Dy = A+ A H NV — C(H+ W),
and also the following inclusion:
Dn(up) + Bup) > f.
The existence of a solution u, € 7 (") # of this inclusion such that ||us[l» < R
follows from Theorem 2.2 with V = 7NN, W =¥, A= Dy, B=%B,L =0
D(L)=V, f = f, R =R, and the following Lemma.

Lemma 2.11. The operator Dy, satisfies the following conditions:

[Dn(u) + B(u),ul+ =0 Vu€ ¥V suchthat ||ul|y = R; (2.149)
Dy, is A-pseudomonotone on 7€ N ¥1; (2.150)
Dy, is bounded on 7€ N 1. (2.151)

Proof. As G(s) is nonexpansive on 7, it follows that for any v € JZ,

1
(Apv, V) e = E(V_ 0nG(h)v, v)
1 1-6
> }—l(nvnéf —ehnG(h)vn%nvnﬂ) > Ry 215)

From here it follows the +-coercitivity for Ay on J7.

Using (2.148), (2.152) and Proposition 1, we get (2.149).

For (2.151) note that the boundness of &, on 57 N# follows from the boundness
of Ay on 7 and the boundness of & on ¥]. The boundness of A on 7 follows
immediately from the definition of Ay and estimate (2.141). Hence, it follows also
that 9, satisfies the property () .
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Finally let us prove the A-pseudomonotonicity of Dj, on 5N ¥ . For this purpose
Lemma 1.15 with A = Apon ¥ = 57 and B = &/ on W = 7] is used. From
here, since </ is A-pseudomonotone and has bounded values on 77, it is enough to
prove the A-pseudomonotonicity of Ay on J#. Let us prove it. Indeed, let

yn=>yin . Tim (Apyn. yn =y <0.
Then, from estimate (2.152), we have

Lim (Apyn, yn=y)e = Wm (Apyn—Apy, yn—y) e+ im (Apy, yn—y)e > 0.

n—00 n—>o0 n—oo

Hence, lim (ApYyn, yn — V)¢ = 0. Further, for any u € ¢, s > 0 let
n—>oo
wi=y+su—y).
Then from

(Ahw - Ah)’m Yn — y)j?" = (Ahw - Ah)’m Yn — W):%o
+ (Ahw - Ah)’m w— y)j?" =< S(AhW - Ahylw u— y)if

we have

S(Apyn, Yy =W = —(Apyn, yn — Yo + (Apw, yn — y) v
—s(Apw,u— ), Vn>1,

and

s lim (Apyn,y —u) e = —s(Apw,u—y) e & Lm (Apyn,y —w)w

n—>oo n—>oo

—(Apw,u—y) 2.

v

Lets — O01. Then
HILH;O(Ahyn, y—wow = —(Apyu—y)w = (Apy,y —w)»
and

Lm (Apyn, yn —wWor = lim (Apyn, yn — Yo + nlingo(Ahyn, Yy — )

n—>oo n—>oo

> (Apy,y =W, Yu€H.

Thus we have the required statement. Lemma 2.11 is proved. O

Now Lemma 2.10 is also proved. O
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Now we continue the proof of Theorem 2.6. We shall pass to the limitas # — 07
From Lemma 2.10 for arbitrary 7 > 0 it follows the existence of up, € 2 N ¥,
d, € A(up) and d}' € B(uy) such that

Apup +dy +dj = f (2.153)
and
lupllv» < R, foranyh > 0. (2.154)

From estimate (2.154) and the boundness of the operator A on %] it follows that

</ (up) is bounded in #;* as h — 0. (2.155)
Let us prove that
d} are bounded in 5" as h — 0. (2.156)

First, from (2.152), (2.153), estimate (2.154), the boundness of the operator <7 and
Proposition 1 we obtain that for any {/,} C (0, +00) such that h,, — 0, as n — oo,
we have

SuP(d;/z/n7“hn>«;/2 < sup(f.up,),, + sup (—a’,/ln,uhn)y/2 + sup (—Ap, n, ).,
n n n n

IA

111 sup lun, I + sup [lun, || sup |« (up,) [+ < +oo.
n n n

Hence, due to Condition (I7) for £ estimate (2.156) follows.
From equality (2.153), estimates (2.154)—(2.156), using the Banach—Alaoglu
Theorem, we obtain the existence of subsequences {uy,, }n>1C{un}r>0, {d I/Zn tn>1C

{d}/l}h>0’ {d;l/n }nZl C {d}/l,}h>05 (O < hn - O)’ denOted again by {uh}h>0’ {dill}h>()’
{d})}h>0,andu € ¥, d’' € 71, d" € 73, such that

up ~uin ¥, dy —~d inv*, d —~d"in?y, Apup —~ Auin V.
From here, in particular, it follows that
vpi=dy+d] ~d +d" =win¥V*. (2.157)
Let us introduce the following map: € (v) = &/ (v) + Bv) : ¥ — C, (V™).
We shall prove that this map satisfies Property (M ). For this it is enough to show
the A-pseudomonotonicity of ¢ on ¥'. Indeed, if € is A-pseudomonotone on ¥ and

{Yntns0 C ¥, dn € C(yn), Vi > 1, be such that

Yn = yoin ¥, dy—dopin¥* and n@o (dns yn)y < {do,Y0)y »
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then
n@;o (dn,yn —yo)y = n@o (dn.yn)y + n@o {dn, =yo)
< (do. y0)y — {do. yo)y = 0.

Hence, thanks to the A-pseudomonotocity of ¥ it follows the existence of
{Vnptkz1 C{Vntn>1. {dn; k=1 C {dn}n>1, such that

Hm (dny, Yn, — W)y = [€(0), Yo — wl. = [€0€ (yo). yo —wl, Vw € V.

k—o0

From here

[(5()’0)7 Yo — W]— = 11_1’1’1 (dnk,ynk _W)y/ = m (dm Yn — W)“I/

—
k—o00 =00

< (do,y() —W)y/ s Ywe V.

Hence, Proposition 1 and C (y) € C, (¥*) imply dyo € % (yo). Thus, ¥ satis-
fies Property (M) on 7. Further, since 2/ is a A-pseudomonotone operator with
bounded values on ¥] and & is A-pseudomonotone on %3, Lemma 1.15 implies
that € is A-pseudomonotone.

We use the fact that ¢ satisfies Property (M) on ¥ Take v from ¥ D (A*; ¥'*).
From (2.153) and (2.157) it follows that

(un. A5v),, + (nv)y = (fiv). (2.158)
But I—Gh)* 1-86
Ay = _h( L _h h Gh)*y,

and, by (2.146), Ayv — A*vin #"*. Consequently, passing to the limit in (2.158)
as h — 0 we shall obtain that

(, Ay + (wv)y = (fiv)y . Vv eV N DAY,
and then by (2.141), (2.142) we getu € D(A, ¥, V™) and
Au+w=f,
The proof of Theorem 2.6 will be finished if we can show that

w e € (u). (2.159)
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From (2.153) and (2.157) forv € ¥ N D(A; ¥*) C 5 we have

Vnoun —v)y = (frun —v)y — (Apv,up =)y — (ApQup —v),up — )y
= (foup —v)y — (Apviup —v)y
as Ay, > 0in Z(H, 7). From here
lim (Vhoun)y < (WV)y +(fiu—v)y —(Av,u—v),, VYve?¥n D(A; V™).

But, by (2.144), the same inequality is fulfilled for any v € D(A; ¥, ¥™), and,
putting v = u, we get L
Hm (v, up)y < (w,u),
and (2.159) follows, as % is an operator of type (M ).
Theorem 2.6 is proved. O
In this section we shall apply our main Theorem to some particular equations.

Example 2.5. Let 2 C R” be a bounded region with regular boundary 952, S =
[0, T'] be a finite time interval, Q = 2 x(0; T), I'T = 382 x(0; T'). The operator .«
is defined by (Au)(t) = A(u(t)), where

d(u):—z%(

i=1

p—2 9
8—”) + |ulP%u (2.160)
Xi

ou
Bx,-

(see [L69, Chap.2.9.5]). Let V be a closed subspace in the Sobolev space W -7 (£2),
p > 1, such that
Wy P(2) CV Cc WhP(Q). (2.161)

We define the space
H:=L*(R)
and
N =LP0,T;V), # =L>*0,T;:H), ¥ =L*0,T;H).

The operator &7 : ¥] — “I/l* is bounded, +-coercive and pseudomonotone (see
[L69, Chap. 2]). Thus, it is also A-pseudomonotone.

Let us consider a convex lower semicontinuous functional ¥ : R — R. Assume
the existence of constants M, C > 0 such that

Y (s) > Ms*+ C, Vu, (2.162)

and also that ¥ (1) € L' ((0,T) x £2), for all u € . Denote by @ : R = R its
subdifferential. It is well known [B76, p. 61] that ¢ : #5 — R defined by

<p<u)=[0T[Qw(u(x))dx
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is a convex, lower semicontinuous function in #;. Moreover, w € dg (u) if and only
ifw(x) € ®(u(x)),ae.on(0,7T)x £, andw; € ¥5. It follows easily from (2.162)
that # = d¢ is +-coercive.

Putting ¥ = #1 N¥, (and then ¥* = L4(0, T; V*)+ L2(0, T; L?(£2))), where
+ é = 1, we have that (2.140) holds if p > 2. For 1 < p < 2 we can take
= D(0,T;V) (see [L69]).

d
In our case A=d—y is the derivative in the sense of scalar distributions
2*(0,T;V*) and

1
p
0

DAYV V¥ =W={ye¥VnH :y et +7* y0) =0},

r— fort > s,
G(s)u(t) == { u( ; S’)for fort =

The map A satisfies conditions (2.141)—(2.144) [L69, Sect.2.9].
Then all conditions of Theorem 2.6 are satisfied, so that the problem

[ dys;’t) (v0r.0) = y(e.0) ) dxa
(¢

" Ay (x.,1)
+Z/ ’ Bx,-
l—lQ

+[|y|p_2y(v—y)dxdt +/w(v(x,t))dxdt—[W(y(x,t))dxdt
(0] (0] (9]

p—2 9
y(x,t) rov(x,t)  dy(x,t)
8x,- ( 8x,- 8x,- dxdt

2/f(v—y)dxdt+/g(v—y)dxdt, Yvev¥, (2.163)
o Ir

y(x,0) =0 a.e.on £2, (2.164)

has a solution y € W, obtained by the method of difference approximations. Note
that in (2.163)—(2.164) f € L?(Q), g € L? (I'r) are fixed elements.

Example 2.6. Letn > 1,k > 1, A C R* be a nonempty compact set, 2 C R”
be a bounded region with boundary df2. Let us also consider a family maps
Uy : R" — R, where o € A, that satisfies the following conditions:

1. The map R” x A 5 (¢,) = Uy (§) € R is continuous.
2. R" 3 & — Uy(§) € Ris convex for all & € A.
3. there exista > 0, b > O such, that |[0Uy (§)||+ < a + D|&|| VE € R", Va € A.

Together with {Uy(§)}ueca let us consider the function U(§) := max Uy(§) :
oe

R” — R and the multivalued map with compact values A(§) := {o € A | Uy (§) =
U(§)}, where x € £2, £ € R”. Assume also the next coercitivity condition:
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4. there exist constants M, C > 0 such that
U () =M €]+ C, V&
Let us consider the following problem:

. 9 (|oy(t.x
y“’x’—zﬁ(‘ e

i=1

p=2 By(t,x))

8xi

_Z%ﬁ U 0Ua(Vy@.x) | 2 ft.x). (2.165)

i=1 acA(Vy(t,x))
y(1.X)],0 =0, (2.166)
(0, x) = 0. (2.167)

From [Ps80, Theorem II.3.14] and conditions (1) and (2) it follows that inclusion
(2.165) is equivalent to

, "9 ay(t, x
J’(ﬁx)—Z%(‘ V)

P=28y(t, x) "9
) - ;WBU(Vy(I,x)) > f(t, x).

i=1 dx; i
(2.168)
Integrating by parts we obtain the next differential-operator inclusion
Y+ (y)+ L*e(Ly) > f,  y(0) =0, (2.169)

where

o LP(0,T; Hy(2)) — L4(0,T; H'(£2)),

L: Hy(2) - L*"(22) (Lv = Vv, ¥v € Hy(£2)),

L*: L*"(2) - H Y(2) (L*v = —divv, Vv € L>"(R2)),
¢ L*(0,T; L>"(2)) — R,

() = [ UG, x)drdx., ¥y € L2(0.T: L*"(2))).
%
felL?0,T;:H Y (R))+ L10,T; H (2)),

and 1 = L?(0,T; HO1 (R2)), # = L*(0,T; L*(R2)), ¥ = L*(0,T; HO1 (£2)).
Hence, inclusion (2.169) is equivalent to

Y+ () +o@oLl)y)> f.  y(0)=0
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(see [ET99]). So, in a similar way as in the previous example, from conditions
(1)—(4) we obtain that problem (2.165)—(2.167) has a solution y € L2(0, T’ HO1 (£2))
NLP(0,T; Hy (£2)).

2.6 On Solvability for the Second Order Evolution Inclusions
with the Volterra Type Operators

The progress in the investigation of nonlinear boundary problems for the partial
differential equations became possible thanks to the intensive development of the
nonlinear analysis methods which found their application in the different sections of
mathematics. It has recently become natural to reduce these problems to the study of
nonlinear operator and differential-operator equations and inclusions in functional
spaces. At such approach the results for the concrete systems are obtained as the
rather simple consequences of operator Theorems [L69, GGZ74].

The evolution differential equations and inclusions are studied rather strongly.
To prove the properties of the resolving operator (nonemptyness, compactness,
connectedness) the method of monotony, the method of compactness and their
combinations are often used.

Here we are studing the solvability problem for the evolution inclusion of the sort

y'+ A+ B(y) > f.

with multivalued noncoercive maps, that is important for the applications.

The latest investigations, concern this direction enveloped the class of problems
with strongly monotone operator A and multivalued operator B that can be pre-
sented as the sum of the single-valued linear self-adjoint monotone operator and the
multivalued demiclosed bounded operator. These problems are coercive. They were
considered for example by N.S. Papageorgiou, N. Yannakakis [Pap94,PY06]. More
partial cases of evolution inclusions were considered by N.U. Ahmed., S. Kerbal
[AKO3], L. Gasinski, M. Smolka [GS02], A. Kartsatos, L. Markov [KMOI],
S. Migorski [M95] and others.

Our goal is to extend the given approach for wider class of problems, namely
for problems with the multivalued noncoercive nonmonotone operator A and the
multivalued operator B, that satisfies the similar conditions.

The idea on passing to the subsequences in the classical definition of single-
valued pseudomonotone operator was presented by I.V. Scrypnik [S94]. It was
developed for the first order differential-operator equations and inclusions in infinite
dimensional spaces with +-coercive W, ,-pseudomonotone maps by V.S. Melnik,
M.Z. Zgurovskiy, A.N. Novikov [ZMNO04,ZM04] and P.O. Kasyanov [KKO03a]-
[KMYO07]. This gave the possibility to investigate the substantially wider class of
applied problems. Particularly, the given methodology combined with the non-
coercive theory [GGZ74,ZMNO04, KMYO07], that we try to apply to the second
order evolution inclusions, allows sufficiently extend the class of “noncoercive,’
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“nonmonotone” problems with sufficiently multivalued maps, for which we can
obtain the solvability. In virtue of the operators are multivalued, the extending faced
with the principle difficulties, which are not typical for the differential-operator
equations. Here the proof of the solvability is based on the method of singular pertur-
bations [L69, KMYO7]. This fact allows us to obtain important a priori estimations
for the solutions. It gives the possibility to study the properties for the obtained
solutions (for example, dynamics). As the example illustrating offered approach we
consider the class of problems with nonlinear operators. The obtained results are
new for the inclusions as well as for the equations.

We remark that such type second order evolution inclusions arises during the
studying evolution problems which describe the dynamic contact of a viscoelastic
body and a foundation (see for example [DMO05, DMPO03] and citations there). The
contact is modeled by a general normal compliance condition and a friction law
which are nonmonotone, possibly multivalued and of the subdifferential form while
the damping operator is assumed to be coercive and generalized pseudomonotone.
They derive a formulation of the model in the form of a multidimensional second
order evolution inclusion. Then they establish the a priori estimates and the existence
of weak solutions by using an abstract surjectivity result. Their approach has some
disadvantages. At first, they claim rather strong uniformly —-coercivity condition for
damping. The other summands complied to the nonlinear damping. At the second,
they approach is not constructive. Here we try to develop the constructive scheme
for investigation of such problem with nonlinear noncoercive (even not +-coercive)
damping operator.

2.6.1 Setting of the Problem

Let H be the real Hilbert space with the inner product (-, -), V7 and V5 are some real
reflexive separable Banach spaces that continuously embedded in H and

V := V1 NV, is dense in spaces V1, V, and H.
We consider that one of the embeddings V; C H is compact. Let us note, that we
identify topologically adjoint space with H (with regard to the bilinear form (-, -))
with H. Then we obtain

Vi Cc HCV, Vo, CHCV,

with continuous and dense embeddings, where (V;*, || - || v, «) is topologically adjoint
space with V; with regard to the canonical bilinear form

(-,-)Vl.:Vl-*xV,-—>R
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(i = 1,2), that coincides on H x V' with the inner product (-, -) in H. Let us consider
reflexive functional spaces

X; =L, (S:H)N L, (S:V). Y =Ly(S:H),

where S =[0,T],1 < p; <ri <4o0,i =1,2, max{ry;rp} > 2.

Let us consider the reflexive Banach space X = X; N X, with norm | y||x =
l¥llx, + ll¥llx,. Let us note, that the space X that continuously and densely
embedded in Y, that is the norm || - ||y is continuous with regard to || - || x on X.

Let us identify spaces Ly, (S; V;*) + L,I( (S; H) and X . Similarly,

X* = X{+X; = Lq (S: Vi) +Lg, (S: V) +Ly (St H)+L, (S: H), Y=Y,
1

where r; 71 4+ rp = p,-_1 —i—q,-_l =1.
Let us determine on X* x X the form of duality:

(fiy) = [ (fin (). y()m dr + / (fia(0). y( ) d + / (for(0). y(D)y, dt
S S

S

+ [ (@), YD)y, dt = S[ (). y(x) dr,

S

where f = fi1 + fiz + fa1 + fa2. f1i € Ly(S:H), fai € Lg;(S: V7). Letus
consider

W={yeX|y eX*),

where the derivative y’ of the element y € X is considered in the sense of scalar
distributions spaces Z*(S; V*) = Z(2(S); V,S), with V. = V1 N V,, V¥ is the
space V* with topology o (V*, V). Let us introduce the graph norm on W':

Iyllw = llylx + lyl[lx+ forany y € W.

Let us note that the reflexive Banach space W is compactly embedded in Y, at that
the norm || - ||y is compact with regard to || - ||y on W.

Let A,B : X = X* are the multivalued maps of the pseudomonotone type.
Let us consider the Cauchy problem about the solvability for differential-operator
inclusions with noncoercive multivalued maps of W, ,-pseudomonotone type.

y'+ Ay + By > f. (2.170)
y(0) = ag, y'(0) =0, y e C(S;V), y e W, '
where ag € V and f € X* are arbitrary fixed elements.
We consider more precise conditions on operators A and B in Theorem 2.7 and
Corollary 2.6.



2.6 On Solvability for the Second Order Evolution Inclusions with Volterra Type Operators 165

Remark 2.20. Tt is obviously, that the space W is continuously embedded in
C(S; V™). So, initial conditions make sense.

Further we will suggest that the next condition is true for 4 : X = X™*:

Definition 2.9. Multivalued map 4 : X = X* satisfies Condition (H ), if for any
yeX,n>1L{d}'_, C Ay)and E; C S,j = 1,n:Vj = 1,n Ej is

- *
measurable, U;?ZIEJ- =S,EENE; =0Vi# j,i,j =1,nelementd € coA(y),
where

n
1, € Ej,
d(z) = Zdj(T)XEj (v),andyg,; (v) = 0 Z,lse ’
j=1 ’ |

Let us consider multivalued duality map

J() ={E € X" [(E.y)x = [Elx- = yI% } € C(X™) VyeX.

In consequence of [AE84, Theorem 4, p. 202 and Statement 8, p. 203] for any
f € X* map

JTHf)={yeX|fely)
={yeX|[{fix=1f% =%} € Cu(X).

is also defined on the whole space X and it is maximal monotone multivalued map.
We will approximate the inclusion from (2.170) by the next:

d _,(d d d? d
_e L (AL, = e+ A=y |+ B> £ @171
eJ (dt(dty))‘)+dt2y+ (dty)+ (ve)> £ (217D

Definition 2.10. We will say,that y € X with %y € W is the solution of problem
(2.170) is obtained by the method of singular perturbations, if { v, dit y} — the weak

limit of some subsequence { Ven, + a7 Ven, }k : of some sequence { Yens 77 yen}

> n>1
(en \y O+ as n — o0) in the space X x W, that for every n > 1 y,, € X with
% Ve, € W is the solution of problem (2.171).

2.6.2 Results

Theorem 2.7. Let Ay > 0 is fixed 1 : X — X* is the identical motion,
po = min{py, p>}, the space V is compactly embedded in Banach space Vy and the
embedding Vo C V* is continuous. Let us suggest, that A + Aal : X — C,(X™)
is 4+-coercive, r.ls.c. multivalued operator of the Volterra type with (X ; W)-s.c.v.
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with || - Iy, = ||+ |y, (53v0), that satisfies Condition (H); B : Y — C,(Y™) is
multivalued operator of the Volterra type, that satisfies Condition (H ), the growth
condition:

der,e2>20: [Byll+ <cillylly +c2 VyeY (2.172)

the condition of continuity:
du (B(z), B(z0)) = 0. ifz — z0. (2.173)
where dy (- ;) is the Hausdorf metric in C,(Y™), i.e.
dy (C; D) = max{dist(C; D), dist(D,C)}, C,D € C,(Y™).

Then for any ag € V and f € X* there exists at last one solution of problem
(2.170) u € X, that is obtained by the method of singular perturbations, moreover
uew.

Remark 2.21. The inclusion u” + Au' + Bu > f we will consider as the inclusion
in the space 2*(S;V*). If u € C(S;V) with ' € X satisfies this inclusion, then
u" € f — AW — Bu C X*. This means, that ' € W C C(S; H). From this it
follows, that the conditions «’(0) = 0 € H and u’ € W are true.

Proof. Similarly to [GGZ74, Theorem VII.1.1] let us reduce the evolution inclusion
from (2.170) to the first order inclusion. Let R : X — X (¥ — Y respectively) be
the operator of the Volterra type, that is defined by the relation

t
(Rv)(1) = ao + / v(s)ds VveX, Vies.
0

R is Lipschitz-continuous operator from X to X (from Y to Y respectively). If u
is the solution of problem (2.170): ' € W, then v = u’ will be the solution of the
problem

v + A(v) + B(Rv) > f,

— 2.174
{v(O)zO,veW. ( )

Vice versa, if v € W is the solution of problem (2.174), then u = Rv € X is the
solution of problem (2.170) such, thatu’ € W C X.
Let us consider the multivalued operator

o =A+BoR:X — C/(X")
and / : X — X C X*isidentical motion, A = A4 +Ag,Ap =1+ c¢1-¢3,C3

is the Lipschitzean constant for the operator R : Y — Y. Forany y € X and a.a.
t € S letus set

yat) = e My,  fult) =M f@),  (Aaya)0) = e M () () + Aya ().
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ie. (dy € Ax(yy)) © (Ywe X (dy,w)x < [A(y) + Ay,wy]+). Let us note,
that A, (y,) is nonempty, as 3d; € A, (y,), that we can choose so:

dy(t) = e Md(t) + Ay, (t) forae. t€S,ded.

Then A; : X — C,(X*) and v € W is the solution of problem (2.174) if and
only if v) € W satisfies the next:

Vi + Aava 3 fo, va(0)=0. (2.175)

Let us check, that A : X — C,(X*) satisfies such conditions:

(1) Ay is +-coercive on X.

(a2) Ay is Ag-pseudomonotone on W.
(a3) Aj islocally bounded on X.

(aq4) Ay satisfies Condition (/7) on X.

Let us check (o1). Letus fix y € X. As ||yallx < ||¥|x, then

Iyalx' (Aaya. yale = Ilx" sup [ M (C(0)(1) + Aay (). y(1))dt
t»ed(») s

—1 : —2At
T inf DO + Ay (). y(0)dr

At first let us estimate the first term. Let us note, that

[(A+AaDy, ¥+ = vyIx)lyllx Vye€X,

where y : R4 — R is bounded from bellow function on bounded in R sets such,

that y(r) — +o00 as r — oo (it is obviously follows from +-coercivity A + A 41).

From here, ing y(s) = a > —oo. For any b > a let us consider nonempty bounded
5>

in Ry set Ap = {¢ > 0] y(c) < b}. Let ¢, = sup Ap, for any b > a. Let us note,
that Vby > by > a, 400 > ¢p, > ¢p, and ¢ — 400 as b — 4-00. Let us set

A(t) _}a, t e [O,Ca+1],
v a+k,t € (CatksCatkt+1], kK= 1.

Then, y : R4+ — R is bounded from bellow nondecreasing function on bounded in

R sets such, that p(r) — +ooasr — oo and y(¢t) > p(t) Vi > 0. As A is the
operator of the Volterra type, then for fixed y € X

ViesS ?ugf(é(y)(f) +Aay(0), y(v))dz
€A0

T
= ;2%(@(%)@) + Aayi (1), yi(1))d<

Z Uyl = 7AyIx)1ylx,.
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where [|y[lx, = [lye|lx. Let

ge(t) = (@) +Aay(0). ¥(1)). (€A rT€ES,
h@) = 7(ylx)ylx,, teS.

Forallz € S h(t) > min{p(0),0}||y|lx and

t

sup/g;(t)dr >h(t) Vtes,
;eAO

For any y € X in consequence of Condition (H)

T

sup / eH (L)) + Aay (@), y(D)d
€A

0
T T

= e 2T qup / ge(v)dt + sup/ |:e_2)Lr — e_ZATi|g;(r)dr

teA teA

> e 2AT (T + 24 supfe‘”sfg;(r)drds
t€A0

> e AT j(T') + 2AT sup 1nf e—24s f(é‘(y)(t) + Aay(1). y(x))dt
teASE

Let us prove that forall y € X

s

sup lnfe [(?(y)(f) +Aay(2), y(0)dt = =Ci|ylx,
teASES 5

where C; = max{—7(0),0} > 0 does not dependon y € X.
Indeed, let y € X be fixed. Let us set

N

@(s,d) = eT2As /(d(t) + AAy(f),y(f))dt, a= sup inf ¢(s,d),
5 dGA(y)SES
Ag ={se€ S|p(s,d)<a}, se€S,deAD).

From the continuity of ¢(-,d) on § it follows, that A4 is nonempty closed set for
any d € A(y). Indeed, for fixed d € A(y) there exists sy € S such, that

©(sqg,d) = ming(s,d) <a.
ses

The closure of A, follows from the continuity of ¢(-,d) on S.
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Now let us prove, that the system {A 4 }4e4(y) is centralized. For fixed {d;}7_, C
A(y),n > 1, let us set

Yi(r) = (d:(0) + Aay(@.y(0). ¥(r) =maxyi(r). TES ac.

Ey=0, E;j={res\(ULE) lv@=y@ j=Tn

d(r) =Y d;j(Dye;(1). xg;(x) =

{1, ‘L’GEj,
j=1

0, else.

Letusr&te,that‘v’j =1,_nEj is measurable, U?ZIE]- =S, EENE; =0Vi#j,
i,j =1,n,d € X*. Moreover,

s N
o(s.di) = e / Vi(r)dt < e / v(t)dt = ¢(s.d), seS,i=1n.
0 0

Therefore, thanks to Condition (H) for A, d € A(y) and for some 54 € S

§0(Sd,di)§§0(sd,d)Zmi§1§0(§,d)§a7 i=1,n.
XS

So,sq € NI_ Ay, # 0.
As § is compact, and the system of closed sets {A4}qe4(y) is centralized, then
dso € S: 50 € Ngea(y)Aa [RS80]. This means, that

s

sup inf ¢~2% / (E0)(D) + Aay (D), y(0))d
{EA seS 0

> sup =20 / (E0)(@) + Aay (D), y(0))d
teA o

S0

= ¢ 2450 gup [ ge(v)dr > e "0y (50)
teA o

> %0 min{7(0), 0}[|y [ x = —max{—7(0),0}||yllx = —Cillyllx-
So,

T
Iyl sup / () (@) + Aay (D). y(0)d T
€A 0

> e T (|lyllx) — 2ACH T, (2.176)
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where p : R4 — R is bounded from bellow nondecreasing function on bounded in
R sets such, that y(r) — 400 as r — 00, C; > 0 does not dependon y € X.

Let us estimate the second term. Similarly to the first case, as Bo R is the operator
of the Volterra type, then V¢ € S

t

it (€0 + 25y, @) dn
0

T

= int [ (€00 + 2u30. 00)de
0
= Aallyil} = 1By I+ Iyilly
> (1+ e el —eallyilly — il Ryl lyelly
= 131l3 = (e2 + et IROI) I3 lly = —(c2 + 1 [ROly)ealylx > —oc,

where ¢4 > 0 such, that || - ||y < caf - ||x. Let

ge(0) = (@) + Apy(0), y(1)), (€ BoR,T€eS.

Then,
T
inf —2)\1 A
;elg R/e C(y)(l’)+ BY(7), J’(T))
0
T K}
_2AT . —2As
h(T 21 f dtd
>e (T) + {elgoR/e /gc(f)fs
0 0

. _ _uT(C2 + c1]|RO|ly)eallyllx
s

12 [ o inf [ (C0)(® + Azy(@). (D) dvds

> —(c2 + Cl||R0||Y)C4||)’||X VyeX.
So, with the help of (2.176), it follows, that

Iyallx' [Aaya. val+ = e 2 TP([yllx) —2AC1T — (c2 + c1]|RO|ly )cs
> e 2Th(|lyallx) —2AC1T — (c2 + c1||RO|ly)ca Yy € X,

as ||[yllx = llvallx. So, Ay : X — C,(X™*) is +-coercive.
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Let us check (). Forany y € X and a.a. f € S let us set
(A3y)(0) = e (A O+Aaya (). (A7y)(0) = e (BRY))(1)+Apya(0).

Let us note, that A} (y1) + A3 (y2) = Aa(y2) Yy € X.

At first let us show, that A is r.1.s.c. operator with (X; W)-s.b.v. It is to check the
radial lower semicontinuity. Let us prove the semiboundness of variation. In view
of the conditions of the Theorem forall R > 0, y,& € X: ||y|lx < R, ||éllx < R
the next inequality is true

[A(Y) = AE) + Aay —Aab.y — - + Ca(R: |y —&lw) = 0.

Let us set CA(R; )= rn[ax] Cq(R;t)forall R,t >0 (CA € D),
7€[0,¢

2(r),0 <t <1,
0, t<t<T,

7z(1) = tresS, zeX.

Let ¢, n € A are fixed selectors. As A is the operator of the Volterra type, then
VieS

t

[(é“(y)(f) + A4y () = n(E)(7) = 24E (@), y (1) —E(0))d T + Ca (R: ly — Elly,)

0
T
/é“(yz () + 249, (2) = (5 (2) = Xa&, (1), ye (v) — & (v))d v

0
+Ca (R; lye — &) = [(A + 2aD)(ye) — (A + AaD) (&), ye — &
+ éA(R§ ly: —&lly) =0,

because || y¢[lx < [[yllx and [|&[x < [I€]x. Here || |1, = Il - L o, (10,02 v0)-
Let us set

g(®) = (MW@ +Aay(@) = nE) (1) = 14(0), y(r) —&(r)), T€S,
Mﬂ:(ﬂ(Rﬂy—ﬂ%),teS.

Let us note, that function S > ¢+ — h(t) is monotone nondecreasing function and

[g(r)dr > —h(t) VteS.
0



172 2 Differential-Operator Inclusions with W), -Pseudomonotone Maps

So,

T
/ (L) (1) + 2ay(0) — () (D) — AaE@). (1) — E(D)d T
0

T T

_/ e(rydr = e 2“/g(f)dTﬂLM/ _m/g(s)deT

0 0 0
> —e 2T h(T) - 21 / e **"h(t)dt = —h(T) [e—m + 21 / e—mdf]
0

= —h(T) = —Ca (R: ||y — Elly) -

Consequently,

\

[Al s, ya — Eal- (ML) + Aay()e ™ e (y(1) —£(1)))dt

inf
K(y)EA( )

S
_ . —2\t _
=, it S/ e M (L) + Aay(0), y(1) — E(1))dr
> sup / eTPM(CE)) + AaE(1), (1) —E(1))dt
L (&)eA®) 5
— Ca(R: |y = €llL,, s:v0)
= sup [ (e7ME(E) (1) + Aak()e™ ™M (y(1) — E(1)))dt
L (§)eA(®) 5
— Ca(R: [y = Ell Ly s:)
= [A3&r. v — Es — Ca(R: ||y — £l (5:v0)- 2.177)

Let us consider weight space L, 1(S; Vo), that consists of measurable functions

ya o S — Vp, for which integral fe“”“”yﬂt)”ﬁgdt is finite. Then
S

1/po
1y =&llL g (s5v0) = (/ 70|y (1) —&(t)llfigdt) = lya—=8llL,, . (s:v0)-

S

So from (2.177) we will have

[Aj v, va — &)= = [A1E0, ya — il — Ca(R: lya = Eall L,y acs:v0)-
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The fact, that embedding W C L, 2(S; Vo) is compact is finishes the proof
(X; W)-s.b.v. for A/ll : X — C,(X™). Itis the direct consequence of the continuity
of embedding

W ey € Lpo(SsV) 1Y € Luinrg gy (S: V)
and Lemma about compactness with By = V, B = Vg, B = V*, po = po and
p1 =min{r{, r5}.

As arbitrary rl.s.c. multivalued operator with (X;W)-sb.v. is Ag-
pseudomonotone on W [KMYO07, Proposition 1.2.23], then we have required
Proposition for A .

Now let us consider Ai. At first we will show, that Ai is r.u.s.c. operator with
N-s.b.v.on W. It s easy to check the radial upper semicontinuity. Let us prove the
semiboundness of variation.

At first let us prove that if B : ¥ — C,(Y™) is continuous in the sense of (2.173)
multivalued operator. Then (B o R) : X — C,(X™) is the operator with N-s.b.v. on
Wowith || - [y, = || - [l

Let us build the function C(R, ). Forall R > 0 and ¢t > 0 let

C(R,t)=t- sup  dg(B(Rz1): B(Rz)) =:1 - (R, 1).
21,22 € X lzilly =R,
llzp —22lly =6i=12

Let us check, that this map is defined correctly, i.e.
VR,t >0 c(R,t) < +o0. (2.178)

Let it be not so. Then for some R > 0 and ¢ > 0 C(R,t) = 4o00. This means, that
there exist sequences {z/' },>1 C X,i = 1,2 such, that ||]'|x < R, |2} = |ly <t
Vn > 1and

du (B(RZ}); B(RZ3)) — 400 asn — +o0.

From the continuity of embedding X C X* and from global property of Lipschitz
of the operator R : X — X it follows the boundness of the sequences { RZ}},>1
and {Rz}},>1 in W, and, so, from the compactness of embedding W in Y, and that
fact, that the given sequences are precompactin Y.
So, within subsequences,
R}

;> &inY and du(B(Re); BE) —0, i=1.2
for some & € Y. So,
0 < Timdp (B(RZ): B(RA)) < du (B(§1): B(52)) < +00.

The correctness of the definition of function C in the sense of (2.178) is checked.
Let us note, that forall R > 0andz > 0 ¢(R,0) = c(0,¢) = 0.
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Let us choose norm ||-[|y;, := |||y thatis compact with regard to ||-||w on W and
continuous with regard to || - ||x on X. Let us note, that for all R > 0, y1,y, € X
such, that ||y;||x < Rand d; € B(Ry;),i = 1,2

(di.y2 = y1)x = (d2.y2 = y1)x = |di = da|ly~[y1 = y2|y.

So,

[B(Ry1),y2 — yil+ — [B(Ry2), y2 — y1]+
< dist(B(Ry1); B(Ry2))lly1 — y2lly < du(B(Ry1); B(Ry2))[y1 — y2lly,
[B(Ry1), y1 — y2]- = [B(Ry2), y1 — y2]-
> —dp (B(Ry1); B(Ry2))|ly1 — y2lly = —C(R: [[y1 — »2lly).

So, to finish the proof of the given Proposition it remains to prove:

CRD —: ¢(R,1) — Oast — 0+;
e VR > 0 function [0, +00) 3¢t — C(R,1) is continuous.

(1) Let us check, that for all R > 0 ¢(R,t) — 0 as t — 0+. In order to do that
let us apply the method from the opposite. Let us suggest, that there exist ¢ > 0,
tn \( 0+, 7] € X and 7} € X such, thatforalli = 1,2andn > 1

Izt llx < R, Y = 2lly <tn.  du(B(RZY): B(Rzy)) = &

From the continuity of embedding X C X* and from the global property of Lips-
chitz of operator R : X — X it follows the boundness of sequences { Rz} },>1 and
{RZ5}n>11n W, and, so, from the compactness of embedding W in Y, it follows that
fact, that the given sequences are precompactin Y . From here, within subsequences,

R — & inY and dp(B(RZ):B(E) —0. i=12

forsome&; € Y,i = 1,2. And from the global property of Lipschitz of the operator
R : Y — Y with constant of Lipschitz K > 0 it follows, that:

1§ = &2lly < R = R |ly = K- ||z} =25 lly < K+ tm — 0

and & = & =: &. From the continuity of operator B : Y — Y * we will have, that
forbigm > 1

0 =du(B(£1); B(§2)) < du(B(RZT'): B(RZ}')) = € > 0.
‘We have the contradiction.

(2) Now let us check, that VR > 0 function [0,+00) > t — C(R,?) is
continuous. For this it is enough to check the continuity of [0, +00) 3 t — ¢(R, ).
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The case, when t = 0 follows from the previous point. So, we will suggest, that
t > 0. In order to check this we will apply the method from the opposite. Let there
existsuch R > 0, t9 > 0, f, — tg asn — +oo and €* > 0, that

lc(R,1y) —c(R,19)| > &* Vn>1. (2.179)

Without losing generality, we will suggest, that or ¢, — fo from bellow, or #,, — g
from above as n — +o0.

(2.1) Let t,, — to from above as n — oo. From the view of function c(R, t) we
can see, that forall R > Oand t; > #;, > 0 c(R, 1) > c(R,t2). So, from (2.179) it
follows

Vn>1 c(R,t;y) > €+ c(R,1p).

And this means, that for everyn > 1 andi = 1,2 thereexistz} € X andz; € X
such, that ||z |x < R, ||z} — Z3|ly <1, and

*

di(B(RZ): B(RZ)) > % + ¢(R. ty). (2.180)

From the continuity of embedding X C X* and from the global property of Lips-
chitz of operator R : X — X it follows the boundness in W of sequences { RZ} }n>1
and {Rz} }n>1, and so, from the compactness of embedding W in Y it follows that
fact, that the given sequences are precompact in Y. And so, within subsequences,

RS — &Y and dp(B(RZ); BE)) — 0, i=1.2

for some & € Y, i = 1,2. Moreover, as spaces X, X*, Y, Y* are reflexive and
separable spaces, then, without losing generality, we can suggest:

" — ¢ weakly in X, 2" — ¢ weakly in Y,

ISillx = R, &1 —Cally <fo  and RE; = &;.

From the continuity of operator B : Y — Y * it is follows, that passing to the limit
in (2.180) as m — +o00, we will obtain

*

¢(R.10) = dr(B(RG): B(RE)) = 5 + c(R.10).

‘We obtained the contradiction.

(2.2) Now we consider the case, when t, — to from bellow as n — oo. From
(2.179) it follows, that

*

¢(R.tn) + & < ¢(R.10) < dir(B(Rz1); B(Rz2)) + %
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where z; € X such, that ||z;||x < R and ||z1 — z2|ly < to. For arbitrary n > 1 and
i=1,2let7] := %Zi — z;in X (inY, in W respectively) asn — oo, ||z} [lx < R,
I} — 4 lly <tnand Rz} — Rz; inY asn — oo, i = 1,2. And so,

dy (B(Rz1): B(Rz2)) + & < du(B(RZ): B(R)) + &
<c(R.tn) + 5 < c(Rto) — 5 < dp(B(Rz1); B(Rz)).
We obtained the contradiction again. So, function Ry 3¢ — C(R,t) =t -c(R,t)
is continuous for every R > 0.

For some Cp € @ and forall R > 0, y,& € X: ||y|lx < R, |€éllx < Ritis
follows:

[B(Ry) +Apy.y —§&l- —[B(R§) + Ap§.y —§]- + Cp(R: |y —&lly) = 0.

Let us set éB(R;-) = rn[ax] Cp(R;7) forall R,t > O(éB € D),
7€[0,¢

z2(r), 0 <7 =<1,

teS, ze X.
0. r<7<T. .

u(r) = {

As B o R is the operator of the Volterra type, then V¢ € S

t

ot [(g(y)(r) + Apy(0), y(2) — E(D)d

€BoR
0

t

— int [(1©O© - 2860, 50~ E@)d + Ca (R: 1y =l

0
T
— ot / (U@ + Ay (@). e (0) — &())dT
0

T

=it () + At (0,300~ 6()d T + Ca (Rily = €l
0
= [B(Ryt) + AByr, yr —&)— — [B(RE) + Apér, yr — &)

+Cr(R;: |ly: — &lly) > 0,

because || y¢|lx < [yllx and [|&|lx < [|§llx. Here |- |ly, = || - L (0,11;)-
Let us set

g:(0) = (((0. (1) ~£()). {eX* reS,
h) = Cp (R:|ly —€lly). 1€5.



2.6 On Solvability for the Second Order Evolution Inclusions with Volterra Type Operators

Let us note, that function S > t — h(¢) is monotone nondecreasing and
t t

inf 7)dt — inf / T)dt > —-h() VteS.
zeB(Ry)HByO/gc( ) neB(RE)+n¢ ) &n(®) ®

So, for fixed ¢ € B(Ry) + Apy

o

n€B(RE)+ABE

T
= sup  [e7P(¢(2) = n(2), y(v) = £(v))d T

n€B(RE)+ApE 0

For arbitrary y € X, ¢t € S as the consequence of condition (H) we have

T
sup [ (L (0) = 1(0), y(0) — E(D)d

n€B(RE)+ApE

T
=T sy [ (6@ = 050 - @)
neB(Rg)HBS o

+ s / [e—”’—e—m}(cu)—n(r),y(r)—su))dr

n€B(RE)+ApE o
T

n€B(RE)+ApE

177

e (L), y(1) —E(@)dT— _inf fe 247 (n(0). y(0) = §(0)de

> Ty +21  sup / e s / (¢() = n(2), y(v) — £(v))d vds
0

0
s

> e T(T)+2AT  sup inf e 2% / (¢(x) —n(x). y(r) — £(x))dT

neB(RE)+ApESES ,

Let us prove that forall y € X
)
sup infe?H [ (£ = (). (@) — £()dT = ~h(T).

neB(RE)+A gt SE€S .

Let us set

@(s,d) = e™2rs j(d(‘[),y(‘[) —&(1))dr, a= sup 1nf o(s,d),
0 deE S€S

Ag ={seS|p(s,d)<a}, seS,deE:=((r)— B(RE)—ApE.
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From the continuity of ¢(-,d) on S it is follows, that A; is nonempty closed set for
arbitrary d € A(y). Indeed, for fixed d € A(y) there exists 54 € S such, that

0(s4,d) = ming(§,d) < a.
ses

The closure of A, follows from continuity ¢(-,d) on S.
Let us prove now, that the system {A4;}4e4(y) is centralized. For fixed {d;}7_,
C E,n>1,letusset

Vi) = (di(0.y(0) —§@). ¥(0) =maxy;(). TS ae,

Eo=0, E;={tes\(ULE) v, =y@| j=Tmn

d(r) =3_1d;j(@xE;(©), xE;(x) = { l,t€E;j,

0, else.

Letusrite,that\v’j =1,_nEj is measurable, U’}zlEj =S, ENE; =0Vi #j,
i,j =1,n,d € X*. Moreover,

s N
o(s.di) = e / Vi(v)dt < e / v(t)dt = (s.d), seS,i=1n.
0 0

So, thanks to Condition (H) for B, d € E and for some s; € S

‘P(Sd,di)§§0(sd,d)Zmi§1§0(§,d)§a7 i=1n.
SE

Thus, sq € N?_, Aq, # 0.
As S is compact, and the system of closed sets {A;}qcg is centralized, then
dsg € S: 50 € Ngeg Ag [RS80]. This means, that

s

sup inf e [ (£ = (o). y(0) — E@)d

neB(RE)+ApESES ;
50

> ap e / (£(0) = n(0). y(x) — E(0))d T
nEB(RE)+ApE o
50

— e / (£ = 1(0). (1) — E@))d
nEB(RE)+ApE

0
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—e | (@@ -so)r- ot [ @0 - )i
0 0

> —e 220y (s9) > —h(T).

Therefore,

T

/ (¢ (0)., y(r) — £(0)d e

0

KEB(Ry)+ABy

- inf / e 2 (n(v), (1) — E(1))dt

n€B(RE)+ApE ;

> _e—ZATh(T) —2ATW(T) = — [e_ZAT + ZKT] : éB (R;lly —&lly) .
Let us set GB(R;I) _ [e_MT + ZAT] . CB(R;I), R,t>0 (53 € @). Then,

[A3 . ya —El- — [A36. 2 — 62]-
T

[ X (¢ (0), y(0) — £(0))d e

= inf
teB(Ry)+ARYy
0

T
_ : —2At .
Lt ey - s@)de
0
>—Cp(R:|ly —€lly) = —CB(R: |y — Ell L, (s:m0)- (2.181)

Let us consider the weight space L, 2 (S; H), that consists of measurable functions

v : S — H, for which the integral [ ¢2*|y,(¢)|/% dt is finite. Then
s

1/2
1y —§ll,cs:m) = (/emlm(t) —Ex(t)llz}qdl) = llyax = &allLy 5 s:m)-
S

Therefore from (2.181) we will obtain

[A2 v, ya — &)= = [A360, v — Ea)= — CB(R: 12 — Eall Lo, (5:00)-

The proof of N-s.b.v. for Ai : X — C,(X™) finishes that fact, that the embed-
ding W C L, (S; H) is compact. It is the direct sequence of the compactness of
embedding W C Y.
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Let us check now Ag-pseudomonotony Ai on W.Letus y, , — ya weakly in
W (therefore yp , — ypin Yy := Ly 1 (S:H)), A3(yan) > day — dy € X*
weakly in X* and

nli)ngo<dk,nv Yan — yk) <0.

Using the property of N-semibounded variation on W for the operator A2, we
conclude, that for every v; € X

lim (dy p. ya,n —va) = lim [A3(Pan). Yan — val-

n—o0 n—>00
> 1im [A3(v2). Y — val- — CB(R: [lya —vally,)- (2.182)
n—oo

At first let us estimate the first term of the right part in (2.182). Let us prove, that
function Y, 2 h) — [Aﬁ(m),h,x]_ is continuous Vv, € X C Y. Letzy , — 25 in
Y., then forany n > 13§, , € A3 (v;) such, that

[A,ZI(VA)» Z)L,n]— = (gk,n, Zk,n)-

From the sequence {£, ,; 2 »} let us choose the subsequence {&) ,; za m } such, that

lim [43(v2). 2)- = T (. 220) = T (€2 o 2m)

n—oo n—>oo

and in view of the weak compactness of the set Ai (va) in Y we find, that &, ,, —
£, weakly in Y;* with &, € A3 (v;). Therefore

lim [AF(V2). zan]- = Jim (&3, 2am) = (62, 20) = [A3 (v2). 23] -

n—>oo

and this proves the continuity of function Y3 3 hj > [A3 (vi), hx]-.
Therefore from (2.182) we obtain

Hm (s ps yan —va) = [A302), yi —val- — CB(R: [lys —vally,)-

n—oo

Then, substituting v, for y, in the last inequality, we have

(d)t,n» Yain — yk) — 0,

and therefore

Hm (dyn, yin —va) > [A2(v2), ya —val- — CB(R: |ya —vally,) V¥vi € X.

n—>oo

Substituting in the last inequality v, for twy + (1 —¢)y,, where wy, € X, ¢t € [0, 1],
then dividing the result by 7 and passing to the limit as # — 0+, thanks to the radial
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semicontinuity from above for Ai, we obtain

lim (djn. yan —wa) = [A5(2). ya —wal- VYwy € X.

n—>oo

Therefore, A¢-pseudomonotony Ai on W is proved.

In order to prove the A¢-pseudomonotony of A, on W we note, that the pair of
maps (A}, Ai) is s-mutually bounded, as Ai is bounded as the consequence of the
(2.172) and the boundness of identical motion.

Conditions («3) and (a4) are clear.

In order to prove the solvability for problem (2.174) we will use Theorem 2.2.
Let L : Wy C X — X™ is linear densely defined operator (Ly, = y;, D(L) =
Wy = {y € W|y(0) = 0}), 43 : X — C,(X*) is multivalued map. The next
problem is being considered:

Ly, + Ax(y2) > fa, ya € W (2.183)

Remark 2.22. Let us note, that D(L) = Wj is reflexive Banach space with regard
to the graph norm of the derivative. The closure of the graph of derivative in the
sense of distributions on the space Wy provides the given condition.

Therefore, there exists at last one solution of problem (2.174) v € W, that is
obtained by the method of singular perturbations.
The Theorem is proved. O

Corollary 2.6. Let pp > 2. Let A4 > 0 is fixed, I : X — X* is identical motion,
po = min{py, pa}, space V is compactly embedded in Banach space Vy and
embedding Vo C V* is continuous. Let us suggest, that A + A sl : X — C,(X™*) is
+-coercive, r.Ls.c. multivalued operator of the Volterra type with (X ; W)-s.b.v. with
- = I L py (5:v0), that satisfies Condition (H); B : Y — C,(Y™) is multival-
ued operator of the Volterra type, that satisfies Condition (H ), the growth condition
(2.172) and the continuity condition (2.173); C : X — X* is the operator with
such property:
(Cu)(t) = Cou(t) VuelX, Vtels,

where Cq : Vp — V2* is linear, bounded, self-adjoint, monotone operator.
Then for arbitrary ag € V and f € X* there exists at last one solution of the
problem

" !
{y + Ay'+ By + Cy > f, (2.184)

y(0) =ag, y'(0) =0, y e C(S; V), y e W,

y € X, that is obtained by the method of singular perturbations, at that y' € W.

Proof. Let again R is the operator of the Volterra type, that is defined by relation
t

(Rv)(t) = ag +/v(s)ds Vve X, Vtes.
0
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Letasset A = A + C o R, B is the operator from condition. Let us note, that in
view of the properties of operator Cy we have, that the next conditions are true:
(1) For v € X in view of that p, > 2 > g, and boundness Cyp we have
1 1
q2 a2

[Cvllx= = [IlCov(t)H‘{}z*dt < K, /IIV(I)ll‘{,szt
S s

1
P2

K| [vorzac) = Kbl
S

IA

where K; and K, are the constants, which don’t depend on v. From here and from
Lipschitz-continuity of R : X — X it follows the continuity of the operator C o R :
X = X*:

(2) For v,w € X we have

(CRv—CRw,v—w) = /(CO(RV — Rw)(t), (Rv — Rw)'(t))dt
S

= S (CoRy = RW)(T), (Rv — Rw)(T)) = 0

i.e. the operator CR : X — X™* is monotone;
(3) From the definition of operator R we have, that

1
(CRv,v) > —i(coao, ap).
Therefore

lim
Inix—oo IVIlx

(CRv,v) > —o0.

Thus, in view of these conditions and conditions on the operator A + A 4/ we have,
that the operator A + A4l satisfies the conditions of Theorem 2.7. Therefore the
problem

y'+ Ay + By > f.

y(0) = ag, y'(0) =0, y e C(S;V), y' € W,

has a solution. But, as (Ry)" = y, then the same is true for problem (2.184) too. 0O

2.6.3 Examples

Example 2.7. Let £2 from R” is bounded region with regular boundary d£2, S =
[0;T],0 =2 xS, I'T =02 xS,1<p=p; = ps,P:R— Ris continuous
function, that satisfies the growth condition:
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forsome c1,c2 € R |@(t)| <ci|t| +c2 VieR (2.185)

and the sign condition:
e3> 0: (D) —P(s))(t —s) = —c3(s —1)> Vi,s € R; (2.186)

SxR > (t,y) = 0i(t,y) € Ry,i = 1,2 are single-valued continuous functions,
which satisfy such condition:

Je1,e2 >0 —ca(1 4 |x]) < 01(t, x)

<B6(t,x) <c1(1+]x|]) VieS,xeR (2.187)

For arbitrary f € X* = Ly(S; La(£2)) + Ly(S; WH4(2) + L2(£2)) let us
consider the problem:

Py(x,1) <~ 0
-y (

i=1

02y (x.1)
dx; ot

P72925(x,1)
dox; ot

0y (x.1) |77 By(x.1) 0y (x. 1)
* ‘ o1 o T2 ( a1 )
+[01(2, y(x,1)); 02(¢, y(x,1))] > f(x,1) ae.onQ, (2.188)
_ ay(x,1) .
y(x,0) =0, 5 lieo = 0 a.e.on £2,

y(x,t1) =0 a.e.on d52.

As the operator A : L,(S; Wol’p(.Q) N L2(82)) = Lg(S; WH4(2) 4+ L (82)) let
us take (Au)(t) = A(u(t)) [ZK07,Z06], where

Alp) = A1(p) + A2(p) Vo € CF(£2),

“ 9
Al(‘ﬂ):—za_xi(

i=1

p=2 8g0

3_) + 10”20, Ax(p) = P(p),
Xi

¢
ax,'

and as the operator B : L,(Q) — L,(Q) let us take
B(u) ={ve Ly(Q)]|0:1(t,u(x,1)) <v(x,t) < 0(t,u(x,t)) forae. (x,t) € Q}.
Letusset H = L(2), Vi = Va = V = W, "P(£2) N L,(£2) and consider

X =L,(S:V)NLy(S:H), X*=Ly(S:V*) + Ly(S: H),
Y = Ly(S; H) = L2(Q).
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Then problem (2.188) has the solution y € X,y’ € C(S;V),y” € X*, that is
obtained by the method of singular perturbations.

Example 2.8. Let £2 from R” is bounded region with regular boundary d£2, S =
[0;T],0 =2xS,IT =02 xS,p=p1 = p2>2,®:R — Ris continuous
function, that satisfies the growth condition (2.185) and the “sign condition” (2.186);
SxR > (t,y) > 0i(t,y) € Ry,i = 1,2 are single-valued continuous functions,
which satisfy the condition (2.187).

For arbitrary f € X* = Ly(S; L2(£2)) + Lg4(S; W—14(£2)) let us consider the
problem:

Pyt § 0 (|70 RN ICA O ICR)
ar? = ox; dx; Ot dx; Ot ot ot
+ @ (M) — Ay(x,t)
ot
+[01(2, y(x,1)); 02(t, y(x,2))] 2 f(x,1) a.e.on Q, (2.189)
_ dyx, )| _
y(x,0) =0, o oo = 0 ae.on £,

y(x,t) =0 a.e.on d052.

As the operator A:L ,(S: Wy P (22)) — Lg(S; W14(82)) let us take (Au)(t) =
A(u(t)) [ZK07,7206], where

A(p) = A1(p) + A2(p) Vo € CF(£2),

A (o) — 0 (|0 [P g 2 B ‘
) == s | 3y ) Tlel" e Axle) = P(e):
i=1 ' !

Bx,-

as the operator B : L>(Q) — L2(Q) let us take
B(u) ={ve L(Q)]|60:1(t,u(x,1)) <v(x,t) < 0(t,u(x,t)) forae. (x,t) € 0},

and as the operator C : L, (S; HO1 (£2)) = L»(S; H~1(£2)) let us take the operator
with such property

(Cu)(t) = Cou(t), where Co(v) =-—-Av, ve HO1 (£2).
Letusset H = L,(82), V1 = Wol’p(SZ), Vo, = HO1 (£2) and consider
X =Lp(S; V)N Lo(S; H) N La(S; V), X* = Lg(S;: V) + La(S: H),

Y = Ly(S: H) = L2(Q).
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Then problem (2.189) has the solution y € X, y’ € X, y” € X*, that is obtained
by the method of singular perturbations.

2.7 The Practical Experience of the Modelling of Harmful
Impurities Expansion Process in the Atmosphere
Taking into Account the “Heat Island” Effect

The elaboration of mathematical methods for the processes of harmful impurities
expansion in the atmosphere is the necessary stage for the mathematical formal-
ization of physical processes of the environment pollution. The use of the method
of mathematical physics is the natural approach to the description of physical pro-
cesses of harmful ingredients expansion. The models of atmospheric diffusion and
transfer of impurities [M82] based on these methods were worked up and how they
are widespread.

According to the approach of mathematical physics, the problems of atmospheric
diffusion and transfer are formulated as variation principles which are reduced to
boundary value problems for partial differential equations if there are no additional
requirements for the solution [M82]. If it is necessary to take into account the addi-
tional conditions for the solutions of problem then, according to practice, the models
of processes, which are under consideration, are being expanded at the expense of
relations, which describe these conditions or correct the original model [M82]. That
is why the mentioned additional relation often have empiric character.

Let us take into account of additional conditions for the solution of the problem
on the stage of its variation definition. The more substantial way of the working
up of models of processes, which are under consideration. Such approach leads to
variation inequalities, which are introduced and developed in [DL76,P85,F64,S33].

Let us characterize the problem that is being considered. Meteorological factors
as well as physical-chemical properties of impurities have the substantial influence
on the processes of harmful impurity transfer in the atmosphere. The influence of
many factors as, for example, wind, temperature and others, are taken into account
in the context of traditional variation definitions and can be formalized in the con-
text of boundary value problems for the partial differential equations. At the same
time the influence of some meteorological factors (inverse stratification — inversion,
temperature anomalies of atmosphere), physical-chemical properties of impurities
and other factors leads to the appearance of specific effects of unidirectional con-
duction of boundary and effects of obstacle inside the boundary. The equations of
diffusion and transfer in this case are not the best form of introduction for the pro-
cesses which are under consideration [ANWG67]. Let us consider several varieties of
the process of harmful impurities expansion in the atmosphere which appear under
the influence of mentioned factors. Let us formulate these processes in the form of
variation inequalities, propose algorithms of their numerical realization and give the
results of calculations.
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Let us consider the problem of modeling the process of harmful impurities expan-
sion in the atmosphere taking into account the “heat island” effect. As the example
let us consider the problem of short-term prediction of processes of impurities
expansion over some city under the condition of mentioned anomaly.

Heat anomalies over big settlements which appear under the action of meteoro-
logical and anthropogenic factors lie in systematical excess of the atmosphere air
temperature in the centers of mentioned settlements over the temperature of the
neighbourings ones. The sequence of this anomaly is the ascending air movement
and the convergence of air current in the horizontal plane. We can point out the
situation when as a result of action, for example, of elevated inversion the ascend-
ing air remains in the inversion layer, at that the horizontal convergence is being
going on. As investigations showen, the wind velocity, caused by the “heat island”
is small (within 1 m/s) [VLMO91]. The spatio-temporal characteristics of the action
of boundary conditions are unknown as in the previous example.

The influence of “heat island” on the processes of impurity expansion in the
atmosphere leads to different anomalies, particularly to the accumulation of harm-
ful impurity in the area of “heat island” activity. Let us work up the mathematical
model of the processes of harmful impurity expansion in the atmosphere taking
into account the “heat island” effect and propose the calculating procedure of its
realization.

In order to solve this problem we will use the variation inequalities theory
[VLMO1] that takes into account the nonlinear effects of boundary unidirectional
conduction.

Let y(z, x) be the concentration of harmful impurity in the atmosphere defined
on the bounded open set §2 of the space R with the smooth bound I = I't U T U
'y UT'p Uk U 't and on the interval of time (0, t) for t; < oo, Q = §2 x (0, 1),
Y =T x (0, ) and it is the solution of the variation inequality [DL76]:

d
(% v—y) +AM)Y. V) + 0 0) = v () = (fiv— ) in O.

i=1,2 YveHY (Q2)=V (2.190)

with the initial condition
Ylt=0 = yoin Q, (2.191)

where (f.g) is the action of functional f € (H!(£2))* on the element g €
(H'(£2))* and the operator A(1) : V — V* is defined by bilinear form

(AQ)y.&) = Z/(k< s )—s)

1—1 Xi

+/d(x)ygdx VEe HY(R) (2.192)



2.7 On Practical Experience of Modelling of Harmful Impurities 187

if f.g € L?(£2), the operation ( f, g) coincides with the inner product in L2(£2),
ie. (f,g) = [ f(x)g(x)dx; k(x) is the coefficient of turbulent diffusion, x =
2

(x1,x2,x3); ¢ci(x) fori = 1,2,3 the wind axillary parameters on x1, x, and x3
respectively; d(x) is the impurity absorption coefficient. The variable f(¢,x) =
k

3" q;(t)8(x —x7) is the force function of the process; g (¢) is the sources function
j=1

operated in subspaces §2;, € £2, j = 1,..., K; K is the number of external action
points: §(x — x;) is the characteristic function. Let us set up that parameters A =
{k(x), cj(x),d (x)} and the force function of the process f have the technological
restrictions.

We will take the system (2.190), (2.191) as the mathematical description of
the processes of harmful impurities expansion in the atmosphere which progress
under the “heat island” influence. Physical conditions provide the fulfilment of the
next conditions on the lateral surface I, = I U I U It U I} of the consider-
ing spatial region §2: if yex(s) > y(¢,x)|r, where y(¢, x)|r, and yex(s) are the
concentrations of harmful impurity on the bound Iy and its external side then the
bound is open and the impurity penetrates from outside into considering region.
When y(#,Xx)|r, > Yext(s) then the capacity of the bound I has zero values and
the bound is being closed. The formulated physical conditions are satisfied by the
system (2.190), (2.191), if the functional ; is defined by

1 2
— Ef(t7s) (y(l,X)|FS - yext(s)) i y(l,X)|FS < yeXt(S)7
WI(y) 0’ y(t’x)|['5 > yext(s)7 (2193)

where ©(¢,s) is the capacity of the bound [§. Let us define t by 7 € L*®(Q),
then the space of parameters t is defined by T = L°°(Q) with the norm |||, =
Izl Loo(0) - The admissible parameters set Tpam has the form Togm = {T € T|tmax >
t>0ae}

Taking into account (2.193) the function ¢; (y) satisfying the semiimpenetrabil-
ity conditions (thick side) will have the form:

_ [t )@ OIn = Yeu®]. Y(EX)n < Yeuls).
p1(y) = { 0 Y, X)), > Yext(s)

orp1(y) = t(y:t,8)y(t,x)|r,

T YR < o),
R R PG 0

where ©(z,s) is known. So, the relation (2.194) defines the coefficient t(y; ¢, s) of
known structure, the spatio-temporal characteristics for which are unknown.

The problem of variation inequalities (2.190), (2.191) for the functional v,
defined by the relation (2.193), can be reduced to nonlinear problem with unknown
bounds:
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9
8—Jt}+A(k)y = finQ; (2.195)
vl _ .
5| = e (2.196)
nir,
dy
hed =v, v=const (2.197)
8” F_Fw

Yir=0 = Yo in £2.

The solution of this system are defined by the pair {y(z, x), T(y; ¢, s)} . If unknown
y(t,x) is the solution of the system (2.195)—(2.197), then the search of spatio-
temporal characteristics for the coefficient 7(y; ¢, s) is individual problem.

In order to solve the mentioned problem let us suppose that z(¢, s) in the rela-
tion (2.194) is unknown. We will replace the search of unknown spatio-temporal
characteristics for coefficients (y;¢,s) by the search of unknown (¢, s). Taking
into account the influence on the capacity of bound of physical effects of inversion,
when y(z, x) > ymax(x) might have been equal and when yp.«(x) > y(z, x), T(z, )
might reach the maximal value.

Taking into account mentioned facts the problem of solving of variation inequal-
ity (2.190), (2.191) is being reduced to the optimization problem of search of
unknown parameter T(z,s) that satisfies the system (2.195)—(2.197) and provides
the minimum of functional

I
J(f)=//eXp(y(t,s)—yem(s))dsdt, e (2.198)
or Y|R < yex[’ TETadm

where the upper branch of the functional J(-) minimizes 7(¢,s) in the case
Y(t, x)|r, > Yext(s) otherwise the lower branch of this functional maximizes (¢, s).
Taking into account just mentioned facts as the solution of sought problem we
will understand the pair {j(z, x), t(z,s) }. Let us note that the functional J(-) is
continuously differentiable by y and .

Let us solve the formulated minimization problem by the Lagrange method
[161]. In this case the system (2.195)—(2.198) will have the form

dy
ot

T€Thdm

L(z.y.p) =J() + ( + AQQ)y — ﬁp) ‘ — inf (2.199)
Iy

with boundary and initial conditions (2.196), (2.197), where p(¢, x) is unknown
variable that will be defined later.

The necessary conditions of optimum for the formulated problem with regard to
unknown parameter T € Togn, Will have the form

L
SL(v) = z—r&' =0 V7€ Tum (2.200)
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For 7 ¢ T,am it is necessary to complete 2.200 with conditions

g—L(-) =0 V7 ¢ Taim (2.201)
T

Varying the functional (2.199), we can show that in (2.201)

L

3.0 =~0ED[n = yeu(s) pt. )r, (2.202)

where p(¢, x) is the adjoint function that can be found from the solution of nonlinear
adjoint system

dp

o

with boundary and terminal conditions

+A*M)p =0, (2.203)

a > exts
P = (.9 p(t. )| —exp (4(2,5) = Yei(s)) « {ym = Yot (2.204)
dn y|1"s < Yext-
ad
a_y r-r, =0, p|z=tk =0, (2.205)
n

. SN ) 9
A0 = - Z[a_x,- (k(x)a_x,-)“i(x)a_m}‘d(") 0.

i=1

The procedure of search of unknown parameter 7 is based on the relation of gradient

in the form _
. . AL\’
it = Prgt’ — e (—) § , (2.206)
Jt

where i is the number of gradient cycle 7° and A, are given.
The search of unknown variable based on the gradient relation (2.206), when the
criterion of finishing is over:

|Ji _ Ji+1 |
== <y (2.207)
Jl
and unknown variable will have the value 7.
Joining relations (2.195)—(2.197), (2.201)—(2.205) with (2.206), (2.207), we
obtain the algorithm of realization of our problem:

1. Toi = 0, where i is the index of current iteration we give the starting value 7°.

2. For the step i + 1, taking into account known 7’ in view of (2.201) and (2.202),
we compute ‘3—];, where y and p are defined by relations (2.195)—(2.197) and
(2.203)—(2.205) respectively.

3. In view of (2.206) we define the value of 7/ 1.
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4. We compute (2.198) and check the condition (2.207). If it is fulfilled then we
have the finishing of algorithm else we pass to point 2.

The result of realization of un. 1-4 of algorithm is the totality {y, 7}, that
defines the solution of the problem of modelling the processes of harmful impurity
expansion in the atmosphere taking into account the effects defined by the tempera-
ture inversion.
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Chapter 3
Evolution Variation Inequalities

Abstract Chapter 5 is devoted to developing of the multi-valued penalty method
for the proof of solvability for evolutional multivariational inequalities with multi-
valued maps of w,,-pseudomonotone type. These objects describe new classes
of nonlinear problems with unilateral constraint. At first we consider the equiv-
alent representations for evolution variation inclusions with differential-operator
inclusions. In Sect. 5.2 we consider strong solutions of evolutional multivariational
inequalities with multivalued +-coercive w,,-pseudomonotone maps. An exam-
ple of the multi-variational inequality with differential operators of hydrodynamic
type disturbed by subdifferential for a locally Lipschitzian functional is considered
in this section. Then we consider weak solutions of evolutional multivariational
inequalities with 4--coercive maps. Examples of unilateral problems with differ-
ential operators of Leray—Lions are considered in this section. As application we
consider some dynamical contact problem with multivalued damping. We also
investigate unilateral diffusion processes. These examples demonstrate the obtained
generalizations. The multi-valued penalty method allows us to consider the funda-
mentally wider class of approximative problems. By the help of such problems we
search solutions of the given problem. The new a priori estimations for the time
derivative of approximate solutions of the given problem are obtained.

3.1 Equivalent Representations for Evolution Variation
Inequalities with Differential-Operator Inclusions
Let X be the reflexive Banach space, X * be its topologically adjoint,
(w}x : X* x X — R is canonical paring.

We assume that for some interpolation pair of reflexive Banach spaces X, X5, X =
X1 N X,. Then due to Theorem 1.3 X* = X[ + XJ. Remark also that

(fo)x = {(fi.rdx, +{f2.))x, VS eX"VyeX,

where f = fi + fo, fi € X[, i =1,2.
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Furtherlet A : X = X™ be strict multivalued map with bounded values.

Let L : D(L) C X — X* belinear operator, with dense definitional domain, A4 :
X1=X 1* be the multivalued map, ¢ : X, — R be a convex lower semicontinuous
functional. We consider the following problem:

(Ly,W_Y)X +[A(y)7W_y]+
+ow) —o(y) = (fw=y)x. VYweX, (3.1
y € D(L),
where f € X™ is arbitrary fixed.

Remark 3.1. Further we will assume that D(L) is reflexive Banach space with the
norm

IyIipw = Iylx + ILylx~ Vy e D(L).

The given condition is true through the maximal monotony of L on D(L) (Corol-
lary 1.8).

Remark 3.2. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.1) is equivalent to the inclusion:

Ly + W A() +00() 3 f. y e D(L). (3.2)

where d¢ : X, — C,(X7) is subdifferential of convex functional ¢.

3.1.1 Singular Perturbations Method

Let us consider generally speaking the multivalued duality map

J) ={Ee X [ Ey)x = El%- = IyI% } € C(X™) VyeX,

namely
J) =3 1%/2() VyeX,

which is the corollary of Proposition 8. From Theorem 2 it follows that this map
is defined on the whole space X, and from [AE84] its maximal monotony follows.
Besides, due to [AE84, Theorem 4, p. 202 and Proposition 8, p. 203] for each
f € X* the map

JTNH=eX]|fel)
={eX|{(/vx=1f1%=IrI%} € C(X).

is also defined on the whole space X and it is the maximal monotone multivalued
map.
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We will approximate the inequality from (3.1) by the following:

8[La)—Ly,J_1(Ly)]++ (Ly,w — y)x (3.3)
+[A(). 0 = y]+ + 9(@) — () = (flo—y)x. '

Definition 3.1. We will say that a solution y € D(L) of problem (3.1) turns out
by Singular perturbations method, if y is a weak limit of a subsequence { Yen, be>1
of the sequence {ye, }n>1 (6n \y 0+ as n — 00) in the space D(L) that for every
n>1 D(L) > ys, is a solution of problem (3.3).

Remark 3.3. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.3) is equivalent to the inclusion:

eL*J N (Lye) + Lye + 0 A(ye) + 09(ye) 3 f, (3.4)

where d¢ : X» — C,(X7) is subdifferential map of convex functional ¢.

Now let (V;: H; V;*) be evolutionary triples such that the space V = V1 NV,
is continuously and densely embedded in H, {h;};>1 C V - is complete in V'
countable system of vectors, H, = span{h;}"_,,n > 1;

X=L,(S;H)NL,(S;H)NL, (S;V1)N Ly, (S;V2),

X* = Ly (S;V) + Loy (S;V5) + Ly (S; H) + Ly (S: H),
Xi=Lp(SiH) O Lp(S: Vi), X[ = Lg(S:V) + Ly (St H).
W={yeX|yeX*, Wi={eX|yeX =12

with the norms corresponding, we assume that pg := max{ry,r} < +00o (see
Remark 1.3).

For the multivalued map C : X = X* and for a convex lower semicontinuous
functional ¢ : X — R we consider the problem:

(yow=y)x +[C(y).w—y]+
+ow)—o(y) = (fiw—y)x YweX, (3.5
y(0) = yo.

Here f € X*, yo € H is arbitrary fixed, y’ is the derivative of an element y € X
considered in the sense of scalar distributions space 2*(S; V*), S = [0; T].

Remark 3.4. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.5) is equivalent to the inclusion:

Y+ C(H) +3p(y) > f (3.6)

where dp : X — C,(X™) is subdifferential of convex functional ¢.
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3.1.2 Faedo-Galerkin Method

3.1.2.1 Faedo-Galerkin Method I
For each n > 1 let us consider Banach spaces
Xn = Lp,(S: Hp), X::qu(S;Hn)v an{yEXn|y/€X:},

where 1/ po + 1/qo = 1. Let us also remind, that for any n > 1 [, be the canonical
embedding of X, in X, I} : X* — X7 is adjoint operator to I,.
Let us introduce the following maps:

Co:=1ClL,: X, = X,, fo=1,f€cX,.
Let us consider the sequence {yon }n>0 C H:
Vn>1 H, > yoy, — yoin H asn — 4o0. (3.7)

Together with problem (3.5) Vn > 1 we consider the following class of prob-
lems:
(Ynswn = yn) X, + [Ca(¥n)s wn — ynl+
+9W) = 9(n) = (fn.Wn = Yu)x, VYwn € Xu, (3.8)
yn(0) = yon-

Definition 3.2. We will say, that the solution y € W of (3.5) turns out by Faedo-
Galerkin method, if y is a weak limit of a subsequence {y,, }x>1 from {y,},>1 in
W, which satisfies the following conditions:

(a) Vn>1 W, > y, is a solution of (3.8).

(®) yon — yoin H asn — oo.

Remark 3.5. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.8) is equivalent to the inclusion:

yﬁ, + Cn(yn) + I;Lka(p(lnyn) > fm 3.9)

where dp : X — C,(X™) is subdifferential of convex functional ¢.

For the multivalued map A4 : X = X*, for linear dense defined map L : D(L) C
X — X* and for a convex lower semicontinuous functional ¢ : X — R we
consider the problem:

(Ly,w—y)x +[A(y),w — y]+
+ow) —p(y) = (fiw—y)x VYweX, (3.10)
y(0) € D(L).
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Here f € X* is arbitrary fixed. On D(L) we consider the graph norm

Ivlipwy = Ilylx + ILyllx+ Yy € D(L).

3.1.2.2 Faedo-Galerkin Method II
For each n > 1 let us consider Banach spaces
Xn = Lp,(S: Hp), Xn*:qu(S;Hn)v an{yeXn|y/€X,f},
where 1/po + 1/qgo = 1. Let us also remind, that for any n > 1 I, — the canonical
embedding of X, in X, I, : X* — X’ —is adjoint with [,,.
Let us introduce the following maps: A, := Iy Al, : X, = X},

Ly:=1I*LI,: D(L,) = X, N D(L) C X, = X}, fo:=1f € X},

Together with problem (3.10) Va > 1 we consider the following class of
problems:

(Lnymwn - yn)X,, + [An(yn), Wn — yn]+
+oW) — () = {fa.Wn — Yu)x, YWn € X, (3.11)
Yn € D(Lny).

Definition 3.3. We will say, that the solution y € W of (3.10) turns out by Faedo-
Galerkin method, if y is the weak limit of a subsequence {y,, }x>1 from {y, },>1 in
D(L), where for eachn > 1 y,, is a solution of problem (3.11).

Remark 3.6. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.11) is equivalent to the inclusion:

Lyyn + An(yn) + I;:afp(lnYn) > fu, (3.12)

where dp : X — C,(X™) is subdifferential of convex functional ¢.

3.1.3 The Method of Finite Differences

Let @ be a Hausdorff locally convex linear topological space, @* be the topolog-
ically adjoint with @. By (f, &) we denote the canonical pairing of f € @* and
Eed.

Let the spaces ¥/, ¢ and ¥ be given. Moreover

b CVCPF, & CH CP*, ® CV*CP¥,
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with continuous and dense embeddings. We assume that .77 is a Hilbert space with
the scalar product (A1, h2) 2 and norm ||h]| ,, ¥ is a reflexive separable Banach
space with norm ||v||y, ¥ is the adjoint with " with the norm || ||+ associated
with the bilinear form (-, -) s.

If&, ¢ € @, then (&§,¢¥) = (§, V)¢, i.e., it coincides with the scalar product in
I

Let 7 = %1 0 hpand [+ = |-y + 1<l whete (4, |- 1), i = T2,
are reflexive separable Banach spaces and the embeddings ® C ¥ C &* and
@ C ¥;* C &* are dense and continuous. The spaces (7;*, || - ||~,/i*), i = 1,2, are
the topologically adjoint with (#;, || - || ). Then ¥™* = ¥* + ¥;*.

Let o : Y1 = ¥{* be a multivalued map, ¢ : %2 — R¥,* be a convex lower
semicontinuous functional, A : ¥ — ¥™* be an unbounded operator with domain
D(A; ¥, 7). We consider the following problem

ue DAYV, V™), (3.13)

(Au,v—u) + [Am),v—u]+ + o(v) —pm) > (f,iv—u) VveV, (3.14)
where f € V* is a fixed element.

Remark 3.7. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.14) is equivalent to the inclusion:

Au+ 0 A(u) + d(w) > f (3.15)

where dg : ¥ — C,(75") is subdifferential of convex functional ¢.

3.1.3.1 Method of Finite Differences

The natural approximation of inequality (3.14) is the inequality

(up, v —up) — (G(h)up, v — up)
h

+ [A(up), v — upl+

+ o) —o(p) = (fiv—uy) Vve?, (h>D0). (3.16)

However, if ¥ is not contained in 77, then (3.16), generally speaking, has no solu-
tions, and it is necessary to modify the given inequality in an appropriate way. We
shall choose a sequence 0y, € (0, 1) such that

1 — 6,

—0 as h— 0. (3.17)
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We put 6, = 1if ¥ C 2. Further, we define

I —6,G(h)

Ap )

(3.18)

and replace (3.16) by the inequality

(Apup,v —up) + [A(up), v —upl+ + o) —@(up) = (f,v—up) Vver.
(3.19)

Definition 3.4. We will say, that the solution u of (3.13)—(3.14) turns out by finite
differences method, if u is the weak limit of a subsequence {“hnk Y1 from {up, }n>1
(hn L 0+ asn — oo)in ¥, where foreachn > 1uy, € ¥ is a solution of problem
(3.19).

Remark 3.8. Due to Theorem 3 and to Proposition 2, the evolution variation inequal-
ity from (3.19) is equivalent to the inclusion:

Apup, +co A(up) + dp(up) > f, (3.20)

where d¢ : ¥ — C,(¥5") is subdifferential of convex functional ¢.

3.2 The Strong Solutions for Evolution Variation Inequalities

Let X be the reflexive Banach space, X * be its topologically adjoint,
(w)x : X* x X - R is canonical paring.

We assume that for some interpolation pair of reflexive Banach spaces X, X5, X =
X1 N X,. Then due to Theorem 1.3 X* = X[ + XJ. Remark also that

(fx=(fi.y)x, +(f2.)x, YfeX"VyeX,

where f = fi + f2, fi € X[, i =1,2.

Furtherlet A : X = X™ be strict multivalued map with bounded values.

Let L : D(L) C X — X* belinear operator, with dense definitional domain, A4 :
X1i=X 1* be the multivalued map, ¢ : X, — R be a convex lower semicontinuous
functional. We consider solutions of problem (3.1), that can be obtained by singular
perturbations method.

Theorem 3.1. Let X be a reflexive Banach space,

L:D(L)C X — X*
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be a linear, densely defined, maximal monotone on D(L) operator, A : X1 = X{
be finite-dimensionally locally bounded, Ao-pseudomonotone on D(L), +-coercive
multivalued map, for which Condition (IT) is valid. Let also ¢ : X — R be a
convex lower semicontinuous functional, that satisfy the next coercivity condition:

@(y)
11l x,

— 400 as |ylx, = +oo. 3.2

Then there exists at least one solution y € D(L) of problem (3.1).

Proof. If we pass from problem (3.1) to the equivalent problem (3.2), and if we set
as B : X» — C,(X}), - 0¢, we obtain that the given result is the direct corollary of
Theorem 2.2. It follows from Proposition 7, from Remark 1, from Corollary 1, from
Theorem 3 and from Lemma 1. O

Now let (V;: H; V;*) be evolutionary triples such that the space V = Vi NV,
is continuously and densely embedded in H, {h;};>1 C V — is complete in V
countable vectors system, H, = span{h;}?_,,n > 1;

X=L,(S;H)NL,(S;H)NL, (S;V1)N Ly, (S;V2),
X*=Lg(S:V) + Loy (S:V5) + Ly (S:H) + Ly (S: H),
Xi =Ly (SiH)NLp(S: Vi), X[ =Lg(S: V") + Ly (S: H),
W={yeX|yeX*, W={eX|yeX* i=12.

with the norms corresponding, we assume that pg := max{ry,r2} < +0o (see
Remark 1.3).

For the multivalued map C : X =2 X* and for a convex lower semicontinuous
functional ¢ : X — R we consider problem (3.5).

Theorem 3.2. Let the multivalued map C : X — C,(X™*) satisfies the following
conditions:

(1) C is Ag-pseudomonotone on W.

(2) C is finite-dimensionally locally bounded.
(3) C satisfies Property (I1) on X.

(4) C satisfies the following coercive property:

C(y), —c|C
feso: COMM—CCONs

Iyllx

¢ : X — R be convex lower semicontinuous functional such that
Je>0: e =al+ylx) VyeX.
Besides, let the vectors system {h;}j>1 C Vi N Vy exists which is complete in Vy

and in V, and such that for i = 1,2 the triple ({h;};j>1; Vi; H) satisfies Condition
(y) with constant C;. Then for arbitrary f € X*, yo € H the set
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Kuy(f) = {y ew | y is the solution of problem (3.5),

which turns out by Faedo-Galerkin method}

is nonempty. Moreover the representation

Ku(f) = U ﬂ[UKm(fm)(yOm)] . G2

{Yontn>1CH satisfies (3.7)n=1 =m=n X

is true, where for eachn > 1
Ky (fn)(yon) = {y,, € Wy | yn is a solution of problem (3.8)},

[-1x, is closuring operator in the space (X;0(X; X™)).
The proof follows from Theorem 2.4.

Theorem 3.3. Let L : D(L) C X — X* be a linear operator such that L is
maximal monotone on D(L) and satisfies

e Condition L: foreachn > 1 and x, € D(L,) Lx, € X,).
e Condition Ly: for eachn > 1 the set D(Ly,) is dense in Xj,.
e Condition L3: for eachn > 1 Ly is maximal monotone on D(L).

Letalso A : X = X™ be Ag-pseudomonotone on D(L), +-coercive multivalued
map that satisfies Condition (IT); ¢ : X — R be convex lower semicontinuous
functional such that

¢(y)
> —00

Iyl x =400 171X

(3.23)

Furthermore, let {h;}j>1 C V be a complete vectors system in Vi, Vo, H such
that Vi = 1,2 the triple ({hj}jzl; Vi H) satisfies Condition (y ).
Then for each f € X* the set

Ky(f):= {y e D(L) | y is the solution of (3.10),
obtained by Faedo-Galerkin method}

is nonempty and the representation

Ku(f) = N[ U Knlhim)] (3.24)

n>1 m>n v
is true, where for eachn > 1
Ky (fn) = {yn € D(Ly) | yu is the solution of (3.11)}

and [ -x, is the closure operator in the space X with respect to the weak topology.
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The proof is similar to the proof of Theorem 3.1.

Let again @ be a Hausdorff locally convex linear topological space, @* be the
topologically adjoint with @. By ( f; §) we denote the canonical pairing of ' € @*
and £ € @.

Let the spaces ¥/, s and ¥ be given. Moreover

®CVCPF, ® CH CP*, ®CV*CP*,

with continuous and dense embeddings. We assume that .77 is a Hilbert space with
the scalar product (%1, h2) s and norm ||h| 52, ¥ is a reflexive separable Banach
space with norm ||v||, ¥™* is the adjoint with ¥ with the norm || f ||+ associated
with the bilinear form (-, -) ;.

If&, ¢ € @, then (§,¢) = (€, V)¢ , i.e., it coincides with the scalar product in
.

Let 7V =7 10%and || - |y = |-y + I - [lyye, where (77, [ - [), i = 1.2,
are reflexive separable Banach spaces and the embeddings @ C % C @* and
@ C ¥;* C @* are dense and continuous. The spaces (7%, || - ), i = 1,2, are
the topologically adjoint with (%, || - |4 ). Then ¥* = ¥* 4+ ¥5*.

Theorem 3.4. Assume the following conditions:

1. A: 71 = ¥ is a bounded, A-pseudomonotone on ¥y multivalued map, which
satisfies the +-coerciveness condition on ¥1.

2. The functional ¢ : V2 — R is convex, lower semicontinuous and satisfies the
following coerciveness condition:

@(v)
V],

— 400 as ||vl]ly, — +o00;

3. The operator A satisfies all the conditions given in (2.141)—(2.144).
Then for any f € V™ there exists u € V satisfying (3.13)—(3.14).

3.3 The Multivalued Penalty Method for Evolution
Variation Inequalities

Let again @ be a Hausdorff locally convex linear topological space, @* be the topo-
logically adjoint with @. We denote the canonical pairing of f € @* and £ € @ by

(f:8).
Let the spaces ¥, 5 and ¥ be given. Moreover
& CV CPd¥, & C H# CD¥, & CV*Cod¥,

with continuous and dense embeddings. We assume that .77 is a Hilbert space with
the scalar product (%1, h2) s and norm ||h| 5, ¥ is a reflexive separable Banach
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space with norm ||v||y, ¥ is the adjoint with %" with the norm || || »* associated
with the bilinear form (-, -) ;.

If&, ¢ € @, then (§,¢¥) = (§,¢).¢, i.e., it coincides with the scalar product in
H.

Let us consider again the operators <7, A and the convex set K such that

The operator A : D(A) = D(A; V', V™*) C ¥V — ¥™* satis-
fies all the mentioned in Sect. 2.5.2 conditions, in particular, (3.25)
the conditions given in (2.141)—(2.144);

K is a convex closed subset from 7 such that for every
v € K there exists a sequence v; € K N D(A) such that (3.26)
v; = vin ¥ and ﬁ (Avj,v; —v) <0 (see [LIO69, p. 396]);

j—o0

The multivalued map A : ¥ — C,(¥*) is A9 — pseudo
monotone on ¥, locally finite-dimensionally bounded,
it satisfies Condition (/7) and for some

AWy~
Yo € K N D(A) %—)—{—w as  |lylly = oo;

(3.27)

B : ¥ — C,(¥*) is the monotone, bounded, radially
semicontinuous multivalued “penalty” operator, that (3.28)
corresponds to the set K, i.e. K ={y € ¥ | B(y) > 0}.

Remark 3.9. [L1069, p. 284] The sufficient condition for (3.26) is
G(s)K C K Vs >0.

If 0 € K, then this condition is fulfilled.

Theorem 3.5. Let the conditions (3.25)—(3.28) hold, f € V™ be arbitrary fixed.
Then for each ¢ > 0 the problem

Aye + A(ye) + %,B(yte) > f,
Ve € D(A) 3.29)

has a solution. Moreover, there is a sequence {y.}e C D(A) such that

(a) Forevery ¢ > 0 yg is the solution of problem (3.29).

(b) There exists a subsequence {y.}; C {Ve}e such that for some y € V' y. — y
weakly in V.

(c) y is the solution of the next problem:

(Av,v=y) +[AY).v=y]+ = (fiv—y) Vve KN D(A),

3.30
yeKkK. ( )
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Proof. By the analogy with [LIO69, p. 396] without loss of generality we may
consider that yo = 0 € K. Otherwise, the maps A(-) = A(- — yo), f/ = f — Ayo,

A = A, theset K = K — yo and y, = O satisfy the conditions (3.25)—(3.28).
For every ¢ > 0 let us enter a new multivalued map:

A= AD) 1B, v e,

In virtue of Lemma 1.15, A, : ¥ — C,(¥™) is A¢-pseudomonotone on ¥". Due
to the boundness of 8, thanks to Condition (/7) and to the local finitedimensional
boundness for A4 it follows that A, is locally finitedimensionally bounded and it
satisfies Condition (I7).

Now, let us use the coercivity condition. From (3.27) it follows the existence of
R > 0 such that

[AY) = fy]+ =20 Vye? :|ylly =R.

Then, for every ¢ > 0

[4:0) — Fiole = [AQ) — £l + I8,y — 01

= [AD) ~ ol + 18O 1
=[A() - fiy]+ =20 Vylx =R.

Hence, we can apply Theorem 2.6 for
N ==Y, DAYV V*)=D(A), A=A, 7/ =0, B=A,, f = f R=R.
Then, we obtain that for every & > 0 there exists y, € ¥ such that

Ve is the solution of (3.29),  ||yell» < R. (3.31)

We remark that the constant R does not depend on ¢ > 0.
From (3.31) it follows that there exist d; € A(Ve), be € B(ye) such that

1
Aye +ds + gbg =f (3.32)
Due to 0 € K N D(A) and to the monotony of L and 8 we have:

1 _
(de, ye) < —(Aye, ye) + g(bs»o_ ye) + (fiye) = I flw*R < +o0.

In virtue of Property (IT) for A and from (3.31) it follows that there exists ¢c; > 0
such that
Idell»+ < c1 Ve>0. (3.33)
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Moreover, from (3.32) and (3.33) it follows that

0 < (be,ye) = e(f —de — Aye, ye)
el flly* +c1)R =:ca-e—0as &\ 0+. (3.34)

IA

From the monotony of 8 and from (3.34) it follows that for every w € ¥

(be,w) =< [B(Ye). @ — Yel+ + (be, ye) < [B(@), @ — yel+ + c28
< [B@)|-(loll» + R) + c2e.

Hence, due to the Banach—Steinhauss Theorem there exists ¢z > 0 such that
[bellv+ < c3 Ve € (0,80), (3.35)

for some g¢ > 0.
The conditions (3.25) imply that for every w € D(A*)

(Aye, ) = (A%w, y;) < |lwllp(ayR Ve > 0.
Hence, there exists ¢4 > 0 such that
Lyl pa=ys < ca Ve>O0.

From here, due to the equality (3.32) we obtain that
be >0 in D(A*)* as e\, 0+. (3.36)
From (3.32), (3.33) and from the monotony of A it follows that

(Aye,w) = (Aye, 0 — ye) + (Aye, ye) < (Aw, 0 — ye) + (| f |9+ +c1)R
< Aoy (lolly + R) + (I flly+ +c1)R Yo € D(A).

Therefore, there exists ¢5 > 0 such that
[AyellpLys <¢s Ve>0.
Passing to limit. From the estimations (3.31), (3.33), (3.35), from the conver-
gence (3.36), due to the Banach—Alaoglu Theorem it follows that there exists a
subsequence {y. }; from {y.} such, that for some y € ¥',d € V'*

ye—=yin¥?, di—~din¥* b, —=0in¥* ast\ 0+. (3.37)

The map B is Ag-pseudomonotone on ¥". Moreover, due to (3.34) and (3.37) we
have:

lim (bg, vy — y) = Lim (by, yr — y) < 0.
\1r51+(ryr y) r\lr&(ryr y) =

T
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Hence, due to a subsequence, for every w € ¥

0= lim (br»yr —w) > [ﬂ(y)’y _a)]—~
T™N\0+

The last relation is equivalent to 0 € B(y). Hence, in virtue of (3.28), we obtain that
y € K. (3.38)

Now, let us show that L
lim (dr. yc — y) < 0. (339)
TN\0+

Really, from (3.32) and from (3.28) it follows that for every v € D(A) N K

1
(deyye—v) = ;(brvv_ Vo) + (foye —=v) + (Aye,v—yo)

< (B v = el + (fye =)+ (Avy = )
< 1BOY.Y— el + (fve =) + (Avv = yo)
= (fiye=v) + (Av,v = yo), (3.40)

as 0 € B(v). So,

@ (de,yo) < d,v)+ (f,y—v) +(Av,v—y) Vve D(A)NK.
T +

But in virtue of (3.26) and (3.38) we can choose v; € K' N D(A) such thatv; — y
in? and lim (Av;,v; —y) < 0.If we put in the last relation v = v;, we obtain:
j—o00

rgT(l;l-i-(dT’ y‘f) 5 (d7 y)

Therefore, due to (3.37), the inequality (3.39) is true.
Let us use the A¢-pseudomonotony of A. From (3.37) and (3.39) it follows that
there exist the subsequences {y, }, C {y:}r and {d, }, C {d.}. such that

lim (dy,y, —v) > [A(y),y —V]- VveY, (3.41)
v\ 0+

in particular, from the inequality (3.39) it follows
lim (dy,y, —y) =0.
v\f&( v Vv =)

Hence, due to (3.37), (3.40) and (3.41),
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[AY).y —vl- = (fiy =v) + (Av.v—y) Vve KN D(A),

that is equivalent (due to Proposition 1) to (3.30).

The Theorem is proved. O
Now let ¥ =% N ¥y and || - [l = || - lyp + Il - [l5r» where (7. ] - [[%),
i = 1,2, are reflexive separable Banach spaces and the embeddings & C % C f
and @ C 7;* C @* are dense and continuous. The spaces (7;*, | - ), i = 1.2,

are the topologically adjoint with (%}, || - || ). Then #™* = ¥* + ¥5*.

For some multivalued map <7 : ¥ %" with nonempty convex closed (in the
corresponding topology) bounded values, for some convex lower semicontinuous
functional ¢ : ¥5 — R, for some linear dense defined operator A : D(A; ¥V, V™) C
¥ — ¥* and for some closed convex set K C ¥/, we consider the next problem of
the solvability of the next evolution variation inequality in the space 7

(Av,v—u) + [ (w),v —ul+ + ¢(v) — ¢(u)
> (fiv—u) Yve KNDA; V., V"), (3.42)

ucek, (3.43)

where f € ¥* be an arbitrary fixed element

Corollary 3.1. Let the assumptions (3.25), (3.26) and (3.28) hold, f € ¥™* be
arbitrary fixed. Moreover, let

The multivalued map A : Vi — C,(¥{*) be Ao — pseudo
monotone on V1, locally finite-dimensionally bounded,

let A satisfy Condition (I1) and for some yo € K N D(A)
[A),y=yol+
[FI 2

— +oo as |y|lyn — oo;
The functional ¢ : V5 — R be convex, lower semiconti-

nuous on V3 and satisfy the next coercivity condition:

o(»)

iy, — 100 as [yl — oo

Then for each € > 0 the problem

(Averv=ye) + 1400y = vels + (B0 v = vels + () — 930

> (f,v—ye) Vve¥,y.e D(A) (3.44)

has a solution. Moreover; there is a sequence {y.}e C D(A) such that

(a) For every e > 0 y; is the solution of problem (3.44).

(b) There exists a subsequence {y.}r C {Ve}e such that for some y € ¥V y, — y
weakly in V.

(c) y is the solution of problem (3.42)—(3.43).



210 3 Evolution Variation Inequalities

Proof. At first let us consider the multivalued map
B(y) = d¢(y) € C(¥5") Vy e

Let us check, that the given map satisfies the next conditions:

(a) Property (IT). Let yg € %5, k > 0 and the bounded set B C ¥5 be arbitrary
fixed. Then Vy € B and Vd(y) € d¢(y) such that (d(y),y — yo) < k is
fulfilled. Let u € #; be arbitrary fixed, then

(d(y),u) = (d(y),u+yo—y) +(d(y).y — yo) = p(u+ yo) —p(y) + k
< o+ yo) — inlf9 o(y) + k = const < 400,
ye

because every convex lower semicontinuous functional is bounded from below
on every bounded set. Hence, by the Banach—Steinhaus Theorem, there exists
N = N(yo,k, B) such that |d(y)||4, < N forall y € B.

(b) +-coercivity on ¥,. Let us put in the definition of subdifferential v = y¢. Then

1y lI52 [0e(3). ¥ = yol+ = Iy lI720(») — 1y 52 0(y0) = 400 as || y[| v, —+o00.

(c) Ao-pseudomonotony on ¥5. Let y, — yo in %5, 0¢(yn) > dy — d in ¥
and the inequality (1.56) hold. Then, due to the monotony of d¢, for each dy €
dp(yo) and forall n > 1

(dns yn — yo) = (dn — do, yn — yo) + (do, yn — yo) = (do, Yn — Yo).

Hence
lim (dn,yn —yo) = lim (do,yn — yo) =0,

n—+o0o n—-+4oo

that together with (1.56) gives:

lim (dn, yn — yo) = 0.

n—-+oo

Thus, for every w € 75

lim (dn,yn—w) = lim (dn,yn —yo) + lLim (dn,yo—w)
n—+o0o

n—>—+o00 n—+oo

= (do, yo — w). (3.45)
From another side,

(do,w—yo) < 1lim (dp,w—ys) < @(w)— Lim @(yn)
n—+o0o

n——+o00

< o) — (o), (3.46)
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because every convex lower semicontinuous functional is weakly lower semicon-
tinuous. From (3.46) and from the definition of subdifferential map it follows that
do € d¢(yo). From here, due to Proposition 1 and to the inequality (3.45), we will
obtain the inequality (1.56) for & = d¢ on ¥5.

So, due to Lemma 1.15, Lemma 1 and to Remark 1, all the assumptions (3.27)
for the multivalued map

C(y)=A()+B(y), yeV

are true. In order to finish the proof of the given statement it is enough to remark
that problem (3.44) is equivalent to problem (3.29). Furthermore, problem (3.42)—
(3.43) is equivalent to problem (3.30). The last one follows from the definition of
subdifferential map, from Proposition 1 and from the formula:

Doy — 1) = i P(u+ t(v—tu)) —ow _ (D). v — ..

The Corollary is proved. O

3.3.1 The Class of Multivalued Penalty Operators

Let K C 7 be nonempty closed convex subset,

Pg(y) = argmin |y —v|y, y €Y.
veK

We consider the main convex (generally not strictly convex) lower semicontinuous
functional

o) =lly — Pxylly. yev.

Let us put
B(y) = dp(y) € C,(V™), ye7.

In virtue of the properties of the subdifferential maps, the multivalued operator j is
monotone, bounded, radially semicontinuous. So, it is enough to show that

K={ye?|0epBy).

“C”Lety € K. Then ¢(y) = 0 and foreveryw € ¥,t > 0

oo tiw)—e(y) ey +to)

B0l = [p(). 0+ < : :

’

as £\ 0+. Hence, 0eB®»).
“D>” Let 0 € B(y). Then for every w € ¥ (in particular for w € K)

0<[B(y),w—yl+ =[0¢(y), 0 — yl+ < p(@) —p(y).
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Hence, ¢(y) <0Oand y € K.
Let again X be the reflexive Banach space, X * be its topologically adjoint,

(+)x : X" x X — R is canonical paring.

We assume that for some interpolation pair of reflexive Banach spaces X, X5, X =
X1 N X,. Then due to Theorem 1.3 X* = X[ + XJ. Remark also that

(fx=(fi.y)x, +(f2.)x, YfeX"VyeX,

where f = fi+ fo, fi e X[, i =1,2.

Let L : D(L) C X — X ™ be linear dense defined maximally monotone operator
with definitional domain D(L), 4 : X1 = X, B : X, = X;,N : Y = Y*
(Y C X with compact embedding) be some multivalued maps. We consider the
next problem:

(Ly,w —y)x +[A(y). 0 — y]+

+[B(y),w = yl+ + [N(y),w — y]+
>(fio—y)x Yowe DL)NK, (3.47)
y e D(L)NK,

for some fixed f € X* and the bodily convex set K C X.
Our aim consists of proving the existence of solutions by the method of singular
perturbation with the penalty method (see [LIO69]).

Remark 3.10. Further we consider that D(L) is a reflexive Banach space with the
graph norm

IyIpw = Iylx + ILylx= Yy e D(L).
This condition assures the maximal monotony of L on D(L) (Corollary 1.8).

Let us consider the operators A, L and the convex set K such that

The operator L : D(L) C X — X™ is maximally

3.48
monotone on D (L), linear and dense defined; ( )
K is a convex closed subset from X such that
Ioe KNDIL): (K= Ppo) = X; (3.49)
t>0
The multivalued map A : X — C,(X™) is A9 — pseudo
monotone on D(L), locally finite-dimensionally bounded, (3.50)

it satisfies Condition (/1) and for some

A(y),y—
yoe KND(L) B0kt o jog as |y|x — oo

B : X — C,(X™) is the monotone, bounded, radially

semicontinuous multivalued “penalty” operator, that 3.51)
corresponds to the set K, i.e. K = {y € X | B(y) > 0};
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Remark 3.11. The sufficient condition for (3.49) is:
K is a convex closed subset from X such that D(L) Nint K # 0.

Theorem 3.6. Let the conditions (3.48)—(3.51) hold, f € X* be arbitrary fixed.
Then for each € > 0 the problem

Lye + A(ye) + %IB(J’S) > f,
ye e D(L) (3.52)

has a solution. Moreover, there is a sequence {y¢}s C D(L) such that

(a) For every e > 0 y; is the solution of problem (3.52).

(b) There exists a subsequence {y:}: C {ye}e such that for some y € X y; — y
weakly in X.

(c) y is the solution of the next problem:

(Ly,v=y)x +[A(y),v=yl+ = (fiv=y)x VYve KN D(L),

y e KND(L). (3.53)

Proof. By the analogy with [LIO69, ¢.396] without loss of generality we may con-
sider that yo = Q € K. Otherwise, the maps~Z(-) = A(-— yo), ]7 = f — Lyo,
L = L,theset K = K — yg, ¥o = 0 and Bg = Bo — yo satisfy the conditions
(3.48)-(3.51).

For every ¢ > 0 let us enter a new multivalued map:

A:0) = AG) + B0, v EX.

In virtue of Proposition 1.22 and of Lemma 1.15, 4, : X — C,(X¥) is Ao-
pseudomonotone on D(L). Due to the boundness of §, thanks to Condition (/7)
and to the locally finitedimensionally boundness for A it follows that A, is locally
finitedimensionally bounded and it satisfies Condition (I7).

Now, let us use the coercivity condition. From (3.50) it follows the existence of
R > 0 such that

[AY) = fiy]+ =0 VyeX:|ylx =R.

Then, for every ¢ > 0

[4:0) — fiole = [AQ) — £l + 1B,y — 01

= [AD) ~ ol + 18O 21
=[A() - fiy]+ =0 Vylx =R.
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Hence, we can apply Theorem 2.2 for
Xi=X,=X,D(L)=D(L), L=L, /=0, B=A,, f = f R=R.
Then, we obtain that for every ¢ > 0 there exists y, € X such that
Ve is the solution of (3.52), ||vellx < R. (3.54)

We remark that the constant R does not depend on & > 0.
From (3.54) it follows that there exist d. € A(y,), be € B(y,) such that

1
Ly +de + ;be = f. (3.55)
Dueto 0 € K N D(L) and to the monotony of L and 8 we have:

1 _
(de, ye)x < —(Lye, ye)x + g(beyo—J’e)X +{fiyve)x < fllx*R < +oc.

In virtue of Property (IT) for A and from (3.54) it follows that there exists ¢; > 0
such that
|dellx+ <c1 Ve >D0. (3.56)

Moreover, from (3.55) and (3.56) it follows that

0 < (be, ye —Bo)x = &(f —de — Lye, ye — Bo)x
<e(lfllxs +c1+ ILBollx*)(R+ |Bollx) =:c2-6 >0 as &\ 0+.
(3.57)

From the monotony of S, from (3.57) and from (3.49) it follows that for every
weX3It>0:tw+ Po € K and

1 1 1
—(bs7w)X = _<b€7tw_y€)X + _(be’ ye)X
£ te te

1 1 1 1 1
—[B(ye). tw — yel+ + —c2 < —[B(w), tw — ye]- + —c2 < —c.
te t te t t

IA

Hence, due to the Banach—Steinhauss Theorem there exists ¢3 > 0 such that
bellx < ecz Ve € (0,e), (3.58)

for some gy > 0.
The conditions (3.48), (3.55) and (3.58) imply that for every w € X

[(Lye.o)x| = (I fllx* + c2+ca)wllx Ve € (0. &)
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Hence, there exists ¢4 > 0 such that
ILyellx+ <ca Ve e(0,8). (3.59)

Passing to limit. From the estimations (3.54), (3.56), (3.59), due to the Banach—
Alaoglu Theorem it follows that there exists a subsequence {y;}, from {y.}, such,
that for some y € D(L),d € X*

y: =~ yin D(L), Ly; =~ yinX, d; =~ din X* by =~ 0in X*as 7 \ 0 +.
(3.60)
In virtue of Proposition 1.22, the map B is A¢-pseudomonotone on X. Moreover,
due to (3.57) and (3.60) we have:

1' b s — = 1_ b s — <0.
Jim (be.ye = y)x = lim (be.ye = y)x <

Hence, due to a subsequence, for every w € X

0= lim (br,y: —w)x = [B(y).y —o]-.
™\ O0+

The last relation is equivalent to 0 € B(y). Hence, in virtue of (3.51), we obtain that
ye K.
Now, let us show that

lim (d., y: —y)x <0. (3.61)
T™N\O0+

Really, from (3.55) and from (3.51) it follows that for every v € D(L) N K

(de,ye =v)x = =(be,v—=yoi)x + (/i ye —V)x + (Lyz,v—yi)x

IA

IA

[BV).v—=yel- + (foye =v)x + (Lys.v—yo)x

foye=—vix + (Lyc,v—y)x + (Ly,y — yo)x
foye—=vix + (Lv,v—yi)x, (3.62)

1
e
1
;[ﬁ(yz),v— Vel +{fiye =vix + (Lye.v—yo)x
1
B

{
{

IATA

as 0 € B(v). So,

QT(I)l+(dryyr)X s{dv)x+(fy—vix +({Lviv—ylx VveD(L)NK.

But in virtue of (3.60), if we put in the last relation v = y, we obtain:

lim (d;,y:)x <(d,y)x.
T\ 0+

Therefore, due to (3.60), the inequality (3.61) is true.
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Let us use the A¢-pseudomonotony of A. From (3.60) and (3.61) it follows that
there exist the subsequences {y, }, C {y:}r and {d, }, C {d.}. such that

lim (d,, y, —Vv)x > [A(y),y —V]- VveX, (3.63)
v\ 0+

in particular, from the inequality (3.61) it follows

lim (dy, y» — =0.
v\f51+< v Yy — V)X

Hence, due to (3.60), (3.62) and (3.63),
(Ly,v=y)x +[A(y),y —V]- =(fiy —v)x V¥ve KN D(L),

that is equivalent (due to Proposition 1) to (3.53).
The Theorem is proved. O

Corollary 3.2. Let the conditions (3.48), (3.49), (3.51) hold, A : X1 = X{ and
B : X, = XJ are finite-dimensionally locally bounded, Ao-pseudomonotone on
D(L) multivalued maps and satisfy Condition (IT1). We consider, that the embedding
of D(L) in some Banach space Y is compact and dense, the embedding of X in Y
is dense and continuous and let N : Y = Y™ be a locally bounded multivalued
map, such that the graph of N is closed in Y x Y ¥ (i.e. with respect to the strong
topology of Y and the weakly star one in Y*) and which satisfies Condition (I1 ).
Furthermore, for some yo € K N D(L)

[A(¥), y — yol+

— +oo as |yllx, = oo,
vl x,

B(y),y —
[B(y),y — yol+ — 400 as |yllx, — 0.

171>
N(©),y—
lim [N(?Y). ¥ — yol+ > —o0, (3.64)
Iyl x =00 Iyllx

f € X* be arbitrary fixed. Then for each ¢ > 0 the problem

1
Lye + A(ye) + B(ye) + N(ye) + —B(ye) > /. (3.65)
Ye € D(L)

has a solution. Moreover, there is a sequence {y¢}e C D(L) such that

(a) Forevery ¢ > 0 yg is the solution of problem (3.65).

(b) There exists a subsequence {y.}: C {ye}e such that for some y € X y, — y
in X.

(c) y is the solution of problem (3.47).
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Remark 3.12. The sufficient condition for (3.64) is:
3¢, G2 > 0: INDI+ =Ci+Callyllx  VyeX.

Proof. Letusset C(y) = A(y) + B(y) + N(y) foreach y € X C Y. In virtue of
the continuous embedding X C Y with Lemma 2 it follows, that C satisfies Con-
dition (/T) on X. The finite-dimensionally locally boundness of C is clear. Due to
Proposition 1.26 the map C is Ag-pseudomonotone on D(L). The +-coercivity of
C(-+ yo) on X directly follows from Proposition 6, from Lemma 1 for A and B and
from the condition (3.64). So, we apply Theorem 3.6 for C, L, K. Thus, problem
(3.47) has at least one solution obtained by the penalty method. O

3.4 Evolution Variation Inequalities with Noncoercive
Multivalued Maps

As before let (V1, || - |lv,) and (Va2, || - [|v,) be reflexive Banach spaces continuously
embedded in Hilbert space (H, (-,-)) such that for some numerable set ® C V =
inv,

@ isdensein V, Vi, Vo andin H.

After identification H = H™ we obtain
Vi HCV, Vo, CHCV,,

with continuous and dense embedding, (V/*,|| - ”Vi*)’ i = 1,2 is topologically
adjoint of V; space with respect to the canonical bilinear form

(o)y VXV >R,

which coincides on H x @ with the inner product (-, -).

Let us consider the functional spaces X; = L, (S; H) N Ly, (S;V;), where S
is a finite time interval, 1 < p; < r; < +o00. The spaces X; are reflexive Banach
spaces with the norms

1%, = 15z, v + 19 l1L,, cs:m)-

X =X1NnXa, lyllx = llyllx, +1Iyllx,.Let X;* (i = 1,2)be topologically adjoint
with X;. Then,

where r; 1 4 /7! = pi ' +¢;i7! = 1(i = 1,2). Let us define the duality form

i
on X*x X
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(o) = / (@) (@) adT+ [ (fr2(0) y (@) d T+ [ (@), y(©)y, d1
S S

S

+ [ (D). YD)y, d = S/ (). y(x) dr,

S

where ' = fi1+ fiz+ f21+ f22, fui € Ly(S: H), J2i € Ly (S; V) (0 = 1,2).
Note that (-, -) coincides with the inner product in 27 = L,(S; H) on J7.

Theorem 3.7. Let Vo, = H,r1 > 2, pp =12 =2, Ao >0 A+ Al : X1 == Xik
is +-coercive, rls.c. multivalued operator with (X1, W)-s.b.v., ¢ : X5 — R is
convex lower semicontinuous functional. Then for each [ € X* there is at least
one solution y € W for the problem:

(V. E=y)+[Ay.E—yl+ +0E)—0(y) = (f.—y) VEe W, y(0) =0, (3.66)

under the condition, that A and d¢ are the Volterra operators that satisfy Condition
(H).

Remark 3.13. In Theorem 3.7 we may change Condition (H) for A and d¢ and
+-coercivity for A + Ao/ on —-coercivity for A + Ao/ on X;.

Remark 3.14. At the last corollary we are not claim the coercivity for ¢ (resp. for
dp) on X5.

Proof. Let us show that the operator C = Al + Aol + A+ dp : X = X* satisfies
all conditions of Corollary 2.2 for some A > 0. For this purpose it is enough to show
the same for multivalued map

B(y) = Ay +0¢(y) Vy € Xa,

where A > 0 is an arbitrary fixed. R.Ls.c. follows from u.s.c. of d¢ on X5. In virtue
of monotony of d¢ on X5, foreach y € X,

[B(y), y]+ = [(AI +09)(¥), y]+ = k(_y,y) + [09(»), ¥+ ) )
= A0 ) + [09(). 3 = 04 = Ay 3 + [99(0). y — 0]+
> Alylx, — 18O+ 1ylx,.

Thus, foreach y € X,

[B(y), y]+

= AMlylix, = 18¢O)]l+ — +ooas [[yllx, — +o.
Iy lx,

So, B is +-coercive. From monotony of d¢, as A > 0, it follows that B is also
monotone and it has the semibounded variaEion on W. Thus, problem (3.66) has at
least one solution y € W such that y(0) = 0. O
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Example 3.1. Let n > 1, £2 C R”" is bounded domain with the boundary 052,
S=[0;T],0 =8Sx82,pe(l;2 Wol’p(.Q) C L,(£2); a functional ® : R — R
is measurable and satisfies the conditions:

iC1,C, > 0 |¢([)|§C1|l|+C2 Vi e R;
AC3>0: (@(t) — D(s))(t —s5) = —C3(s —1)2 Vt,s €R;

a functional ¥ : R — R is convex, lower semicontinuous and satisfies the “growth

condition”:
3Cs,C5>0:  |[Y(@0)] < Calt| +Cs Vi eR.

Letg >2:1/p+1/q = 1. Let us set
X = L,(S; WP (2)) N La(S; La(2)),

X* = Ly(S: Wy Y(R2)) + La(S: La(2)).

We consider such problem:

/ aygt, ) (0(t.x) — y(t. x))dtdx
(0]

" Ay(t, x)
+ZQ[<’ ax;

r2 8y(t,x)) (av(t,x) ~ 8y(t,x))dtdx

i 8x,- 8x,- Bx,-

+[<D(y(t,x))(v(t,x) —y(t,x))dtdx
9]
+/1/f(v(t,x))dtdx—/w(y(t,x))dtdx
9] 9]

> / S, x)(v(t,x) —y(t,x))dtdx VveX, (3.67)
Q

y(t.x)],q =0 forae.r €S, (3.68)

y(t,x)|t:0 =0 forae.x € $2, (3.69)

where f € X™ is arbitrary fixed.
Letusset X1 = X, X2 = L2(Q),

“ 9
10 ==Y o

i=1

o(y) = / YO x)didx, y € Xa.
0

p—2 9
_y) vy e X,
8xi

dy

ax,'
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After integration the inequality (3.67) by parts we will obtain the problem:

(V' ov=2)+(AQ).v—y) +o0) —e(y) = (fiv=y).  »(0) =0. (3.70)

As generalized solution of (3.67)—(3.69) we understand the solution of (3.70) in the
class W = {y € X |y’ € X*}. In virtue of Theorem 3.7, problem (3.67)—(3.69) has
generalized solution y € W.

3.5 On Solvability of the Class of Evolution Variation
Inequalities with W, -Pseudomonotone Maps

Many important applied problems are reduced to so called problems with unilateral
boundary conditions or to variation inequalities which generate differential-operator
inclusions. The next problem is the most simple example of such type [1-5]: in the
region §2 with the bound I" we have to find a solution of the equation Ay = f such
that on I” the conditions

u=>0 a_u >0 ua—u =0
- on — on '
are fulfilled.

The generalized solution of such problem does not satisfy the integral identity
(as, for example, in Dirichlet problem), but it satisfies some integral inequality, that
is called the variation inequality.

Let (V,|| - |lv) be the strictly normalized reflexive separable Banach space
that continuously and densely embedded in the Hilbert space (H, (-,)). The strict
normalization of the space means the strict convexity of the norm || - ||y on V.

We identify the topologically adjoint space with H regarding bilinear form (-, -)
with H, (V*,]|| - ||lv=*) is strictly normalized Banach space, that is topologically
adjoint with V' with regarding (-, -). Then the next chain of continuous and dense
embeddings takes place:

VCcCH=H*CV* (3.7

Letl < p,g < 400, l/p + 1/q =1,8 =[0,T], T > 0. Let us consider spaces
X=LyS:V), X*=L4S;V"),
the pairing
(u,vyx = /(u(t),v(t))dl, ueX, veXr,
S
and

W={yeX|yeX*}), Wi={yeX|y eLi(S;V*]},
W, ={yeW|y©0) =0}
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with norms

lullw = llullx + 'l x+ YueW
lullw, = llullx + ullz,(s;v%) Yue Wi,
lullw, = lullw Yu e Ws.

For the operator A : X — X*, convex closed set K C X (0 € K) and fixed
function f € X™* we consider the problem of searching of weak solution for the
evolution variation inequality:

(W.ow—y)x +{A().w—y)x = (fw—y)x
Ywe KN W,, (3.72)
y e K.

Here w' is the derivative of the element w € X in the sense of D*(S; V).
Let us remark that W with nature operations is Banach space that satisfies the
next properties:

(a) W is continuously and densely embedded in C(S; H).
(b) Yu,v € W the next

(. v)x + (V' u)x = @(T),w(T)) — (u(0),v(0)) (3.73)
is fulfilled; if ¥ = v we obtain:

(W u)x = (Ju(T)|1F — lu0)]F)/2 (3.74)

Let us improve conditions for parameters of problem (3.72), for which we will
prove the weak solvability. In order to do this we will use the penalty method. As
the penalty operator § and convex set K let us consider

By)(@) = B(y()), K = K() foralmostevery ¢ €S,
where B(v) = J(v— Pgv),veV,J :V — V*is defined so:

1Ty IVl = O, T = IvI57

Pk is orthogonal projection operator from V on K. Let us remark that 8(v) = 0 <
veK.

Let us remark that 8 : V' — V* is bounded monotone demicontinuous operator,
so B : X — X*is A -pseudomonotone on X bounded operator.

Theorem 3.8. Let the next conditions

(a) the operator A : X — X™* is bounded, A-pseudomonotone on Wy and coercive.
(b) K C V is convex closed set, 0 € intK C V are fulfilled.
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Then, for an arbitrary f € X* there exists the solution of problem (3.72).

Proof. For an arbitrary ¢ > 0 let us consider a new map

) = AO) + PO). v EX.

Lemma 3.1. For an arbitrary ¢ > 0 the operator A¢(y) is bounded, A—pseudomon-
otone on W C W and coercive, and the problem

e+ A(ye) + $B(ve) = f.
e, (3.75)

has the solution y. such that

Iyellx =c. 1AGlx <c. lyele,ssvs =¢ Ve >0, (3.76)

for some ¢ > 0, that does not depend on & > 0.

Proof. Let us use the coercivity condition for A. There exists such R > 0 that

(A)— fiy)x =0 VyeX: |ylx =R. (3.77)

Forevery ¢ > 0

(Ae(y) = fiy)x = (A(Y) = fiy)x+ < B(y),y —0)x/e
> (A(y) = f,y)x +(B(0),y)x/e
=(A)— £.y)x =0 V]ylx =R.

In particular, from here it follows the coercivity for A, on X. The boundness
for A is fulfilled, because operators A and f are bounded; A—pseudomonotony for
A, on W C W follows from the same property for A and . Let us consider the
operator L : W, — X*, that is defined as:

Ly=y', yeW,.
Let us remark that L is maximally monotone operator on W. L* : W, — X is
adjoint with L operator in the sense of the nonbounded operators theory.

So, from (3.77), from the boundness for A and from the previous results we have
that for an arbitrary ¢ > 0 problem (3.75) has the solution y, such that

Iyellx = R, [[A(ve)llx= =< c1.

for some ¢; > 0, that does not depend on ¢ > 0.
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From the condition (b) it follows that for some r > 0 B, = {v € V| |v|y <
r} C K. Then Ve > 0, fora.e.t € S we have

IBe(N = = (B(ye(1)). ye(0))/r. (3.78)

Indeed, Ve > 0, fora.e.z € S, Vv e V : ||v|]ly = 1 we have

Be(®),v) = (Bye(@)), rv—ye(t) )/r + (B(ye(t)), ye(t))/r
< (B(rv),rv—ye(@) )/ r + (B(ye(?)), ye(2))/ 1
= (B(ye(1)), ye()/r.

Now let us show that
(B(ye)sye)x < (Ifllxx +c1)Re Ve>0 (3.79)

As Ve > 0 y, € X is the solution of problem (3.75), then in view of (3.74),

(B(ve).vedx/e = (f — A(ye) = ye. ye)x = (Ifllx* +cDR.

From (3.78) to (3.79) Ve > 0 it follows the next inequality

1By sy = (Lf lx+ +c)Re/r =i c2e (3.80)

in particular, in view of (3.75), (3.76), (3.80) we have

lvellL,(s;v) <c3 Ve>0,

where c3 is the constant that does not depend on € > 0.
The Lemma is proved. O

Let us continue the proof of the Theorem. From the monotony for 8 and from (3.79)
to (3.80) it follows that for an arbitrary w € X, ¢ > 0

0<(Bre)wlx =< (B(ye)sw—e)x + (B(Ve), Ye)x
<{(BW),w—ye)x +core > (B(W),w—y)x <400 ase—>0+.

So, in consequence of the Banach—Steingauss Theorem, there exists c4 > 0 such
that

I1B(ye)llx+ <ca Vee(0,e0) (3.81)

for some gy > 0.
Let’ remark also that for an arbitrary w € D(L*)

(yiw)x = (L*w,ye)x < |ollpe+R Ve >0.
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Therefore, there exists ¢s5 > 0 such that
Vel Dy <e¢s Ve > 0. (3.82)
From here and from (3.75) it follows that
B(ye) >0 in D(L*)* as &—0+. (3.83)

From (3.75), (3.76) and from the monotony for L we have:

(ye.o)x = (Vi — yedx + (Vi. Ve) x
< (o, 0—ye)x + (| fllx* + ¢)c
< o' lx+(lwllx +¢)+ (I fllxs +c)c Yo € Wa.

Therefore, there exists cg > 0 such that
[yellwy <cs Ve € (0;e0).
The passage to the limit. From the estimations (3.76) and (3.81), from the con-

vergence (3.83), in consequence of the Banach—Alaoglu theorem, it follows the
existence of sequences {y;}. from {y.}. such that forsome y € X,d € X*

ye—>yinX. A(y;) —>din X*,
B(y:) —> 0in X* ast—0+. (3.84)

From (3.78) and (3.84) we have:

Jim (B(yo).ye —y)x = lim (B(yo).yr —y)x =0

So, for an arbitrary w € X

0= li_1(1)1+ (B(yo),yr —w)x = (B(y),y —w)x.

It means that 0 = B(y). Therefore,
y € K. (3.85)
Let us now prove that

lim (A(y:),y: —»)x <0. (3.86)
T—>0+
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Indeed, from (3.75) for an arbitrary v € W, N K it follows:

A
D= m ==

(A(yo), yr —Vv)x (BOD.v=yi)x +{fiye=V)x + (i v—r)x

(BOD.v=y)x +{(fiye—vx + (V. .v—yi)x

IA

(BM.v=yi)x + (fye—vx + (Vov—yo)x
(five—v)x + (V.v—yo)x, (3.87)

IA

as 0 = B(v). So,
(Ao).ye)x ={dvx +{(fy—vx + (V.ov—y)x YveWNK.

lim
=0+

But from [LIO69, p. 284],2 consequence of (3.87), there exists v; € K N W
such that v; — y in X and lim (v’j v; —y)x < 0.If we set in the last relation
j—o00

v = v;, we will obtain:

lim (A(yo),ye)x < (d.y)x.
>0+
So, with respect to (3.84), the inequality (3.86) is true.
Let us use the A-pseudomonotony for A on W;. From (3.76), (3.84) and (3.86) it
follows the existence of sequence {y,}, C {y;}; such that

lim (A(yv),y» —v)x = (A(y).y —v)x VveX, (3.88)
v—>0+

in particular, from the inequality (3.86) it follows that

vgrg+(A(yv), yw—y)x =0.

In consequence of (3.84) and (3.87),

(AW).y=vx = (fy—vx + (Vov=y)x YveKnW,.
The Theorem is proved. O

So, we can prove the solvability for the class of evolution variation inequali-
ties with essentially nonlinear pseudomonotone on W; operators by the penalty
method. As an example, we can consider the variation inequality with the opera-
tor that is introduced in the form of monotone and demicontinuous one. In view
of perspectives of obtained results, we can justify the solvability for the classes of
nonautonomous evolution problems with free bound, with nonlinear conditions on
the bound of region, in particular, for boundary problems of Signorini type.
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3.6 The Modelling of Unilateral Processes of Diffusion
of Petroleum in Porous Mediums with the Limiting
Pressure Gradient

The character of filtration of oil through porous mediums of oil deposits depends on
interaction between the oil and the rigid skeleton of ground. Within the framework
of the classical theory the liquid filtration in porous mediums obeys the linear law
of Darsi filtration. That is why the problem of filtration proposes the variation defi-
nition and it can be realized within the theory of boundary problems for the partial
differential equations [AS86].

The presence of impurities (lampwax, asphalts and others), temperature anoma-
lies and other factors essentially change the physics—chemical properties of the oil
and lead to the appearance of specific effects of hindrance inside considered region
as well as effects of undirectional conduction of boundary [AS86]. The equations of
filtration based on classical linear law of Darsi are not the best form of considered
processes description in this case. Taking into account the additional conditions for
the solution of problem on the stage of its variation definition is often more sub-
stantial way of considered processes development. Such approach leads to variation
inequalities which are introduced and developed in [DL76, LK83].

Let us consider the anomalous process of oil movement which contain lamp-
waxes and resinous-asphalt substances in porous medium of oil deposit. The oils
which contain such heavy components can form the rigid structure at low tem-
peratures, that at certain limiting pressure gradient can gain the movability. Such
behavior of oil has the nonlinear character and can’t be described by linear law of
Darsi. The consequence of such anomaly is the appearance of stagnation zone. Such
processes were considered as the filtration of visco-plastic liquid with thelimiting
pressure gradient. The models of such processes were considered, in particular, in
[LK83]. Let us describe these processes in the form of variation inequalities [DL76],
which take into account the nonlinear effects of one-sided hindrances with the lim-
iting pressure gradient, propose the algorithm of their realization and adduce the
results of computations.

Let y(z, x) be the function of pressure of oil with taking into account its visco-
plastic properties that is defined on the bounded opened set §2 of the space R with
smooth bound I" and in the interval of time (0, #) for tx < 0o, Q = 2 x (0,1),
> =T x(0,1y) is the solution of the variation inequality [ZN96]

0
(r0 5 v =2) + (4G v =)+ 90) =¥ 0) = (v = )ing
Vve HY(2)=V, (3.89)

with initial condition
Ylt=o = yo in £2, (3.90)
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where n(x) = Bc+m*(x)Br; Bc is the coefficient of compressibilities of a porous
medium By is the coefficient of compressibilities of oil; m*(x) is the porosity of a

3
: . _ 9 ad _P. -
medium; A(L)(-) = — i; i (b(x)k(x)a—xi) ,b(x) = ﬁ, p is the denseness of oil;
1 is the viscosity of oil; k(x) is the coefficient of transmissivity x = (x1, X2, X3).
k .
The variable f(¢,x) = ﬁ > qj(t)8(x — x7) is the forcing function of the
ji=1

processes; ¢ (x) are discharges of productive slits, operated in subsets £2; € £2,
j = 1,..., K the number of slits; §(x — x/) is the characteristic function. Let us
establish that the transmissivity k(x) and discharges of slits ¢ have technological
restrictions. We can define the limiting gradient by the relation of the form:
dy(r, x)
‘ | S Viim (), (3.91)
x

where y7;,(x) is the known value of limiting gradient

Let us add the physical sense to the system (3.89), (3.90), defining the functional
¥, that would provide the realization of the next physical conditions in the region
0| )
is fulfilled, then we have classical physical processes of oil filtration through the
porous medium, obeying Darsi law. In the points of spatial domain £2, where the
association (3.91) is true, the filtration of a fluid stops and the stagnation domains
are formed. That is why , that adds to system (3.89), (3.90) the mentioned physical
properties, will have the form

§2: if in some points of the spatial domain £2 the condition ’

Lm0y (.02, ‘ay(t,x)/ax ‘ < Yim (),
V= (3.92)
) ‘ 8y(t,x)/8x ’ > YVim(X),

(=}

where m(t, x) is the known coefficient of hindrance. Let us define m(t, x) as
m(t,x) € M = L°°(Q), where M is the space of parameters m with the norm
Imllar = lImllLeo(g) - The set of admissible parameters Magm = {m eM |mmax
>m >0 ae.}.

Following the procedure of the solution of the problem adduced in Sect. 2.7 let us
inject ¢ (v) = % defined in the space 7" = L°° (Q) with the norm ¢(y) | =
@l zooc0)

m(t, x)y(t, x), lay(l’x)/ax ] < Yim ().

) =
vy 0 ‘By(l,x)/ax‘ > Yiim (%),

or p(y) = m(y;t,x)y(t,x), where
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m(t, x), ‘ By(t,x)/ax ’ < Diim(x),
m(y;t,x) = (3.93)
0. | | > i),

m(t, x) is known. So, the relation (3.93) defines the coefficient m(y; ¢, x) of known
structure, spatio-temporal characteristics for that are unknown.
Problem (3.89), (3.90) can be reduced to the nonlinear problem with hindrance

0
n@ S+ ARy +em.y) = fin Q. (3.94)
Yy =0, (3.95)

Vim0 = Yo in 2. (3.96)

As the solution of the system (3.94)—(3.96) we will consider the pair { y(t,x),
m(y;t,x)}. The problem of the search of spatio-temporal characteristics for m
(y;t, x) we will replace by the problem of search of m(¢, x), that is unknown. That
is why the term ¢(y) = m(¢, x)y(t, x) in (3.94) allows us to take into account the
effect of missing of oil moveability, that appears at pressure gradients lower yjn, (x),

3
LD | < i ().
Let us reduce the solution of considered problem to the problem of optimization

of the search of unknown parameter 77i(z, x), that satisfies the system (3.94)—(3.96)
and provides the minimum of

i.e. ’

ay(t x) lay(t,x) < e ‘
, =< Yiim(x)
J(m) = // " ) ox " dxdt — inf
y(t x) ) ‘ yg;x) > Yiim (X) ’ meMugm
(3.97)

where the upper branch of the functional J(-) fines the violation of missing of oil
moveability condition, that appears at pressure gradients lower yjn(x), else the
lower branch of this functional provides the minimum of m(¢, x). It is possible to
show that J(-) is continuously differentiable by m and y.

Let us solve the formulated minimization problem by the Lagrange method. In
this case the system (3.94)—(3.97) will have the form

9
L(m,y, p) = J(m) + (n(X)a—f + AQ)y + @(m:y) —ﬂp) ’ y — inf

meMygm
(3.98)
with boundary and initial conditions (3.95), (3.96), where p(¢,x) is unknown
variable that will be defined later.
The necessary conditions of optimum for the formulated problem with regard to
unknown parameter m € int Mg, will have the form

oL
8L(m) = %Sm =0 Vm e intMugm, (3.99)

where m is required solution.
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For m ¢ intMyy it is necessary to complete the conditions (3.99) with the
conditions of complementary slackness

oL
=20 VYm ¢ Munm. (3.100)
am

Varying the functional (3.98), we can show that in (3.99)

9L N 0, ay(l,x)/ax ‘ < Yiim(x) (3.101)
S =P 2 :
am m (8ygtt,x)) ’ ’8y(t,x)/8x‘ > Vim(x)
where p(¢, x) can be obtained from the solution of the adjoint system
WP s
—n(x)g + A*A)p +mp
2
(8ygtt,x)) , ‘3y(t,x)/8x‘ < Yiim (X)
a2 5 =0 (3.102)
2m (ya—’tx) . ’ (& x)y ‘ > Yiim (x)
with boundary and terminal conditions
pPlys =0, (3.103)
Pli=y = 0. (3.104)

Here the operator A*(A) has the form
DO =13 [i (b(x)k(x)i) N c-(x)i} —d! o)
i 8x,- Bx,- ! 8X,’ '

The procedure of search of unknown parameter m is based on the relation of gradient

in the form .
i+1 i oL '
m =Prom' — Ay | — (3.105)
om

where i is the number of gradient cycle, m® and A,, are given.
The search of unknown variable based on the gradient relation (3.105) is over
when the criterion of finishing

Jl' _ Jl'—l—l

— <e (3.106)

is fulfilled, and unknown variable, that match to this criterion will have the value .
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Joining relations (3.94)—(3.96), (3.102)—(3.106) with (3.100), (3.101), we will
obtain the algorithm of realization of considered problem:

1. Toi = 0, where i is the index of current iteration we give the starting value m°.

2. For the step i + 1, taking into account the known m' in view of (3.100) and
(3.101) we compute g—{;, where y and p are defined by relations (3.94)—(3.96)
and (3.102)—(3.104) respectively.

3. In view of (3.105) we define the value of m! 1.

4. We compute (3.97) and check the condition (3.106). If it is fulfilled then the
algorithm is over, else we pass to point 2.

The result of realization of un. 1-4 of algorithm is the totality {y, m}, that
defines the solution of the problem of modelling the process of oil filtration in porous
mediums taking into account the additional effect of missing of liquid phase at
gradients that are lower than marginal level defined by visco-plastic properties of oil.

3.7 On Analysis and Control of Second Order Hemivariational
Inequality with +-Coercive Multivalued Damping

In order to investigate mathematical models of nonlinear processes and fields of
nonlinearized theory of viscoelasticity and piezoelectric, to study waves of differ-
ent nature such scheme is frequently used: the given model can be reduced to some
differential-operator inclusion or multivariational inequality in infinite-dimensional
space [ZMEO04, ZKMO08, ZGMO00, DMO05]. Further, using that or another method
of approximation, we prove the existence of generalized solution of such problem,
validate constructive methods of search of approximate solutions, study functional-
topological properties of resolving operator [ZKMOS]. If mentioned process is of
evolution nature then his mathematical model can be described by the second order
differential-operator inclusion [DMO05, ZK09, PANSS]. At that relations between
determinative parameters of original problem provide certain properties for multi-
valued (in general case) map in differential-operator scheme of investigation. It
worth to notice that in the majority of woks concerning given direct of investigations
rather strict conditions to “damping” concerning uniform coercivity, boundedness,
generalized pseudo-monotony are required [DMOS5, PANS8S5]. Such conditions, as a
general rule, provide not only the existence of solutions of such problems, but the
dissipation of all solutions too. Sometimes such conditions provide the existence of
global compact attractor, but this information is not always naturally expresses the
real behavior of considered geophysical process or field [KMVY08]. Because of that
it appears the necessity to investigate functional-topological properties of resolving
operator for differential-operator inclusion, in particular, for those inclusions which
describe new wider classes of nonlinear processes and fields of nonlinearized theory
of viscoelasticity under valid sufficient weakness of upper mentioned properties of
differential operators with suitable applications to concrete mathematical models.
In the given paper we consider problems of analysis and control of second order
differential-operator inclusion with weakly-coercive, pseudo-monotone maps. We
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study the dependence of functional parameters of problem, consider the problem of
optimal control. Obtained results can be applied to mathematical models of non-
linearized theory of viscoelasticity.

3.7.1 Setting of the Problem

Let Vy, Zy are real reflexive separable Banach spaces with corresponding norms
[Ily, and [|-|| z,, Ho be real Hilbert space with the inner product (-, -), identifying
with its topologically conjugated space H. Let us suggest that the embedding Vo C
Zy is compact and dense, and the embedding Zy C Hj is continuous and dense.
We will have such chain of continuous and dense embeddings [ZKMO08, GGZ74,
KMPO8] Vo C Zo C Ho C Z§ C Vg, where Z§ and V' are corresponding
topologically conjugated spaces with Zy and V, with corresponding norms ||-|| z;
and ||-||V0*. Let us denote: S = [¢,T], —c0o <t < T < 400, p > 2,q > 1:

1 1 _
;_'_E_l’

H = Ly(S; Ho), Z = Ly(S;Zo), V =Ly(S; Vo),
H* = La(S; Ho), Z" = Lq(S;Zg), V* = Lq(S;Vy),
W={yeV]|yevy,

where y’ is a derivative in the sense of D*(S; V") of element y € V' [GGZ74]. Let
us remark that the embeddings V C Z C H C Z* C V™ are continuous and dense.
Moreover the embedding W C Z is compact [LIO69, KMP08], and the embedding
W C C(S; Hp) is continuous [GGZ74, KMPOS].

It worth to remark also that the canonical pairings (-, <)y, : Vg" X Vo — R and
{*)zo * Z5 X Zo — R coincide on Ho x Vp with the inner product in Ho. Then
the pairing (-,-)y, : V* x V' — R and, respectively, (-,-) : Z* x Z — R coincides
on H x V with inner product in H, namely

)= (fu)y = (fruy = (frw) = / (f(s).u(s)ds, feH, ueV,
S

Let U, K are Hausdorff locally convex linear topological spaces (LTS), U C U,
K C K are some non-empty sets, A : V xU — C,(V*),C : Zx K — C,(Z*) are
multi-valued maps with nonempty convex weakly compact values in corresponding
spaces V* and Z*; B : V — V™* be linear operator; f € V*,a € Hy, b € Vj are
arbitrary fixed elements.

It is setting the problem about the studying of functional-topological properties
of resolving operator K(u, v, a, b, f) of the next problem

V' +AQ  u)+ B(y)+C(y,v) > f.

y(x)=b, y'(x)=a. (3.107)
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Here
K@u,v,a,b, )= {(y,y/) € C(S; Vo) x W |y is the solution 0f(3.107)},

the derivative y’ of the element y is considered in the sense of distribution space
D*(S;Vy).

Let us remark that as the embedding W C C(S; Hy) is continuous, then initial
condition in (3.107) have the sense.

3.7.2 Classes of Parameterized Multi-Valued Maps

Let Y be some real reflexive Banach space, Y * be its topologically conjugated,
(.)y : Y* xY — R be the pairing, A : ¥ = Y* be the strict multi-valued map,
at that A(y) # O Vy € Y. Let W be some normalized space that is continuously
embedded into Y, X be some Hausdorff LTS, X C X be some non-empty set. Let
us consider the parameterized multi-valuedmap 4 : ¥ x X = Y'*.

Definition 3.5. A strict multi-valued map 4 : ¥ x X = Y * is said to be:

e Ao-quasi-monotone on W x X, if for any sequence {yn, dn p>o C W x X such

that y, N Yo in W,a,, —>a0in)2,dn édoinY* asn — +o00, where d,, €
€0 A(yn,an) Yn > 1, from the equality lim (dy,, y» — yo)y =< 0 it follows the
n—oo

existence of subsequence {ynk , dnk’a”k}k>1 of {yn,dn,an}y,>1, that the next
inequality 1im (dn,. yn; — @)y > [A(0.40). Yo —®]- Ve € Y holds true.

k—o00

® Bounded, if for every L > 0 and for the bounded set D C X in the topology of
the space X there exists such / > 0, that

Ay Wlly =1 VYiy,up e Y xD: |lyly = L;

e Demi-closed, if for an arbitrary sequence {yn, Un },>o C ¥ x X such that y, — y

inY, u, = upin X, dn BN do in Y*, where d, € co A(yn,uy) VYn > 1,it
follows that dy € co A(yo, uo).

3.7.3 Abstract Results

Let us study functional-topological properties of resolving operator of problem
(3.107) concerning closeness in certain topologies. The necessity of justification of
such properties concerns problems of control of mathematical models of non-linear
geophysics processes and fields that can be described by (3.107) as well as studying
of dynamics of solutions of such problems.
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Theorem 3.9. Let A : V x U — C,(V*) be Ay-quasimonotone on W x U,
bounded operator, B : 'V — V™ be linear continuous operator, and a multi-map
C :Zx K — C,(Z*) be bounded and demi-closed. Let us consider a sequence
{foms @ms b, m, Vintm>1 C V* x Ho x Vo x U x K. We suggest that for allm > 1
Ym. Vi) € K(um, Vin, Gm, b, fm) and the next convergence take place:

fm —)fo in Vj, am — dg in Ho, bm —)bo in V(), (3108)

. . i w .
Um —>uo in U, vy > v, in K, y,, — g in V.

Then there exists such y € C(S;Vp), that y' € W, y = g and (y,y') €
K(uo, vo, ag, bo, fo). Moreover,

ym =y in C(S;Vo), m — +oo, (3.109)
Yoo =y in W, m — +oo, (3.110)
VieS y () — y'(t) in Hy, m — +oc. (3.111)

Proof. Let conditions of the theorem are hold true. For fixed b € Vj let us consider
Lipschitz-continuous operator Ry : Z — Z (V — V respectively), that is well
defined by the next relation

!
(Rpy)(t) =b +[y(s)ds, Vy € Z (respectively Vy € V), Vt € S.

T

Let us consider a multi-valued operator A : V x U — C,(V*)

A(y,u) = A(y,u) + Bo Rp(y) + C(Rpy,v), y €V, it
=w,v,b)e U =UxK x V.

If (y,y') € K(u,v,a,b, f), then z = y’ is the solution of such problem

7+ Az, u,v,b) > f, (3.112)
z(t) = a.

Vice versa, if z € W is the solution of problem (3.112), then (y, y’) = (Rpz,2) €

K@u,v,a,b, f).

Let { fon, am, bm. hm, Vin}yps1 C VX Hox Vo x U X K, (Ym. yr,) € K, vim,
amsbm, fm), m > 1 and (3.1_08) holds true. Let us set z,, = y,,Ym > 1. Then
Ym = Rp,,zm¥Ym > 1. Let us remark that from inclusion (3.112) it follows that
Vm > 13d,, € A(Zm., Um, V. bm) such that

dm = fm _Z;n € /I(Zm»um,vm,bm)- (3.113)
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From (3.108) it follows the boundedness of sequences {z;, } , {um}, {Vvm}, {bm},
{fm} in corresponding topologies of spaces V, U, K, Vo and V*. Then the bound-
edness of {d,,} in V* follows from the boundedness of maps 4 : V x U —
C,(V*), B:V - V* C:ZxK — C,J(Z%), then continuity of embeddings
V C Z, Z* C V* and from estimations

”Rblxl - szXZHV <alb —bally, + llx1 —x2lly] Vxi.x2 €V, bi.by € Vo,

||Rb1x1 — Rb2X2||Z < ﬂ [”b] _bZHVO =+ ||X1 —Xz”z] VX],XZ € Z, bl,bz (S Vo,

where «, 8 are constants that are not depend on b;, x;.
So,
de1>0: VYm>1 ||dnllys <ci1. (3.114)

The boundedness of {z,,},,~., in V* follows from the boundedness { f;n} in V*
and (3.114). Therefore,

Je2>0: Vm=1 |z,

e = lzmllw < c2. (3.115)

As the embedding W C C(S; Hy) is continuous (see. [ZKMO08, GGZ74]), then
through (3.115), we obtain

3e3>0: Vm=1, Vi€ S |lzn(®lly, < cs- (3.116)

In view of (3.108) and estimations (3.114)—(3.116), taking into account the
continuity of map y — y’ in Z*(S; V"), we have

im —> g W.dm —>d = fo—g in V*,

w . (3.117)
Vit €S zm(t) — g(t) in Hy as m — oo.
From here and from (3.108), particularly, it follows that
geW and g(r) =ayp (3.118)

Let us show that g satisfies inclusion g’ +A(g, iig) Jo, where iig = (uo, vo, bo).
As g’ +d = fp, then it is sufficiently to show that d € A(g, i).
Firstly let us make sure that

lim (dm,zm —g) <0. (3.119)

m—0o0

Indeed, in view of (3.113), Vmm > 1 we have

(dm.zm — &) = (fms2m) — <Z;n’Zm) —(dm. g)

= o) — {dm. ) + 5 (Im (3, — Nom (T, ) - 3120
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Further, for left and for right parts of equality (3.120) we calculate an upper limit
asm — oo:

lim (dm,72m — g) < lim (fm»zm) + lim (dm,—g)
m-—00

m—0o0 mi—r>noo
— 1
+ Jim 2 (len (@ = lan(T)1)
1
< (fo.8) = (d.&) + 5 (I8, — &M%,
=(fo—d.g)—(g'.g) =0

The last is true in consequence of [GGZ74, Lemma 1.5.3], and (3.117). Inequality
(3.119) is checked.

From the definition of A it follows that Vm > 1 3 € A(zm,um), F&m €
C(Rpzm, vm) such that

Vm>1dn=n+ Bo Rbm(zm) + &m. (3.121)

From (3.108), (3.117), the boundedness of C : Z x K — C,(Z*) and the
compactness of embedding W C Z we have that

Zm — g in Z, Ry, zm — Rppg in Z, Em —> £ in Z*, m — 400 (3.122)
From the demi-closeness of C : Z x K — C,(Z*) it follows that

§ € C(Rpyg,v0)- (3.123)

t
1 1
/zm(s)ds <t —=s|9lzmlly <calt—s|e Vi,se€S, Vm=>1,
s Vo

where ¢4 > 0 is the constant that does not depend on m > 1, s,t € §, then in
consequence of (3.108)

Rp,,zm —> Rp, in C(S;Vp), m — +oo0, (3.124)
particularly,
B o Rp,,zm — B o Rpyg in V*, m — +o0. (3.125)
So,
(B o Ry, (zm) + Em.zm — g) > 0, m — +00 (3.126)
and

lim (B o Rp,, (i) + m.zm — @) = (B o Ry, (8) +£.8 — )
> (B o Ry, (g). 8 — a)) + [C(Rbog,vo),g - a)]_ Yo e V. (3.127)
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From (3.119), (3.121) and (3.126) it follows that

im (Em.2m —g) <O. (3.128)

m—0o0

From (3.121)—(3.124) and (3.117) it follows also that
tn —> L =d —&—BoRp(g) inV*, m— +o0. (3.129)

So, thanks to (3.117), (3.128), (3.129) and A¢-quasimonotony A on W x U we

have that up to subsequence {zmy . Umy - dmy J 1o C {Zm-tm-dm}ms1> WM (G
- k——+o00

Zmy — ) = [A(g, u0). & — w]_ Vo € V.From here and from (3.119), (3.126), par-
ticularly, it follows that kli)n;(é'mk Ty — g) =0and ({,g —w) = kli)n;o <§mk g —
a)) > [A(g,u0), g —w]_ Yw € V. The last and together with (3.127) provides
that (d,g —w) > [/I(g,uo,vo,bo),g—a)]_ Vw € V. This means that d €
A(g, uo, vo, bo). Setting y = Rp,g. ¥ = g, weobtain (y,y') € K(uo,vo,ao, by,
fo). Let us remark that (3.109) is the direct consequence of (3.125), and (3.110) and
(3.111) follows from (3.117).

The theorem is proved. O

Let us suggest also that there exist real Hilbert spaces V;, V5, such that embeddings
Vo C Vo C Vi, C Hp are continuous and dense. Then the embedding V; C Hy
is compact. Let us set Wy = {y € V| y' € L4(S: V;)}, where V¥ is topologically
conjugated space with Vj, y’ is a derivative of the element y € V in the sense
D*(S; V) [GGZ74].

Theorem 3.10. If for someu € U,v € K, a € Hy, b € Vy the map A(-,u) : V —
C,(V*) is Ag-pseudomonotone on Wy and

EICI’CZ’C3>O: Ver, [A(J’vu)vJ’]+1201 ”y”II;_cz’ (3 130)
[A, W+ < es(X+lyl5 )
the map B : La(S; Ve,) — L2(S; Vy,) satisfies such property:
YueV (Bu)(t) = Bou(t) forae t €S,

where By : Vg — V(;"l is linear, bounded, self-conjugated, monotone operator; and
the map C(-,v) : Z — C\,(Z*) is demi-closed and

3e*>0: VyeZ sup |d|z=
deC(y,n)

< (cr @ —o =) (1+1y157). (3.131)

where y = const: |||z, < v |I-ly,, then for an arbitrary f € V* K(u,v,a,b, f)

£ 0.
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Proof. Let us consider such w € W, that w(t) = a andthemap A : V — C,(V*),
A(y) = A+, u)+C(Ry(y +w),v), y € V. From conditions (3.130)—(3.131) it
follows that (see [ZK09]) for some a1, a2 > 0 [A(y), ]+ > o1 [|y[|5 —c2, y € V.
Repeating suggestions from [ZK09, p. 207], taking into account that the embedding
W, C Z is compact, we obtain that the map A is bounded and 1¢-pseudomonotone
on W,. Further, following proof of Theorem 3.9 from [ZK09], we obtain that the
problem

y' '+ A(y')+ By > f —o' — Bo Ryw
y(®)=b, y' (1) =0
has the solution y € C(S; V) such that y’ € W. Doing replacement z = y + Rz

in (3.132) we obtain the required statement.
The theorem is proved. O

(3.132)

Let us suggest also that K = (X*,0(X*, X)), where X is some real separable
or reflexive Banach space, K C K is *-weakly compact non-empty subset, and the
map A : V — C,(V*) does not depend on the parameter u € U. Then we will write
K(v,a,b, f) instead K(u,v,a,b, f). Let us fix an arbitrary f € X*, a € V, b €
H. Letus set

Gaa ={(».y'.v) € C(S: Vo) x W x K| (y.)') € K(v.a.,b, f)}.

Theorem 3.11. Let L : C(S;Vp) x W;0(W*; W)) x (X;0(X*; X)) be lower
semi-continuous functional such that ¥ u € C(S;Vp), v € W, w € X*
Lu,v,w) > o1(|Ivllv) + o2(|lwllx*), where ¢; : Ry — R such that ¢;(s) —
400, § > +o00,i = 1,2. Let us suggestthat A : V. — C,(V*), B:V — V*,
C : Z x K — C,(Z*) satisfy conditions of Theorems 3.9, 3.10. Then the problem

L(y,y’,v) — inf,

(3.133)
(3. y'.v) € Gaa

has a solution.

Proof. Proof directly follows from statements of Theorems 3.9, 3.10 and from inte-
grated Weierstrass theorem (see Lemma 3). O

3.7.4 Applications to Dynamical Contact Problems
with Nonlinear Damping

Let us consider the viscoelastic body that in strain-free state fills up the bounded
domain 2 € R, d = 2,3. Let us suggest that the boundary I = 9$2 is regular
(3.114) and I is divided into three pairwise disjoint measurable parts I'p, Iy and
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I'c such that meas(I'c) > 0 [DMO5]. The body is gripped on I'p such that the
displacement field turns there to zero. Let us suggest also that the given vector of the
volume power fj is distributed in £2, and the surface force f> is distributed on I'p.
The body can trace into contact with the foundation on potential connecting face
I'c.Letusset Q = 2 x(0,7) for0 < T < +oo. Let us denote the displacement
field by u : Q — R?, the stress tensor by 0 : Q — Sy, and the deformation
tensor by e(u) = (&;;(n)), &;j(u) = %(Mi,j + uj;), where i, j = 1.d, Sq is the
space R;jx‘i of d-order symmetric matrices. Following [MIGO5], let us consider the
multi-valued analog of Kelvin—Voigt viscoelastic determining relation

o(u. ) € R(e(u')) + I(e(u)),

where X is multi-valued non-linear map, and < is simple-valued linear determining
map. Let us remark that in classical linear viscoelasticity the upper defined rule has
the form o7 ; = cjjriexi(W') + gijkiexki(u), where 8 = {c;jx;} and S = {gijxi},
i,j k.l =1,d are tensors of viscosity and elasticity respectively. Let us denote nor-
mal and tangential components of displacement  on I" by uy and ur, uy = u-n,
ur = u — uyn, where n is the unit vector of outer normal line to I". Similarly,
normal and tangential components of stress field on I" are defined by oy = (on)-n
and or = on — onn respectively. On the connecting face I'c let us consider
boundary conditions. The normal stress o and the normal displacement uy sat-
isfy non-monotony normal condition of form flexibility —oy € djn (x, ¢, un, <) on
I'c x (0,T). The frictional law between the frictional force or and the tangential
displacement u7 on I'¢c has the form —or € dj7(x,¢,ur,§) on I'c x (0, T). Here
NG ¢) i Te x(0,T) x R — Rand jr(-,-,-, &) : I'c x (0,T) x R - R
are locally Lipschitz by the last variables of function, djy, dj7 are Clarke subdif-
ferentials of corresponding functionals jy (x,?,-,¢), jr(x,¢,-, &). Such boundary
conditions in particular cases involve classical conditions on the boundary of domain
(see for example [DMOS5, Chap.2.3], [PANSS5]). Let us denote the initial displace-
ment and the initial speed by u¢ and u; . The classical formulation of contact problem
has the form: to search suchu : Q — R% and o : Q — Sy, that

u" —dive = fi in Q,
o € R(e)) + J(e(u)) in Q,
u=20 onIp x(0,T),

134
on = f; on Iy x(0,7T), (3.134)
—on € djn(x,t,un,5),  —or €9djr(x,t,ur.§) Ic x(0,T),
u(0) = ug, ' (0) = uy in £2.

For the variational setting of such problem let us set

Ho = Ly(2: RY),  Ho = La2(2: S4).
Hy ={ue Hyle(u) € Hy} = H'(2:RY), Vo={ve Hilv=0 =0 TIp}.
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Using Green’s formula, the definition of Clarke subdifferential [CLA90, CHI97] if
initial data are rather smooth (see for detail [DMO05,MIGO05]), we can obtain (see for
detail [DMO05,MIGO05]) the variational formulation of problem (3.134) for searching
of suchu : [0,T] — V and o : [0, T] — Ho, that

(W' @),v)y, + (@), e(v) g, +Ff (Jy(x.t,un;vN;<)

+ j2(x.t ur;vr: €)) d I (x) (3.135)
> (f(t),v)y, forall v e Vo and forae. t €[0,7T],
u(0) = uo, u'(0) = ui,

where
(f@). vy, = (1), V) g, + (f2(0), V) L,y :re) Torall v e Vo forae. z.

Let V = Ly(0,T: V), W ={we V|w € V*}and 7 : H*(2; R%) =: Zy —
H'Y2(I'; R?) C L,(I'; R?) is the trace operator, § € (1/2;1). Maps A : V —
2V By : Vo — Vg are defined by the next way:

[Ao(t, u), vl = sup{(d,e(v)) g, | d € Vs, d(-) € R(, t,e(u())}, teS, u,vely,
Alw) ={d e V* | d@) € Ao(t, y(t)) forae. €S}, ueV,
(Bou,v)y, = (?s(x,t,s(u)),s(v))go Yu,veVy, t €[0,T].

Here [A(,u),v]+ is the upper support function of the set A(t,u) C V. The
functional J : [0, T] x Lo(I'c; R%) x K — R is defined by the next way:

J(@t.v.n) = [ Un(x.t,vn(x).¢) + jr(x.t,vr(x).§)) dI'(x),
I'c

fort € [0,T],ve Ly(I'c; R and = (c,€) € K,and C : Z x K — C,(Z*) by
the next way:

Cu,n)=1{deZ"|di)ey*0J@ yu®),n) forae.re0,T]},

where 7* is the conjugated operator to 7. So, we obtained the problem of searching
ofsuchu eV, u' € W, that

u" + AW') 4+ Bu+ C(u,n) 3 f,
’ ’ 3.136

u(0) = uo. 1 (0) = uy, (130)
It is possible to show (see for detail [DMOS5, MIGO05]), that every solution
of problem (3.136) is the solution of problem (3.135). So, imposing such con-
ditions for parameters of problem (3.134), that maps A, B, C satisfy conditions
of Theorems 3.9-3.11 (see for details [ZMEO4, ZKMO0S8, ZK09, MIG05]), we
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will obtain results concerning some properties of the resolving operator of prob-
lem (3.136), particularly, of problem of optimal control (3.133). Let us remark
that the introduced scheme of investigation in the given work (see for details
[ZMEO4,ZKMO08,ZK09, MIG05]), in comparison with existing approaches, allows

TR

us, for example, weaken the technical condition of uniform*“—"-coercivity to “+’-
coercivity, the generalized pseudo-monotony to wy ,-pseudo-monotony etc. It worth
to remark that concrete classes of differential operators of pseudo-monotone type
which appear in problem (3.134), considered in details in works [BAR76, GGZ74,
PANS5, KMVY08,DMO05, L1069, MIG05, GLT81] (see works and citations there).
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Appendix A
Vortical Flow Pattern Past a Square Prism:
Numerical Model and Control Algorithms

Abstract A coupled Lagrangian—Eulerian numerical scheme for modeling the lam-
inar flow of viscous incompressible fluid past a square prism at moderate Reynolds
numbers is developed. The two-dimensional Navier—Stokes equations are solved
with the vorticity—velocity formulation. The convection step is simulated by motion
of Lagrangian vortex elements and diffusion of vorticity is calculated on the multi-
layered adaptive grid. To reduce the dynamic loads on the body, the passive control
techniques using special thin plates are proposed. The plates are installed either on
the windward side of prism or in its wake. In the first case, the installation of a pair
of symmetrical plates produces substantial decreasing the intensity of the vortex
sheets separating in the windward corners of prism. In the second case, the wake
symmetrization is achieved with the help of a long plate abutting upon the leeward
surface. Both the ways bring narrowing of the wake and, as a result, decrease of the
dynamic loads. With optimal parameters of the control system, the drag reduction is
shown to decrease considerably.

A.1 Introduction

Let us consider some hydrodynamical application to differential-operator equations
in infinite-dimensional spaces. We develop a coupled Larangian—Eulerian numerical
scheme for modeling the laminar flow of viscous incompressible fluid past a square
prism at moderate Reynolds numbers. Then we solve the two-dimensional Navier—
Stokes equations with the vorticity—velocity formulation, that can be reduced to
differential-operator equation. The convection step will be simulated by motion of
Lagrangian vortex elements and diffusion of vorticity will be calculated on the
multi-layered adaptive grid. To reduce the dynamic loads on the body, the pas-
sive control techniques using special thin plates will be proposed. The plates will
be installed either on the windward side of prism or in its wake. In the first case,
the installation of a pair of symmetrical plates produces substantial decreasing the
intensity of the vortex sheets separating in the windward corners of prism. In the
second case, the wake symmetrization is achieved with the help of a long plate
abutting upon the leeward surface. Both the ways bring narrowing of the wake and,
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as a result, decrease of the dynamic loads. With optimal parameters of the control
system, the drag reduction will be shown to decrease considerably.

Hydrodynamic characteristics of a non-streamline body can be determined
through vortex structure of the flow near it. Firstly they essentially depend on
wall flow type, namely this flow is either separated or without separation. At large
Reynolds numbers flows without separation are turbulent and a body drag can be
determined through frequency and intensity of coherent vortex formations separa-
tions from the buffer zone of body boundary layer into the outward domain. In spite
of small size these vortex structures essentially determine an energy interchange
between the flow and the body. General pattern of flow past the body also depends
on generation-diffusion correlation of vorticity in the wall area. In this case to con-
struct control schemes providing the body drag decrease we should consider the
dynamics of vortexes whose sizes are close either to the width of the buffer zone or
to the boundary layer thickness. Great number of theoretical and experimental inves-
tigations [LN76,MO98,MIG62] show a principal possibility of the vortex structure
control in the boundary flows. A number of schemes and constructions proposed
for a boundary flow transformation, such as turbulence stimulators, vortex genera-
tors, vortex destructors, broaches, injectors of special flows etc. found their practical
applications in aviation, naval technologies and hydraulic devices.

The the case of separated or detached flows past bodies of a non-streamline
shape (namely the bodies with sharp edges or with large downstream pressure
gradients over smooth surface areas). Such flows are accompanied by generation
of vortex structures whose sizes are commensurate with geometrical parameters of
the streamed body. Vortex generation causes irreversible energy consumption of
the flow and brings unsymmetry into the patterns of flows past symmetrical con-
structions. In this case hydrodynamic characteristics of the body are determined by
dynamics of the formed circulation flow. Instability and dynamic properties of a
circulation zone are determined through motion and interaction of vortex structures
in it.

It is well known that in a homogeneous incompressible fluid the vorticity is gen-
erated only by the body and be the domain boundaries where the fluid flows. An
intensity of the vorticity generation depends on a local surface curvature of the body.
On the smooth surface areas this intensity is much smaller than that of a flow past
sharp edges. Hence sometimes it is enough to carry out dynamic analysis of vorticity
separating from the body edges. Examples of such approach can be found in works
devoted to the numerical analysis of a flow past a wing with a sharp trailing edge.
Vortex sheets, which have been formed as a result of separation, under small pertur-
bation decay into discrete vortexes, which, in their turn, after combining form into
large circulation zones (Calvin—Gelmgholc instability). With the lapse of time as a
result of viscous forces action diffusion processes start influencing upon the dynam-
ics of these vortex formations, particularly, it is a viscous diffusion who causes the
generation of a new vorticity on the smooth surface areas. Therefore considering
a flow past a body we usually have several vorticity sources situated on the sharp
edges and also on smooth surface areas. This sources are interacting both directly
(mixing) and through hydrodynamic velocity field. The possibility of decreasing an
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intensity of one vorticity source under the influence of the other attracts the practi-
cal interest. For example changing relative positions of vorticity sources through the
body shape transformation we can largely decrease the intensity of vortexes gener-
ated by the flow past the body. In this case the body drag decreases and the level of
non-stationary lateral forces reduces as well.

An artificial modification of the separated flow structure is one of the modern
directions of the flow control theory. This theory is based on the development of
algorithms for generation of large vortex formations with prescribed properties near
the body [GG98, CLD9%4, COR96, SAVI8]. Methods of artificial vortex generation
can either passive (when our aim is to suppress vorticity generation processes that
can be reached by modification of the construction shape) or active (with usage of
control elements, for example, fluid withdrawal through slots or permeable surface
areas, fluid injection, impurity of polymer additions into wall area through elec-
tric and magnetic fields action). The first class of these method does not require
additional energy expenditure. But among the advantages of active schemes there is
adaptivity, development and application possibilities for control algorithms together
with their feedbacks when the intensity and the direction of an external influence on
the flow depend on flow conditions.

Here we consider structure control schemes of the flow past of body non-
streamline shape directed on decrease of hydrodynamic drug and construction
vibration in the flow. It is important for increase of building reliability design,
decrease of acoustic noises and power inputs caused by body motion in fluid. For
control algorithm development understanding of generation and evolution processes
as well as vortex dynamics in the flow past the body is important. The approbation
of new algorithms can be carried out by the examples of the flow past relatively
simple bodies. In view the analysis of flows past a square prism gives wide oppor-
tunities of approbation of control algorithm for flows past a body of non-streamline
shape.

Investigation of the flow structure around the square prism is important in view
of many factors: fundamental study of regularities of physical processes concerned
with generation and interaction of separated circulation zones, obtaining patterns of
flows past a body of non-streamline shape, solving practical engineering dynamics
problems and reliability design problems for constructions exploitable in water or
wind flows (flow past bridge bearings, tower buildings, elements of oceanographic
equipment, offshore constructions).

In most experimental works devoted to the investigation of flows past the square
prism an analysis was carried out at large Reynolds Numbers [BOS82, VIC66,
KNI90]. Exactly this range is important for the majority of engineering problems.
The investigation results indicate that the flow pattern past the square prism and its
hydrodynamical characteristics depend on Reynolds number far less than in the case
of a round cylinder, and at Re > 103 these characteristics would hardly change a
lot. This is a result by an existence of a fixed separation on the sharp edges causing
approximate constancy of vortex separation frequency. Let us denote that at moder-
ate Reynolds numbers 5-10 <Re < 5. 103, the flow structure around the prism is
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complicated enough. This fact results in certain changes of Strouhal number and of
the square prism drag coefficient [OKAS82].

First numerical investigation of flows past a square prisms are associated with
the discrete-vortex method [NNT82]. Obtained there drag coefficients and frequen-
cies of vortex separation are close to the experimental values at Re — oco. When
Reynolds number is decreasing the mismatch between computed and experimental
values ia increasing.

Numerical models of a flow past a square prism, considering viscous effects, are
based on the complete Navier—Stokes equation system. Majority of such investi-
gations concern with two-dimensional problems at small and moderate Reynolds
numbers. One of the first and most complete investigations of this direction is the
work [DMS82]. The proposed algorithm combines elements of the grid method and
the method of finite volumes. Taking into account limited capacity of the compu-
tation engineering, all computations was carried out with the help of crude mesh.
Obtained data for hydrodynamic drag coefficient and Strouhal number, namely the
number characterizing a frequency of vortex separations, differ within 10-20 %
from their experimental values.

In the work [MFR94] the study of a laminar flow past an oscillating square
cylinder is carried out by the method of finite volumes. There are considered basic
regimes occurring as a result of forced oscillations of the cylinder over its natu-
ral oscillations caused by vortex separation. In the work [SNDO98] this method had
already been used for investigation of two-dimensional and three-dimensional flows
past a square prism at moderate Reynolds numbers. Obtained results show that tran-
sition from two-dimensional regime up to three-dimensional one goes on in the
following range of Reynolds numbers: from 150 to 200. At the same time it is shown
that Strouhal number and body drag coefficient obtained through two-dimensional
simulation are close enough to their experimental values.

Grid numerical algorithm applied in the work [ZSG94] for the analysis of flow
past the square cylinder, revolving on longitudinal axis, is based on usage of Navier—
Stokes equations with “vorticity-flow function” formulation. The advantage of this
approach is absence of the pressure terms in the equations that enables to use
explicit time computational schemes and avoids the choice boundary conditions for
pressure.

In the majority of numerical simulation methods for viscous flows of incompress-
ible fluid as an independent unknown magnitudes they take velocity and pressure. In
view of numerical modeling, the form of Navier—Stokes equations that was proposed
by Lighthill [LIG63] is more convenient. As an independent unknown magnitudes
he considered velocity and vorticity. This gives an opportunity to separate a prob-
lem of fluid kinematics by applying the Bio-Savart law. Numerical models based
on such approach can be reduced to the limit integral equation for the velocity.
After that standing by themselves vorticity problems are considered which also can
be reduced to limit integral equations [WW&86]. The advantage of this approach
is the following: when computing the velocity it is only vorticity distribution that
is being taken into consideration. In the majority of hydromechanical problems the
domain occupied by the whirling fluid is mach smaller than the domain of significant
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velocity perturbations. Therefore the dimensions of the computation domain within
the considered approach can be much smaller than in the case when required func-
tions are velocity and pressure. Moreover in the problems of the external flow past
a body, velocity boundary conditions of infinity are precisely fulfilled by analytical
choice of Green’s function, entering into Bio-Savart equation. In some cases, for
example in the case of a plane plate, the second boundary condition on the wall
(non-percolation condition) can be similarly fulfilled.

Here for computation of the flow past the square cylinder and analysis some con-
trol schemes we propose generalized vortex algorithm. It is based on the complete
Navier—Stokes equation system with the “vorticity—velocity formulation” and uses
grids, Lagrangian vortex points and the discrete vortex method.

A.2 Problem Definition

Let us consider a two-dimension laminar flow of viscous incompressible fluid past
a square cylinder. Assuming critical parameters are the remote flow velocity Uy
and the length of the side of a square a, we obtain the following dimensionless
Navier—Stokes equations:

b)% 1
——|—(V-V)V=—Ap—|—R—V2V, (A.1)
€

at
V.V =0, (A.2)

where V(x, y,t) is the fluid velocity, p(x, y,t) is the pressure, v is the fluid
viscosity, Re = Uxoa/ V.

Performing the operation rofor with respect to each term of (A.1) and putting
the vorticity @ = V x V in view of (A.2) we obtain the equation describing
evolution and diffusion of vorticity in the considered domain. Particularly, for
two-dimensional problems we have:

dw

1
. V = — . .
o TV Vo= - ho (A3)

Equation (A.3) implies: if in the time point ¢ velocity and vorticity are given,
then the vorticity distribution in the next time point # + At can be found. Thereafter,
under obtained values w, using Bio-Savart formula and taking into account bound-
ary conditions on the body surface, we can find new velocity values in the domain.
This computation cycle, which firstly was described by Lighthill [LIG63], is the
foundation of the vortex method. The distinctive feature of numerical algorithms
based on this cycle consists in the way how diffusion and vorticity convection are
calculated, and also in different approaches to modeling of vorticity generation on
the body wall.
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To solve the diffusion problem for vorticity w it is necessary to fulfill boundary
conditions of the body and boundary conditions of infinity. For velocity V(x, y,t) =
Va(x,y,t) + Vi(x, y,t) these are the standard non-percolation and adhesion con-
ditions:

Va6, 3.0z = Unboays (A4)

Ve(x, ¥, D)L = Urbodys (A.5)

where Upoay = Uppody + Uz boay 18 the body velocity consisting of translation and
rotation velocities in general case, L is the boundary of the body.

The choice of a boundary condition on the surface of the body L for the function
w is a non-trivial problem. It is associated with the way one describes the vorticity
generation on the body wall. Due to Lighthill’s method, which is effectively used in
the modeling of discrete vortexes, the body surface is replaced by vortex sheet. In
this case the vorticity value on the wall wy depends on intensity of the vortex sheet
y. There are different approaches to finding a function w. One of them is based on
the fact that a jump of tangential velocity (V) in incompressible ideal fluid crossing
the vortex sheet is equal to y/2. Then, under the adhesion condition, on the surface
L the following relationship must be fulfilled:

Vo4 y/2=0.
Taking into account that wy = y/h, (h is a given short distance from the wall

along the normal line or an appropriate sampling interval for computational grid
associated with the body), we have:

2179
h

Wy = (A.6)

L

The velocity V; in formula (A.6) is calculated directly on the wall.

In [WU76] the magnitude wy was determined using the expansion of tangential
velocity into Taylor’s series near the body surface. In this case, taking for instance
the horizontal wall, we have:

2Ve(x,h/2 92V,
2l h/2) | PV

p 72 h/4+0h*) +.... (A7)

y=0

wo =

If in formula (A.7) only terms containing first order infinitesimals are left, we obtain
an expression which is an analogue of well-known Thompson’s formulain » —
model. Expressions (A.6), (A.7) are the examples of Dirichlet condition on the func-
tion wg. In the work [KOU93] for vorticity flow Neumann condition is used. It
should be noted that there is no rigorous mathematical substantiation of bound-
ary conditions for the function @ which would correlate the intensity of the vortex
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sheet around the body with vorticity generated by its walls. The choice of boundary
condition for the function w essentially depends on the numerical method used for
solving vortex transfer equation (A.3).

Let us consider an unbounded fluid flow. Then for fluid velocity perturbations
caused by the body, the damping condition is satisfied:

V(x,y,t) > U, if r=+x2+y?— o0. (A.8)
The problem formulation is supplemented with initial conditions:

V(x,y,0) = Uso(x, ),
(A.9)
w(x,9,0) =V xUx(x,y).

A.3 Numerical Algorithm

For modeling the fluid flow described by (A.3) with corresponding boundary and
initial conditions we propose the generalized vortex method combining grids usage
with Lagrangian vortex elements. This method relies on construction of numerical
algorithms based on discrete-vortex approximations.

The configuration of the computation domain and axes related with the consid-
ered body are shown in Fig. A.1. Since the body surface is the only vortex source in
the flow we may assume that an input flow is vortex-free:

w|lap =0, V|ap = Us. (A.10)
y
B c
Fo_,
0-0 | | w o e,
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Fig. A.1 Computation domain
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On other boundaries of this domain we suppose [GG05]:

9w 0
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Pol _, (A11)

dx2 e ’
CD

The boundary of the body L is simulated by continuous vortex sheet. Its intensity
y can be found using limit integral equations method. Taking into account the non-
percolation condition (A.4) we obtain the following equation:

— —> >/
fV(7’,t) 3G(r. 7) )dl(?/)+/w(7/,t)MdS(7/) = Vabody:
L on s n

(A.12)

where 7 = 7 (t), 7/ = 7/(t) are position vectors, G(7, 7') is Green function,
which for two-dimensional problem and unbounded fluid flow is of the form:

1
GT7. 7= —mT-7").
27

Moreover, the following theorem on constancy of circulation in the domain must
take place:

/ y(7' 0 dI(T") + / o(7'.1)ds(7') = 0. (A-13)
L S

The velocity field in the domain is defined due to Bio-Savart theorem:

—> =2/
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L
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The vorticity field is approximated by the system of Lagrangian vortex elements,
namely elements moving together with the fluid and circulating:

o(F.0)~ Y Ifs(F =T, (A.15)
k

where I, 7 is a circulation and a position of k-th vortex, respectively, f (7—7k)
is a vortex function which is equal to delta function for ideal fluid, § is a radius
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of vortex core (we assume that inside vortex core viscous effects are essential but
outside the velocity field is potential).

If over the flow field we put the grig such that the vorticity @(xg, yk,?)is uni-
formly distributed in every its cell with the number k, then for the circulation of the
corresponding vortex element we have:

I (1) = o(xk, yi, 1) As, (A.16)

where Asy is grid element area.

Introduction of vortex core and the function fs is one of the ways of vortex
motion regularization, and it is widely used in modern vortex methods [NMDK99,
CKO00]. This approach allows to get rid of singularity in the vortex point, otherwise
incredible velocities induced by adjoint vortexes may occur. Instead of vortex points
vortex blobs are considered with the core radius §. For in-depth discussion concern-
ing the choice of the function fs and the radius § we refer to the monograph [CKO0O].
Here we use the second order Gaussian function [NMDK99]:

exp (—(7 — Fk)z) /82
w82 '

Js(r—7) =

Core parameter essentially depends on the size / of an element of the orthogonal
analytical grid:
§=hn".

The process is being time sampled with the step Az. On each time step nonlinear
(A.3) splits up on two equations, where the first one describes vorticity diffusion by
means of viscous diffusion while the second one — by beans of convection:

ow 1

— = —A Al
ot Re =% (A-17)
dw

- = —(V-V)o. (A.18)

Let us note, that for numerical integrating of the equation system (A.17), (A.18) we
use the explicit time integration scheme.

Over the flow field we consider an orthogonal analytical grid with the cell dimen-
sions Ax, Ay. Then with every grid element we associate a vortex with intensity
Ij = wijAxAy.

As was mentioned before, the body surface is simulated by the vortex sheet. To
find its intensity we apply the method of discrete vortexes [GGOS] in the compu-
tational scheme. According to this method, sides of the square should be divided
into equal vortex intervals, and each of them is replaced by a discrete vortex with
circulation I}*, that is equal to sheet intensity along the interval:

rF=y*()Al, 1=1,2,....N,
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where Al is the length of the interval, N is the number of vortexes, disposed along
the boundary (attached).

The reference points in which integral equations (A.12), (A.13) hold true are
disposed in the middle between neighboring vortexes. Then finding the intensity of
the vortex sheet modeling the body boundary can be reduced to solving (at each
time step) of N linear algebraic equations with respect to unknown circulations of
attached vortexes:

N
S L ODm = =27V — > > Tijn)mij. m=12.....N -1,
=1

i

N
Y ==Y 0Ty (A.19)
I=1 i

where (V)1 is a normal speed, inducible in m-th reference point by /-th attached
vector, (Vn)mij is a normal speed in m-th reference point, inducible by vortexes
disposed in mesh points outside the body boundary.

Solving system (A.19) and using formula (A.6), we can find vorticity @ on the
body wall. To provide the fulfillment of the Kutt—Gukovsky condition in the sharp
edges of the square, we put the grid along its surface in such a way that vortexes were
in corner points. This vortexes are considered free, namely they are moving with
the local velocity of the fluid. This approach was proposed by S.M. Belocerkovsky
and was successfully used for computation of the flow past wings and bluff bodies
applying discrete-vortex method [GGO5].

Taking into account discretization of the flow field and of the body surface, for-
mula (A.14) for computation of velocity components u, v in the domain takes the
following form:

N *

1 Y=V
, :U — _l
w0 = U= T 5y
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x (1 —exp[(x —xij)* + (v — yij)*] /6., (A.20)
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x (1 —exp[(x —x)*+(y— J’l)z] /32)

X — Xjj
_l’_
ZZZT[ (x_xlj)2+(y ylj)z

X (1 — exp [(x —xij)z +(y— yij)z] /82) .

To solve viscous diffusion equation (A.17) for second order space derivatives we
use centered difference approximation on the analytical grid. The time derivative
can be approximated using first order explicit scheme. Hence, if we know vortex
values in mesh points at time point ¢, its new values w’*2? can be found from the
formula:

t t t t
AL At (wi+lj —2w; ; —wj_y n Wi i1~ 2“’1/ wij—l) _
(A21)

Let us note, that applying formula (A.21) results in calculating errors which are
the source of artificial viscosity. This circuit viscosity depends on discretization
steps, both time and space ones. It is related, specifically, with negligible diffusion
on the first grid layer adjoining wall along the surface normal. Ti reduce the error
and circuit viscosity there can be used the exact solution of (A.17), which is of the
form [GGO5]:

'TA(r) = / o' (FGT.FdT, (A22)
S

where G(7, 7) is the Green function:

— = Re | A
G(7, 7= N xp|: 4At<r r) .

Mathematical aspects of the scheme and problems arising when accounting a
boundary effect on the diffusion process are considered in [BP86].

Approach based on the Green function (A.22) is more explicit though requires
significant computer resources. Effectiveness of application of formulas (A.21),
(A.22) depends on Reynolds number. Formula (A.21) is more effective for small
Reynolds numbers, while the greater Reynolds numbers are the more explicit the
second scheme is.

Equation (A.18) coincides with the corresponding equation describing vortex
motion in the ideal incompressible fluid, where vortexes move together with fluid
elements and their intensity does not change. Therefore instead of (A.18) we may
consider the equation describing the motion of vortex elements x,, y,:
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dx,
=uv’
dt
dy,
= Vy, A.23
pra ( )

This approach is often used in traditional vortex algorithms which [CKO0]
require carrying out complex procedure of regridding, namely redistribution of
circulation of free vortex on the mesh points. Let us note, that numerical integrat-
ing of (A.23) and application of approximate “regridding”—algorithms considerably
increases circuit viscosity of computational scheme.

Here to integrate (A.18) we propose to consider the flow field as a collection of
discrete volumes, for each of which the vortex conservation law holds true:

Jw —
—d =—/ o (V- -77)dS, A.24
/AQ -4 N (V-7) (A.24)

where A Q is a discrete volume, on which flow field is divided, A S, 7 is a sur-
face of this volume and its outer normal. To each discrete volume the mesh point
(xij, yij) with vorticity w;; is related (Fig. A.2). In view of (A.24), the vorticity con-
vection of this grid element in the given time point ¢ is described by the following
expression:
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ij PPN t t t t t
A7 AxAy ~ oj_jjui_1jAy + 0 _1Vij 1 AX — 0 qjui ;DY
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Hence we obtain the circulation of the considered vortex element in the next time
point ¢ 4+ Af:
t+At __ t t t t t t t
OETA =T+ (o] jui_ Ay + o v AX — o] ui_i Ay

— 0] 41Vl 41 DX — Ul Ay — wf;vi; Ax) At (A.25)
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Fig. A.2 Grid element
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Velocity components of the vortexes u, v can be found from expressions (A.20).
It should be noted that the grid put over the flow field is adaptive, namely in each
time point we consider only the mesh points with nonzero vorticity. This feature
makes it possible to optimize calculations of velocity field.

Now let us consider the whole the computation algorithm in each time point:

1. Having known the vorticity values in the domain on the previous step, from
the system of algebraic equations (A.19) we obtain the intensity of the attached
vortex sheet and the intensity of vortexes on the sharp edges of the boundary.

2. From boundary condition (A.6) we obtain vorticity generated by the body sur-
face.

3. Using boundary conditions (A.10), (A.11), we compute vorticity value on the
boundaries of rated domain.

4. Using numerical integration of diffusion equation by formula (A.21) we calculate
intermediate vorticity values wl’; in the inner points of flow area.

5. Taking into account the obtained vorticity distribution we correct the intensity of
attached vortex sheet in such a way that surface non-percolating condition was
fulfilled.

6. Having obtained the vorticity field we define the velocity field in the domain
using formulas (A.20).

7. Using formula (A.25) we compute the convection of vortex elements. Obtained

values F&er in their turn define new values of vorticity ] j-JrA’

A.4 Computation of Hydrodynamic Loads

To compute the hydrodynamic force acting on the body which is moving in the
homogeneous fluid, we can use the theorem of impulses:

o4 / V dr, (A.26)
S

where F' = (Fx, Fy), S is a fluid-filled domain, V', 7 (x, y) is a velocity and a
position vector of a fluid element, respectively.

From the continuity equation and from the definition of vorticity @ we obtain the
following formula for fluid velocity:

V=Fx)+V-TV)=-V(T V). (A27)

Setting (A.27) in (A.26) and transforming integrals we obtain the force expres-
sion which depends only on the vorticity field characteristics [WUS81, GG05]:

Fo_2 / BxTdT. (A.28)
dt Js
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This implies formulas for computation of resistance and lifting force:

d
Fy = T / wyds,

s
d /wxds. (A.29)
rJs

Bmm]F, =

Note that force component Fy in (A.29) includes form resistance as well as friction
resistance.

Since the vorticity field is considered as superposition of vortex elements with
intensities I';; and coordinates (x;;, y;;), we have formulas (A.29) in discrete form:

dr;;
_ZZ ar Yij + Lijvij
i
dr;
[5mm]Fy _ZZ(—”x,] +Eju1]) (A.30)

Dimensionless coefficients of hydrodynamic forces are defined in the following
way:

2F 2F
C=tm. O=(a. (A31)
o0 o0

A.5 Approbation of Numerical Scheme

Testing of the developed algorithm was carried out in several directions: analysis of
numerical diffusion of computational scheme; accuracy evaluation of the algorithm
with respect to description of vorticity generation on the body surface, error analysis
when defining hydrodynamic forces acting on a streamline body.

A.5.1 Evolution of Vortex Point in Unbounded Flow

Suppose that in an unbounded domain there is a vortex point with intensity Ip. Its
vorticity diffusion can be calculated by formulas (A.21), (A.23). Obtained vorticity
distribution we compare with the known exact solution of Navier—Stokes equa-
tion which describes the development of two-dimensional vortex with the initial
circulation I in the viscous fluid [GGO05]:

Re r2Re
w(x’y’t):Hexp(_ 4t )’ (A32)

where Re = Ip/v, r = y/x2, y2, v is fluid viscosity.
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In Fig. A.3 we can see time dependencies of vortex radius r,, calculated on ana-
Iytical grid Ax = Ay = 0.01 with the time step At = 0.0025 (markers), and
the exact values r, obtained from formula (A.32) (total line). The vortex radius is
obtained from the relationship:

-5
Olr>r, < 10

From Fig. A.3 it follows that in the case Re = 10? numerical diffusion is insignifi-
cant, and for Re = 103 its value is within 10%. Increasing of numerical diffusion at
large Reynolds numbers is essentially related with discretization parameters misfit:
the steps Ax, Ay are too big for such Reynolds number. The best result is attained
if Ax, Ay = 1/Re. Comparison of curves in Fig. A.3 indicates that the numerical
algorithm is convergent at moderate Reynolds numbers.

The choice of parameter value At is associated with the dimensions of grid ele-
ments and with local flow velocity. To provide the stability of the algorithm, vortex
displacement within a time step must not exceed the minimal dimensions of a grid
element Ax, Ay. In most cases it is enough that the step At was less by an order
of the dimensions of grid elements.

A.5.2 Flow Past a Flat Plate

For accuracy evaluation of developed numerical algorithm describing vorticity gen-
eration process on the body surface we solved the problem of longitudinal flow past
a flat plate. Characteristic parameters of this problem are the flow velocity Uy, and
the length of the plate L, such that: Rep = UooL/v, X =x/I, y = y/l. Calcu-
lation of vorticity generation based on the boundary condition (A.6). For modeling
of vorticity diffusion formulas (A.21), (A.23) was used. Calculation results was
compared with Blazius solution, which comes from boundary-layer theory [GGO5].
In Figs.A.4 and A.5 we can see the stationary profile of longitudinal velocity
u = u/ Uy for the middle of the plate and the dimensionless friction factor

Fig. A.3 Vortex diffusion in
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Cr=
on the plate, numerically obtained and obtained due to Blazius solution at Re;, =
103. The comparison of these results indicates of high accuracy of considered
scheme for modeling velocity and vorticity fields and for definition of hydrodynamic
friction drag force of the plate.

A.5.3 Flow Past Square Prism

Developed numerical algorithm was used for modeling of two-dimensional laminar
flow past a square prism at moderate Reynolds numbers. Carried out computations
revealed some regularities of separated flow forming as well as supplemented the
approbation of the numerical scheme by comparing obtained characteristics with
well-known experimental data and similar numerical results of other researchers.
Computations was carried out in the range of Reynolds numbers from Re = 70
to Re = 5-103. Further increase of Reynolds number needs considerable computa-
tional forces, due to decreasing dimensions of grid elements, as well as application
of turbulence models. The grid which was used for calculations had square elements



A.5 Approbation of Numerical Scheme 257

Fig. A.6 Configuration of the grid

and consisted of tree levels (Fig. A.6) with different densities. On the first level that
is adjacent to the body, the dimensions of grid elements is associated with the num-
ber N of attached vortexes located along the prism walls (on the square side). On
the next levels the dimensions of elements enlarge (double). Most of computations
are done at N = 100.

In Fig. A.7 we see the computed instantaneous vorticity distributions in the wake
past the square cylinder at different Reynolds numbers and at 1 = 25 (1t = tUx/a).
This results indicate that the pattern of flow past the square cylinder considerably
depends on Re. At Re < 100 directly adjacent to the body circulation zones are of
prolate form (Fig. A.7a). Intensity of vortex structures separating from this zones
is comparatively small. Structures interactions in the wake lead to forming of the
regular vortex street. When the Reynolds number increases the length of circulation
zones decreases while the intensity of separating vortex beams proportionally goes
up. Respectively vortex interaction in the wake amplifies and the width of the wake
considerably increases. Since there is more vortexes entering the wake, the cylinder
drag increases as well. At Re > 1,000 the origin of the vortex sheet comes nearer
to the body (Fig. A.7d—e). Increase of vortex circulation results in intensification
of their interaction which in its turn brings increase of the street width as well as
considerable deformations of separated vortex structures (up to their breakdown).

Mentioned features of the flow correlate with dependencies of instantaneous drag
coefficient C and lifting force coefficient Cy on Reynolds numbers (Fig. A.8).
Cited diagrams indicate that after short transient time phase in the wake past the
body at T > 10 the structure of the flow approximates a periodic one that is char-
acterized by Strouhal number St = fa/U, where f is a frequency of vortex
separation. At Re > 1,000 an additional mode appears. This fact is corroborated by
the vortex distribution data in the wake (Fig. A.7e).
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a

Re = 5000

Fig. A.7 Vorticity distribution in the wake past the square cylinder at different Reynolds numbers,
=25



A.5 Approbation of Numerical Scheme 259

Fig. A.8 Time dependence a
of drag coefficient C, 1 and
of lifting force C,, 2 of the Cx ’Cy
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In Fig. A.9 the computation of Strouhal numbers are compared with the data
from the work [OKAS82] that is notable for broad experimental investigations of the
flow past square prism at moderate Reynolds numbers. This comparative diagram
indicates that the introduced numerical scheme high-precisely describes forming of
the vortex wake past the body in the range of moderate Reynolds numbers.
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In Fig. A.10 we see computed by formulas (A.31) dependencies of the period
average drag coefficient C, and the lifting force oscillation amplitude C e of
the square prism on Reynolds numbers. Let us denote that dependencies of the
drag coefficient C and the frequency of vortex separation (of the number St) on
Reynolds number are correlating: increase of Strouhal number up to St = 1.45 at
Re = 250 is implied by narrowing of the wake directly after the square. This fact
in its turn leads to the drag reduction (Fig. A.10a). Narrowing of the wake is essen-
tially associated with a change of the flow pattern around the prism. At Re > 200
the vortical circulation zone arising near a side wall of the prism decreases in both
crosswise and lengthwise directions (though, experiments indicate that the reattach-
ment of the circulation flow to the walls in the case of a square prism does not take
place). Further increase of C  is implied by wake expansion due to decrease of vis-
cous diffusion and of vortex circulation in the wake. The obtained data (Fig. A.10)
for the magnitudes C.,C ym“x is close to the relevant results introduced in the works
[DM82, MFR94], where computations were based on finite volume method. Exper-
imental investigations of dynamic loads on the square cylinder substantially deal
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with large Reynolds numbers Re > 5 - 103. In this case the flow is essentially tree-
dimensional and its characteristics depend on the rate of flow turbulence, velocity
profile and also on parameters of experimental facility. This fact explains significant
variation of values C , obtained in different experiments.

In general the obtained results corroborate that the introduced numerical scheme
is an effective tool for modeling of the viscous flow and it can be used for computa-
tion of flows past the bodies of complex configuration.

A.6 Algorithms for Flow Past a Square Cylinder
Structure Control

Theoretical and experimental investigations of laminar flow past a square (namely
two-dimensional case of flow past a square prism) at moderate Reynolds numbers
indicated that wake structure and hydrodynamic drag coefficient C, and lifting
force coefficient C, essentially depend on dimensions and interaction character of
separated circulation zones, forming after the body.

Two following cases are qualitatively different: — when a separated zone over
the side wall is local (bounded); — when a separated circulation zone generated on
the windward corner of the prism is unclosed while its leeward corner is situated
in the middle of this zone. In the first case the interaction between primary and
quarter zones is weak and the wake progress is determined mostly by separation on
the leeward corner. In the second case it is separation on the windward corner that
is of most importance for the wake progress. The following algorithm for structure
control of the flow past a square prism is based on physical properties of interaction
between separated zones generated on windward and leeward corners of the prism.

The control objective is drag reduction of dynamic lateral forces producing
hydroelastic oscillation of the flow structure. The strategy of such control is reduc-
tion of total vortex intensity, reduction of vortex flow past the body and minimization
of the wake size. We propose to achieve an improvement of the flow structure around
the square prism through artificial generation of special local separated circulation
zones (standing vortexes) near it. Physical experiments carried out in Institute of
hydromechanics of National Academy of Sciences of Ukraine with non-streamline
bodies demonstrated an efficiency of this approach for flow structure change as well
as for improvement of hydrodynamic characteristics [KR95]. To achieve the neces-
sary positive effect an artificial separated zone must be stable with respect to external
perturbations. Otherwise these perturbations may cause vortex emission into the
flow. Moreover, a separated zone must be controllable (namely when its dimensions
change with respect to the change of the flow conditions). In the optimal case the
structure control system must have a feedback.
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A.6.1 Two Symmetric Plates on the Windward Side of the Body

Here we consider the control technique of the flow past a square prism using special
thin plates which are installed on the windward side of the prism (Fig. A.11). In
the space between such plate and the corner of the prism a local separated zone is
forming. Experiments indicate that the control objective is achieved when the flow
line being separated from the plate edge A is attaching gradually to the corner B.

To study the flow past the body with control plates (Fig. A.11) we propose a few
theoretical models. Certain general properties of detached flow can be described by
the simplified model where the fluid supposed ideal and the circulation zone is sim-
ulated by one point vortex. For the justification of such model, it is associated with
presence of general dynamic characteristics of separated zones which are the same
for laminar, turbulent and potential flows (where viscous effects are insignificant).
The analysis of dynamics of the point vortex describing separated circulation flow
gives an information about topological characteristics of the flow: presence, dispo-
sition and type of critical points, their stability and reaction with respect to external
perturbations [GG98, GGY6].

Taking in view symmetry and stability of the flow in front of the body we con-
sider only its upper part y > 0 (Fig. A.11). As before the boundary of the body is
simulated by continuous vortex sheet which in its turn is replaced by a system of
discrete vortexes in the numerical scheme. Then the complex potential of the flow
is of the form:

— 1 —
kil (A.34)
7— 7k 27l Z—20

N
1
®D(2) = Usoz + E;Fkln

where Iy and zx = xj +iyy is a circulation and complex coordinate of k-th attached
(situated on the boundary) discrete vortex, respectively, Iy, zo = Xo + iyo are
parameters of a standing (immobile) vortex describing the circulation flow, N is a
number of attached vortexes.

Fig. A.11 Configuration of
the body with control plates
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The problem is to find the parameters of the standing vortex I'g = I/ Usoa,
Xo = Xo/a, ¥, = Yo/a and parameters of the control plate 7 = r/a | =1/a,
(see Fig. A.11) such that there is a lack of vorticity generation in the points A and B
(further we omit the dash indicating that the magnitude is dimensionless).

For solving such problem we have four nonlinear equations. The first two of them
follow from vortex immobility condition:

do

il =0 A.35
dZ =20 ( )

or
Vx(Zo) = 0, Vy(Zo) =0.

Another two equations describe the Kutt—Gukovsky condition about velocity
boundedness in the corner points A and B. The flow is optimal if

It|la=0, I|p =0, (A.36)

where I |4 and Iy |p are circulations of discrete vortexes, situated in the corner
points A and B.

Taking in view the expression for the potential (A.34), the conditions (A.36) can
be reduced to the following form:

N

I 1 1 1
e Go)—ivy(20) = Uset—2 4 -1 3" 1y ( I ) —0. (A37)
4y  2mi bt 20— 2k 20 —Zk

Unknown circulations of the attached vortexes I can be found from the system
of linear equations that follows from non-percolation condition on the body surface
and is similar with the system (A.19) where instead of the collection of vortexes we
consider only one circulation vortex [.

The equations for I, xg, yo,7 are essentially nonlinear. To solve them we
used Broyden’s numerical algorithm. Computations indicated that given one of
control plate characteristics, for instance, the length of the plate /, the problem
(A.35)—(A.36) has a unique solution; in the space between the plate and the prism
side at 0.15 < [ < 0.65 there is a point with coordinates x¢, yo where the vortex
with circulation Iy is equilibrious (namely it is immobile or standing); exactly such
vortex provides null vortex generation in the corner points A and B. The numeri-
cal behavior analysis of this vortex in the neighborhood of the equilibrium position
showed that small flow perturbations result in precessional movement of the vor-
tex about the point xo, yo. In view of dynamic system theory it means that such
critical point is an elliptic one and the corresponding vortex is stable. Figure A.12
illustrates dependencies of the standing vortex coordinates xg, o, circulation Iy and
the parameter r on the plate length /. These dependencies are close to linear ones.
From the graph r(/) we can define an optimal configuration of the control plates.
The pattern of flow lines in front of the long body for the case [ = 0.3,r = 0.22 is
shown in Fig. A.13.
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Computations carried out with respect to the simplified model, namely when the
separated circulation flow is described by one point vortex, demonstrated principal
possibility of existence of a standing (immobile) vortex in front of the body with
special (control) thin plates on its windward side, and also this computation make
it possible to define optimal parameters of the plates. For this way obtained optimal
configuration of a square prism with control plates the flow past this prism was
simulated basing on the complete Navier—Stokes equation system due to the scheme
defined in the Sect. A.2. Figure A.14 illustrates instantaneous vorticity distribution
in the wake past the square cylinder with control plates at Re = 500, when the
characteristics of the plates are close to optimal ones: / = 0.2,r = 0.16.

Comparison of computation results shown in Figs. A.14 and A.7c indicates that
of the wake past the prism changes after the installation of the plates. This change
is expressed in:

e Narrowing of the vortex region both near the body and in the wake.

¢ Increasing of frequency of vortex separation and, respectively, extension of the
wake; Strouhal number characterizing this process increases from St = 0.125
for an ordinary square prism up to St = 0.143 for a prism with control plates.

e Decreasing intensity of vortexes in the wake.
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Fig. A.14 Vorticity distribution in the wake of the square cylinder with control plates in the
optimal regime (/ = 0.2, r = 0.16) at Re = 500, = 25
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Fig. A.15 Time dependencies of drag coefficient C, (a) and lifting force coefficient C, (b) for the
square cylinder at Re = 500: 7 with control, 2 with optimal control (/ = 0.2,r = 0.16)

Specified changes have a positive effect on hydrodynamic characteristics of the
prism (Fig. A.15, Re = 500). The value of period average drag coefficient C at
moderate Reynolds numbers decreases from 2.15 (for an “ordinary” square prism)
down to C ~ 1.2, that is about 55% of the previous value (Fig. A.15a). The lift-
ing (or lateral) force oscillation amplitude respectively decreases from C"** = 2
down to CJ"** = 0.8 (Fig. A.15b). If the body is elastically fixed in the flow then
the amplitude of the body oscillations caused by vortex separation substantially
decreases.

Importance of parameter choice for control plates is demonstrated in Fig. A.16,
where we present dependencies of the coefficients Cx(7), Cy,(7) at different plate—
prism corner distances. Graphs Cx(7), Cy(7), and the vorticity distribution in the
wake (Fig. A.17) indicate occurrence of additional modes caused by vortex defor-
mations in the wake.

Conclusions concerning optimal flow structure can be generalized over the range
of large Reynolds numbers. This fact is supplemented by the results of numerical
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Fig. A.16 Time dependencies of drag coefficient C, (a) and lifting force coefficient C, (b) for the
square cylinder at different parameters of control plates: 1/ =0.2,r =0.16,2]/ =0.2,r = 0.4
31 =0.2,r =0.075, Re =500

Fig. A.17 Vorticity distribution in the wake of the square cylinder with control plates in non-
optimal regime (/ = 0.2, r = 0.075) at Re = 500, T = 25

modeling for detached flow past a prism and a prism with plates based on the method
of discrete vortexes. We supposed that from the corner points vortex sheets come
down into the flow.

The computation results indicate three typical regimes of a flow past the body
with control plates. If the plate is installed far from the corner then the vortex sheet
and the corresponding flow line which has descended from the plate edge lie on
the windward side of the square (Fig.A.18c). In this case formed circulation zone
becomes weak and is of little influence upon the flow development around the body.
The flow attaches to the body at the point lying substantially lower that the corner
B. The vortex generated in front of the body weakly influence on vortex generation
processes in the corner point B (on the edge of the body), and hence it cannot
prevent a global flow separation in the neighborhood of this corner, and in its this
turn causes a development of an intense vortex zone over the body wall.
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The second type of the flow occurs when the control plate is very close to the cor-
ner (Fig. A.18b). In this case the flow does not attach to the body, and the detached
circulation zone dos not localize. On the contrary, an intense detached zone is devel-
oping, as it had already been observed in the case of a body without plates. Let us
note also, that approximated one-vortex model, describing a circulation flow through
the behavior of the one vortex, did not show up any standing vortex in the space
between the plate and the corner. When the plate is very close to the corner B the
separation zone descending from the plate edge A overlays on the flow generated by
the prism edge. The flow in the neighborhood of the corner B becomes very unsta-
ble. In this situation the body characteristics become worse compared with the case
without the controls.

In the optimal case the flow line descending from the plate edge is gradually
attaching to the body surface near the corner B (Fig. A.18a). Further this attached
flow without any relevant perturbations moving along the surface. Vorticity genera-
tion on the corner B is suppressed by influence of the circulation zone in front of the
body. In this case we can see the decrease of vortex intensity in the flow round the
corner B that causes substantial drag decrease. It has to be mentioned that the opti-
mal control plate parameters computed by applying each of the following schemes:
the “viscous” model, the method of discrete vortexes and the model of the standing
vortex, are almost coincident.

A.6.2 Stabilization of a Vortex Flow Past the Body
with a Separating Plate

Substantial influence on the body drag has a structure of a flow in the near wake. It
depends on intensity of vortex formation and floe pattern in the wake. Two following
situations are possible:

e The flow past the body is stable; here two symmetrical circulation zones are
forming; the process of whirling liquid carrying away into encircling flow is
insignificant, hence the body drag is relatively small as well.

e Circulation zones past the body are unstable with respect to small perturbations;
from their interaction area attaching directly to the leeward side of the body large
beams of whirling fluid periodically join to the flow; hydrodynamic forces in this
case are much greater that in the previous case.

A stable symmetrical flow pattern in the wake occurs in the experiments only ar
small Reynolds numbers Re < 50, when perturbations are suppressed by viscous
force action. The stability analysis of the flow in the wake showed that non-
symmetrical (with respect to the axis Ox — Fig. A.1 in our case) perturbations
are most dangerous (destabilizing). To suppress such perturbations and stabilize
the flow is possible using a separating plate situated behind the body (Fig. A.19).
To find out regularities of vortex structure forming for a flow past a square prism
with a plate we simulated the flow using numerical scheme defined in the Sect. A.2.
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Fig. A.18 Discrete-vortex model of the flow in front of the body of non-streamline form with
control plates on the windward side: optimal (a) and non-optimal (b, ¢) plate parameters

We considered laminar flow at / = 2. Obtained patterns of vortex distribution
(Fig. A.20) indicate useful decrease of oscillatory motion of circulations zones in
the wake. Installation of the plate causes narrowing of the wake and decreasing of
intensity of the vortex beams attaching to the flow from the nearest wake. Respec-
tively hydrodynamic loads decrease [GG0S5]. Experiments indicate that at increasing
of Reynolds number this positive effect decreases though at large numbers Re
installation of the separating plate results in noticeable drag decrease (at 10-20%).

A.7 Conclusions

The numerical algorithm for modeling the laminar flows of viscous incompressible
fluid, particularly for non-stationary detached flow past the non-streamline bodies,
is developed. The algorithm is based on usage of Navier—Stokes equation system
with the “vorticity—velocity” formulation. This algorithm has the following advan-
tages: the possibility of the significant decrease of dimensions of the computation
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Fig. A.19 Diagram of the flow past the square prism with the separating plate
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Fig. A.20 Pattern of vorticity isolines at the flow past the square prism with the separating plate

domain (we carry out the computations within the grid elements with nonzero vor-
ticity values), high accuracy of the boundary conditions fulfillment in the corner
points of the body surface and also high-accuracy of vortex value determination in
the neighborhood of such points.

Algorithm was approbated on the two-dimensional diffusion problems for a
vortex point in a viscous fluid, problems of longitudinal flow past a plate and prob-
lems of cross flow past a square prism. Computation result was compared with
well-known analytical solutions, numerical simulation results carried out by other
authors and also with experimental data. This computations showed that to provide
the accuracy of numerical modeling grid spatial steps Ax, Ay and a time step Az
must fulfill certain conditions, for example, near the body surface

AXx
At

Ax, Ay %(1—10)L, < Vinax,

Re
(where V4 1s the maximal local fluid velocity in the domain). Analysis of obtained
results indicate effectiveness of the developed numerical algorithm for modeling
the separated flows at moderate Reynolds numbers, particularly, non-stationary pro-
cesses of vortex structure generation near the body surface and their dynamics in
the wake past a non-streamline body.
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Performed computations showed that forming of the wake past the body and the
body drag essentially depend on the interaction of the separated circulation zones
attaching directly to the body surface. Decreasing of non-stationary motion of such
zones is accompanied by correspondent decrease of hydrodynamic loads. Basing
on this investigation results two control algorithms for a flow past the square prism
were considered. In the first case on the front (windward) side of the prism two
symmetrical (control) plates were installed. In the second case on the back (leeward)
side of the prism one plate was installed (separating vortex sheets with circulations
opposite in direction). The analysis of computation results showed that at certain
(optimal) parameters of the plates separated circulation zones near the body surface
are stable. Non-stationary motion of such zones is decreasing, vorticity generation
processes on the body slow down causing decrease of hydrodynamic drag and lateral
force acting on the body. Obtained results may be useful when developing new
methods of control over flows past a body.

The numerical scheme for solving Navier—Stokes equations represented and
validated above has been applied to calculation fluid flows in multiply-connected
domains. That allowed deriving regularities referring to generation of vortex wakes
near systems of some bodies. Paper [GGOS8] deals with modelling the laminar
flow past two square prisms in tandem. The obtained results show that evolution
of the flow and hydrodynamic loads on the bodies depend on the flow pattern in
the region between the cylinders. Depending on the spacing between the bodies
the flow pattern may be symmetrical, when a stable vortex pare is there formed,;
non-symmetrical, with separation of large vortices from the front cylinder; and
bifurcational, when a sudden jump from the first flow regime to another is possi-
ble. Special attention is paid to the effect of external disturbances on flow evolution.
Wake behavior behind a parallel pair of square prisms, placed side-by-side normal
to a uniform flow, is considered in paper [GG09]. The wake patterns are shown
to depend strongly on the gap size between the bodies. When the space is small
enough comparatively to the prism side, the wake resembles that seen behind a sin-
gle body. At gap widths closed to the prism side the flip-flopping vortex shedding
pattern where the wake flip-flops randomly between two states is observed. In this
regime, the narrow and wide wakes with separate vortex shedding frequencies are
formed behind the body system. For a large spacing, two synchronized vortex shed-
ding patterns, antiphase and in-phase, are possible. At very large spaces two Karman
vortex streets are generated behind each cylinder. The results obtained are used to
ground the scheme of flow control near a square prism that utilizes the small gap in
the center. The optimal characteristics of the control scheme are derived. In paper
[VVGGO9], the kinematics of flow in the system of ten staggered circular cylinders
is calculated. The results show that interactions between the wake, which forms
behind the entire construction, and the vortices generated near the cylinders in the
system cause bifurcation in the vortical flow and appearance of the structures that
are convected downstream in the gaps between the cylinders. The calculation results
are compared with data of the physical experiments.
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